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AbstractThe pressure drop in the ceramic filter system of the after-treatment device has a great effect on automo-
bile engine performance. To predict the pressure drop under various operating conditions, it is necessary to analyze
how the structural properties of porous media affect the permeability. The commonly used Kozeny-Carman model
correlating permeability and porosity is useful for porous media composed of spherical grains, but exhibits consider-
able deviations in the actual ceramic filter system with low porosity. In this study, the permeability of overlapped-ran-
dom structured porous media with low porosity was numerically solved by mesoscopic lattice Boltzmann (LB) method
in Darcy flow regime. Based on LB simulation results, a new capillary model modified from Kozeny-Carman model is
proposed for practically predicting the permeability of complex porous filter systems, using key structural variables
such as porosity, tortuosity, and effective pore-throat radius.
Keywords: Porous Media, Kozeny-Carman Equation, Permeability, Tortuosity, Pore Throat, Lattice Boltzmann Method

INTRODUCTION

Porous materials with intricate and tortuous internal structures
have been used in various industrial fields such as for ceramic or
membrane filters, battery electrodes, separator films, and drug deliv-
ery systems [1-6]. As environmental problems have recently em-
erged, various eco-friendly technologies using porous materials are
increasingly attracting attention from researchers and engineers. Espe-
cially, a representative case to incorporate porous media is an engine
particulate filter, i.e., diesel or gasoline particulate filter (DPF or
GPF), which is an after-treatment device in the automobile indus-
try. The DPF or GPF effectively removes particulate matter (PM)
in the exhaust gas through a specialized-designed filtration process.
The pressure drop during the filtration operation by the ceramic
filter, due to the accumulation of PMs on or inside the filter, weak-
ens the engine power of the vehicle. It is known that the pressure
drop due to the deep bed filtration occurring in the voids and
pores inside the filter during the initial filtration process accounts
for a larger proportion than that caused by a soot layer formation
on the saturated filter surface [7,8]. Therefore, to enhance automo-
bile performance by reducing fuel consumption and PM/CO2 emis-
sions, it is very important to correctly predict the pressure drop of
the ceramic filter during the initial filtration process by analyzing
how the structural property of the porous media affects the flow
characteristics through the filter wall.

A ceramic filter used as an after-treatment device is generally
made of cordierite material by sintering Mg-Al silicate, having a
porosity of 0.36 to 0.66 [9]. The exhaust gas emitted from the vehi-
cle engine enters the inlet channel of the cordierite filter, passes

through the filter wall, and exits the outlet channel, as schematically
depicted in Fig. 1(a). The wall thickness (LT) of cordierite filter is
approximately 0.5 mm (Fig. 1(b)), where the filter wall consists of
silicate particles approximately several m in size (Fig. 1(c)). The
flow speed of exhaust gas passing through the filter wall is typically
about 0.1 m/s [10,11]. The kinematic viscosity of exhaust gas with
low-concentrated PMs at the operating temperature of 300 oC or
higher is approximately 5×105 m2/s [12,13]. At small Reynolds num-
ber (Re) based on wall-flow velocity in filter estimated to be O(0.1),
i.e., Darcy flow regime, the wall-flow velocity is linearly increased
with pressure drop across the wall. However, note that the increase
in engine temperature and power during temporal operating con-
ditions can raise Re due to the decreased viscosity and increased
filter wall-flow velocity, which exhibits nonlinear characteristics with
wall-flow velocity increasing quadratically at Re>1, i.e., the non-
Darcy flow regime as studied by Lee et al. [14].

Studies of porous media flows in the Darcy regime have been
conducted in systems with various porous structures. Since the pio-
neering work by Kozeny and Carman, who identified the relation-
ship between porosity and permeability for porous media by means
of an empirical method [15,16], the ensuing numerical and theo-
retical studies have been expanded to more complex-structural cases
with non-spherical ellipsoidal particles [17,18] or fibril geometry
[19-21]. However, most ceramic materials constituting porous media
are formed as particle composites, such as a ceramic filter rather
than in the form of segmented individual particles (or grains), so
that the permeability of a medium with realistic and intricate porous
structures of low porosity does not always follow the predictions
of the existing models [21-25].

In this study, mesoscopic flow simulation in porous media, espe-
cially under low porosity conditions, in the Darcy flow regime was
performed to characterize the permeability in complicated porous
media composed of nonoverlapped spherical particles or overlapped
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particle composites, employing the lattice Boltzmann (LB) method,
which is well-known to be relatively effective in handling complex
geometrical shapes [26,27]. The porous structures are constructed
by regularly or randomly placing individual spherical particles for
making regular simple cubic (SC) and face-center cubic (FCC) struc-
tures or a random (R) structure and by overlapping them for mak-
ing overlapped-random (OR) structure. Especially, the OR structure
corresponds to the geometry of the actual ceramic filter realized
through the sintering process of Mg-Al silicate particles. From the
comparison of results of our LB simulations and existing models
in the literature according to the change in porosity, representative
key variables for predicting permeability were revealed: porosity,
tortuosity, and effective pore-throat radius. In particular, a modified
capillary model was proposed to practically and reasonably quan-
tify the permeability by assembling above key variables reflecting
more complex porous characteristics at low porosity.

THEORETICAL BACKGROUND AND SIMULATION 
METHOD

1. Permeability and Tortuosity of Porous Media
According to Darcy’s law, the gas flux (Q) penetrating the filter

is proportional to the wall pressure drop (P) and inversely pro-
portional to the fluid dynamic viscosity (), as follows [28]:

(1)

Here, the permeability (K) is generally expressed as a function of
porosity () [15,16,25].

The Kozeny-Carman model (K-C model, Eq. (2)) for describing
the permeability was originally based on the simple capillary model
for the pore networks by Kozeny [15] and further improved by
Carman [16] considering the tortuosity (T) written as

(2)

where RH=/Sv(1) is the hydraulic radius of voids and pores and

Sv is the specific surface area defined as the total surface area of
voids and pores per the solid volume. CKC is the Kozeny-Carman
coefficient, demonstrating that its constant value of 5 has been a
reasonable approximation for beds of granular materials [16,29].
In addition, Happel [29,30] proposed a theoretical equation for the
K-C constant using a cell model applicable over a wide porosity
range. However, the Happel cell (H-C) model has been known to
show some discrepancy with experimental results at low porosity
(<0.2) and for porous media composed of non-spherical parti-
cles [30].

In particular, the hydraulic tortuosity T= /LT [16] for reflect-
ing the non-simple tortuous flow path is the ratio between the
average length ( ) of the actual flow path and the simplified
straight length of the flow path parallel to the pressure drop direc-
tion (LT), where  represents the ensemble average. For exam-
ple, T in the simplest case of the spherical granular bed is reduced
to  [16,31]. However, the tortuosity generally changes with the
varying porosity, especially at low porosity [31]. Table 1 shows the
representative models related to porosity and tortuosity in the form
of logarithmic or power-law functions for porous media flow sys-
tems assembled from spherical particles. Two of them deserve men-
tion here. Mota et al. [32] experimentally obtained the porosity-
tortuosity relation based on binary mixtures of spherical particles
and Ahmadi et al. [33] showed theoretical tortuosity values using
a mathematical model for a porous medium regularly aligned by
monodisperse spheres. However, there is a difference between the
tortuosity predicted by the proposed models and the measured
value from porous materials composed of various particle shapes
[31,34-36]. Numerical approaches have been proposed to accu-
rately calculate hydraulic tortuosity using the velocity field in arbi-
trary porous regions [36], as will be explained in Section 3-2.
2. Key Variables Characterizing Permeability in the Capillary
Model

The grains for various sizes and shapes appearing in actual porous
media such as ceramic filters can be characterized through CKC of
the K-C model. However, the structures of substantially irregular
grains through the sintering process with low porosity are rarely

Q    
K

----
P
LT
-------.

K  
RH

2

CKCT2
---------------,

 

 

 

2

Fig. 1. (a) Schematic image of DPF/GPF system and the structure of filter channels with inlet and outlet. (b) Expanded cross-section of filter
wall thickness, LT. (c) Cross-sectional SEM image of microstructure comprising the filter wall.
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reflected in this model. Considering the difficulty of investigating
complex-structured porous media with low porosity using the con-
ventional models, models incorporating the structural properties
of pores and voids inside porous media were designed [39].

At moderate and low porosity, the structures of voids and pores
are simplified to a bundle of capillary tubes similar to the simple
capillary model by Kozeny [15,16,39]. In such a modified capillary
model, the gas flux is proportional to the cross-sectional area of
the cylinder-shaped capillary tube, and inversely proportional to
the capillary length [39]. The cross-sectional area of a single pore
channel can be simplified to RH

2 and the actual travel distance of
a fluid element flowing through the tortuous path is reflected by the
tortuosity. In addition, the variation of cross-sectional area of pore
channel along the flow path is considered by introducing a con-
striction factor (C) [40,41], which is representatively defined as the
ratio of the maximum and minimum cross-sectional areas [42].

The K-C coefficient of Eq. (2) was theoretically determined to be
CKC=8C from the previous study [39]. Thus, the permeability based
on the modified capillary model was correlated with structural
properties of RH, C, T, and .
3. Numerical Simulation Using Lattice Boltzmann Method
3-1. Simulation Conditions

In this study, the regular and irregular porous materials are com-
posed of spherical particles with a radius of r in a cubic box with
periodic boundaries of length L in the x, y, and z directions, as dis-
played in Fig. 2. In the SC, FCC, and R structures, the average par-
ticle size of media (RGrain= ) is the size of spherical particles, i.e.,
RGrain=r. However, in the OR structure constructed by monodis-

persed spherical particles, RGrain is evaluated as  N is the

total number of particles in the periodic box, which controls the
overlapped degree [14].

To first confirm whether L/r of numerically generated porous
samples is sufficiently large to acquire meaningful bulk porous prop-
erties, the representative volume element (RVE) analysis for the
distributions of pore size or surface area was adopted [43,44]. As
shown in Fig. 3, sizes of individual pores are classified through the
algorithm of Rabbani et al. [45], where the pore radius, rH is de-
fined as the radius of a circle with a cross-sectional area equivalent
to that of each pore, and average pore radius of the entire porous
medium is RH=  In addition, the surface area of each sample
was calculated using the marching cube algorithm [46]. The RVE
analysis uses the relative standard deviation (RSD), i.e., the stan-
dard deviation divided by the average of each property, for the rel-
ative comparison of  and surface area distributions from ten
samples under constant porosity condition. In this study, L/r was
chosen to have the RSD less than 3%.
3-2. Flow Simulation Using the Lattice Boltzmann Method

The Newtonian fluid flow-through various porous media as
shown in Fig. 2 is governed by the following hydrodynamic equa-
tions:

(3)

(4)

where  is the fluid density, u is the fluid velocity, p is the pres-
sure, σ is the viscous stress, and fext is the external force density
driving the fluid flow. The surface of particles constituting the

r 

L3 3
4N
----------.

rH .

rH 


t
------    u    0,


u
t
------   u u 
      p       fext,σ

Table 1. Some hydraulic tortuosity models in the literature
Model equation Porous geometry Reference

Cubic packing of equal-sized spheres Carman [16]

T=1pln, p=0.49 High porosity beds (spheres and fibers) Mauret and Renaud [37]

T= p, p=0.4 Binary mixture of spherical particles Archie [38]
Mota et al. [32]

p=1.209 Mono-sized spheres (Cubic packing)
Ahmadi et al. [33]

p=1.108 Mono-sized spheres (Tetrahedral packing)

T 2

T  
2

3 1 p 1  
2/3

 
-------------------------------------   

1
3
--

Fig. 2. Schematic images of porous geometry at 0.7 and L/r=12:
(a) Simple cubic array (SC), (b) face-centered cubic array
(FCC), (c) random array (R), and (d) overlapped random
array (OR). L is the length of cubic box, r is the radius of
spherical particles, and the average grain size in the cubic
box, RGrain=  For example, RGrain is evaluated as r for (a)-
(c) and 0.95r for (d).

r .
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porous media satisfies the no-slip boundary condition. These equa-
tions were solved by the LB-based SUSP3D code [47-50].

The LB method divides the physical space and the velocity space
into uniformly spaced grids [47]. The hydrodynamic variables are
expressed through the discretized velocity distribution function, ni.
Time evolution of ni is expressed as follows:

(5)

where x is the position vector, ci is the fluid velocity vector along
the i direction in discrete time, t, t is the time step, and Lij is the
linearized collision operator. Also, indices (i or j) have values from
0 to b (b=18 for the D3Q19 model). Equilibrium distribution
function is provided as follows:

(6)

The weighting factor, aci is a0=1/3, a1=1/18, and =1/36 accord-
ing to the three levels of speed, ci=0, 1, and  respectively, in the
D3Q19 model. The speed of sound in lattices is cs

2=c2/3 with c=/
t.  is the length of the interval between lattices. The fluid density
and the momentum, u, expressed through ni are defined, as shown
below:

(7)

The two-relaxation time (TRT) model was used as the collision
operator, and the fluid viscosity was expressed in Eq. (8):

(8)

by using one of two relaxation times, . Note that the other relax-
ation time can be chosen to reduce the numerical error when apply-
ing a no-slip boundary on the solid surface [51,52]. In addition,
from the velocity field obtained by LB method, the hydraulic tor-
tuosity is directly calculated as follows:

(9)

where |…| is the velocity magnitude, and ux denotes the velocity
component along the applied pressure gradient represented by fext.

RESULTS AND DISCUSSION

1. Permeability in Porous Media with Non-overlapped and
Overlapped Spherical Particles

In Fig. 4, the dimensionless permeability, =K/R2
Grain, obtained

from LB simulations is plotted against the porosity for porous media
with non-overlapped (SC, FCC, and R) and overlapped (OR) spheri-

ni x  cit, t    t    ni x, t    Lij ni x, t    ni
eq x, t  ,

j0

b


ni
eq

   aci
 1 

ci u
cs

2
---------  

ci u 2

2cs
2

----------------  
u2

2cs
2

------- .

a 2

2,

   nj, u 
j0

b
  cjnj.

j0

b


  cs
2
t   

1
2
--

 
 ,

T = 
u 
ux 
---------,

K̃

Fig. 3. Several cross-sections of an OR-structured sample (=0.20) whose pores are determined by Rabbani et al. algorithm [45]. Each pore
is represented by a different color.

Fig. 4. Dimensionless permeability data for porous media with non-
overlapped and overlapped porous structure at different 
values. The LB results (symbols) are compared with the K-C
model with CKCT2=5 (Eq. (10)) and the H-C model (Eq. (11)).
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cal particles. The K-C model of Eq. (2) was modified to express
the dimensionless permeability as follows:

(10)

The following H-C model [30] was also considered here to com-
pare permeability data:

(11)

The K-C model with CKCT2=5 [16] and the H-C model are well
suited for LB simulation results for non-overlapped geometry.

As shown in Fig. 4, the permeability results from LB simulations
are divided into two groups. Both non-overlapped SC, FCC, and
R structures tended to have a good agreement with both the K-C
with CKCT2=5 and the H-C models, indicating that the particle
arrangement by such non-overlapped structures did not affect the

permeability for corresponding porous media. Note that over large
porosity condition (>0.6), the H-C model better agreed with sim-
ulation results than the K-C model. However, the porous media
with the OR structure showed different tendency in permeability
from cases with non-overlapped structures. In the OR-structured
case, the permeability deviates from the K-C or H-C model when
0.6, especially at low porosity, due to its rather complex pore
structure with some dead zones and closed pores. Note that the
value of CKCT2 in the K-C model should be empirically determined
for actual porous structures.

To suitably characterize the permeability of complex (i.e., OR-
structured) porous media with low porosity, it is important to define
key structural parameters by focusing on the shapes of voids and
pores instead of the grains, as described in the next sections.
2. Hydraulic Radius and Constriction Factor

As described in Section 2.2 for the modified capillary model,
the fluid flowing through the actual pore geometries composed of

K̃  


3

9CKCT2 1   2
----------------------------------.

K̃  
6   91/3

  95/3
  22

9 3   25/3 
------------------------------------------------- .

Fig. 5. (a) Schematic image of pore geometry in OR-structured media; pore throat with very small cross-section is the connection point
between the pores and voids. (b) Illustration of pore radius distribution for OR-structured medium with =0.30 in lattice unit; rT rep-
resents the lower 15% of pore size distribution. (c) The relation of porosity and pore throat radius; the dotted line with Eq. (13) fits LB
simulation data for OR-structured media.
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connected pores and voids experiences varying cross-sectional area
along the flow path; in particular, it may penetrate a very small
cross-sectional area, the so-called pore throat. Note that a pore
throat can be only defined in the porous region of low porosity
where capillary-shaped passages can be realized. As portrayed in
Fig. 5(a), the pore throat connects the pores and voids, which sig-
nificantly affects the overall flow rate. The constriction factor, C
can be expressed as the ratio of the average cross-sectional area of
the entire porous system to the average cross-sectional area at the
pore throat as follows [42]:

(12)

where rT was selected here around the lower 15% of pore radius
distribution (Fig. 5(b)), considering the possibility of isolated spaces
and clogged pathways. The relation between average pore throat
radius and porosity is presented in Fig. 5(c), which exhibits mono-
tonically increasing rT/RGrain with respect to the porosity, based on
the following linear form:

(13)

Using Eq. (12) in the modified capillary model, it can be seen that
the structural parameter rT plays a key role in evaluating the per-
meability in complex porous media of low porosity, as substantiated
in Section 4 of Results and Discussion.
3. Tortuosity of Porous Media

Fig. 6 shows the relation between porosity and tortuosity for
various porous media with nonoverlapped (FCC and R) and over-

lapped (OR) structures in the Darcy flow regime. Tortuosity var-
ies in the range of 1 and 2 under the given porosity conditions,
monotonically decreasing as the porosity increases. Two tortuos-
ity models by Mota et al. [32] and Admadi et al. [33], as men-
tioned in Section 2.2, are indicated by solid and dotted black lines,
respectively, in Fig. 6, which are roughly upper and lower bounds
of the LB simulation results, except under low porosity condition.
However, the LB results show different trends in comparison to two
models, depending on the grain structure. The cases with FCC
and R structures composed of non-overlapped spheres showed
good agreement with the Ahmadi et al.’s model. For the OR-struc-
tured case, the tortuosity data by LB simulations were consistent
with Mota et al.’s model in high porosity region (>0.6), similarly
following Ahmadi et al.’s model in the low porosity region (<0.3,
after the transition in the moderate porosity region of =0.30.6.

The different tortuosity pattern of the OR case may be due to
the structure with broad pore size distribution constructed by
arbitrarily-overlapped spheres, distorting the flow path more than
the other structure cases made by nonoverlapped monodisperse
spheres. The pore size distribution in the OR case at high porosity
would be similar to that by Mota et al. based on a mixed system
composed of binary particles. As the porosity decreases, its pore
size distribution becomes narrower and is analogous to those by the
other structures. The trend of tortuosity in the OR structure was
formulated by fitting the LB results in a following cubic function:

(14)

This relation can be used to predict the tortuosity of the OR-struc-
tured case in a wide range of porosity.
4. Prediction of Permeability with Porosity, Pore Throat Radius,
and Tortuosity

As explained in Section 2.2, the K-C model can be changed to
the modified capillary model using rearranging structural parame-
ters, RH, C, T, and  of the porous media. Eq. (2) is written as:

(15)

by introducing C instead of CKC. Using the relation of C in Eq. (12),
Eq. (15) is further simplified in the following relation:

(16)

where the permeability is a simple function of three structural param-
eters, , rT, and T.

Fig. 7 compares the dimensionless permeability data for OR-
structured porous media obtained from LB simulations and sev-
eral models including Eq. (16) in the low porosity region of 0.4.
The permeability by Eq. (16) incorporating rT/RGrain from Eq. (13)
and T from Eq. (14) is satisfactorily analogous to the LB simula-
tion results at low porosity, compared to the H-C and K-C models.
This means that the structural parameters, , rT, and T, well reflect
the structural features of the pores and voids in the low porosity
region. Consequently, our model of Eq. (16) can be usefully applied
to properly quantify the permeability in complex porous media with
low porosity, composed of sintered grains such as OR structures.

C  
rH 2

rT
2

-----------,

rT

RGrain
-------------   0.12   0.15

T  2   3.2    4.82
   2.83.

K  
RH

2

CT2
----------,

K  
rT

2

T2
--------,

Fig. 6. Tortuosity data (symbols) of porous media with non-over-
lapped (FCC and R) and overlapped (OR) structures obtained
from LB simulations. The lines represent the empirical model
by Mota et al. [32], the analytical model by Ahmadi et al.
[33], and the curve-fitting cubic equation of LB results for
OR-structured media (Eq. (14)).
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CONCLUSION

The effect of structural property on the Darcy flow in the porous
media composed of non-overlapped (SC, FCC, and R structures)
and overlapped (OR structure) grains was investigated using the
LB method. In particular, an OR-structured porous system of low
porosity similar to that of an actual sintered ceramic filter was
mainly the focus here. The size of the porous structure used in the
simulation was reasonably determined via the RVE analysis using
distributions of pore size and surface area. Permeability data of the
SC, FCC, and R structures, evaluated from LB simulation, showed
good agreement with the K-C and H-C models. However, the
permeability results of the OR structure significantly differed from
these models under low porosity conditions. Based on a modified
capillary model, key structural variables affecting permeability of
complex-structured porous media were found: porosity, tortuosity,
and pore-throat radius. Relations of tortuosity and pore-throat radius
with respect to porosity were newly established by fitting LB simu-
lation data for OR structure, respectively. A practical model com-
bining above-mentioned structural variables was newly derived
through modification of the Kozeny-Carman model, which shows
a good agreement with LB simulation data and thus could reason-
ably estimate the permeability of porous media with low porosity.
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