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Onset and growth of gravitational instability in an isolated porous medium:
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Abstract—Linear and nonlinear analyses were conducted to study the onset and growth of gravitational instability in
an isolated porous medium. By considering the dissolution capacity of the isolated system, base concentration profiles
were obtained analytically. Based on this base concentration field, linear stability equations were derived under the lin-
ear stability theory. The present stability analysis predicts that an isolated system is more stable than the conventional
open system. In addition, the dissolution capacity of the isolated system suppresses the onset of instability. Unlike the
previous study, the minimum Darcy-Rayleigh number to induce gravitational instability exists and it is a strong func-
tion of the dissolution capacity. However, the critical conditions for the high Darcy-Rayleigh number system are insen-
sitive to the dissolution capacity. Based on the results of the linear analysis and the analytically obtained base concentration
profile, fully nonlinear numerical simulations were also conducted for the case of Ra=10". The vertical development of
the instability motion and the dissolution flux are significantly suppressed in the high dissolution capacity systems.
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INTRODUCTION

Carbon dioxide sequestration in deep geological formations has
been considered as one of the most promising long-term CO, stor-
age strategies [1]. In this CO, geological sequestration process, super-
critical CO, forms an immiscible CO,-rich gas phase that is lighter
than the aqueous brine. This gaseous CO, accumulates at the top
of the storage formation and gradually dissolves into subsurface
brine saturated in the porous formations. Unlike other atmospheric
gases, the dissolved CO, increases the density of the brine, makes
the fluid system gravitationally unstable, and leads to the convec-
tive overturn. This convective overturn enhances the CO, dissolu-
tion process, hence contributes to the long-term storage of CO,.
Thus, many researchers have revisited the stability analysis in the
horizontal porous layer, which has been known as the Horton-Rog-
ers-Lapwood (HRL) problem [2,3].

However, there is a critical difference between the classical HRL
problem and the CO, geological sequestration problem, ie., the range
of the Darcy-Rayleigh number. It is well-known that in the North
Sea reservoir, the Darcy-Rayleigh number is very large, 10°<Ra<
2.5x10" [4]. To treat this very large Darcy-Rayleigh number case,
by extending Caltagirone’s [5] analysis for a thermal system, Ennis-
King et al. [6] applied conventional linear stability analysis and
energy method to the CO, geological sequestration problem. Riaz
et al. [7] conducted a linear stability analysis in a self-similar coordi-
nate and insisted that the quasi-steady state approximation (QSSA)
in the self-similar boundary-layer coordinate gave a reasonable stabil-
ity condition for a deep-pool system. Selim and Rees [8] and Kim
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and Choi [9] also examined the stability using the linear theory in
the self-similar boundary-layer coordinate. Recently, Emami-Mey-
bodi [10] analyzed the effects of a capillary transition zone and
hydrodynamic dispersion on the onset of gravitational instability
in the self-similar domain.

Besides the above theoretical work, a number of direct numeri-
cal simulations have been conducted for which instability is trig-
gered by spatial white noise [7], a predetermined spatial shape di-
sturbance [11-13] in the initial concentration profile, through spa-
tial white noise in the porosity and permeability [14,15], or by a
numerical round-off error without initial perturbation [16]. Pau et
al. [15] also showed that the numerical error can induce the onset
of convective motion without the physical fluctuation of porosity
and permeability. Daniel et al. [17] showed that the initiation time
and the amplitude of initial disturbance play important roles in the
onset and the growth of instability motion. In addition, Kim [18]
suggested that the initiation time and the amplitude of initial dis-
turbance are closely related quantities.

The above analyses focused on the constant pressure system,
where the temporal variation of the gaseous CO, pressure of the sys-
tem can be compensated by the lateral inflow of brine, which will
increase the interface of the CO,-brine. The interface movement effect
in the constant pressure system was already considered by Myint
and Firoozabadi [19], and Kim [20]. However, as discussed by Akh-
bari and Hesse [21] and Wen et al. [22], some geological CO, seques-
tration sites are isolated from the ambient hydrogeological system
and therefore, are commonly underpressured. This means that natu-
ral processes reduce the pressure buildup over time and increase
storage security. So, we can model this case as a constant volume
system, where the temporal variation of the gaseous CO, pressure
cannot be avoidable. Wen et al. [22] identified the constant pres-
sure and the constant volume systems as the open and the closed
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systemns, respectively. in the present study; to explain the difference
between the open and the closed systems, the onset and the growth
of gravitational instability in a porous medium is analyzed theoret-
ically and numerically. Linear stability equations are re-derived in
a similar domain and solved under the quasi-steady state approxi-
mation (QSSA). Based on the linear stability analysis, nonlinear direct
numerical simulation is conducted for the intermediate Darcy-
Rayleigh number case. Therefore, the present study proposes a new
framework to connect the onset of instability in an early time diffu-
sion dominant regime and the nonlinear growth of instability motion
in the flux-growth and plume-merging regime.

SYSTEM AND GOVERNING EQUATIONS

The system considered here is a porous medium saturated with
gas overlaying Newtonian liquid whose initial concentration of
solute (gas component) is C,. For time t>0, the horizontal layer of
liquid depth, d, experiences absorption through the upper free
boundary of interfacial area, A, and fixed volume, V;, or constant
pressure, P, ;. As discussed by Wen et al. [22] and Ho and Hadji
[23], the fixed volume (isolated) system is quite different from the
constant pressure (open) one. It is natural to assume that there is
no mass transfer through upper and lower fixed boundaries. A
schematic diagram of the basic system of mass diffusion is shown
in Fig. 1. For a high AC, buoyancy-driven convection will set in
before the concentration field reaches its steady state value. Here
AC (=C, —~C)) is the concentration difference with C, =HP,, ;, where
H is the quasi-Henrys constant and P,; is the initial pressure of
absorbing gas in the gas phase. For an isotropic and homogeneous
porous medium, the governing equations of flow and concentra-
tion fields are expressed by employing Darcy’s law and the Bouss-
inesq approximation as

V.-U=0, (1
guz—vmkﬂg(C—ci), ©)
e%—f +U-VC=¢DV’C, 3)

where U is the Darcy velocity, K is the permeability, m is the vis-

fixed volume

gas dissolving
interface

liquid phase

impermeable

cosity, S is the densification coefficient, C is the solute concentra-
tion, G, is the initial solute concentration, g is the gravitational
acceleration, ¢ is the porosity, and D is the diffusion coefficient.
The unit vector in the direction of the gravitational acceleration is
k For a conventional open system, it is assumed that the pressure
of absorbing gas in the gas phase is constant: P,(t)=P, ;. However,
for the present isolated system, by considering the reduction of the
moles of gas due to the absorption into the liquid phase, Plevan
and Quinn [24] derived the following auxiliary condition:

EVTd'dPTb - A(ng% Z:) with P,|_ =P, . 4)
Recently, Kim et al. [25] and Wen et al. [22] used the above condi-
tion in their stability analyses. So, the important parameter to describe
the present isolated system is the Darcy-Rayleigh number Ra, and
the dissolution capacity /7 defined by

Ra= pRACd and /7= ‘LRTd,
eDv \%

where vis the kinematic viscosity, A is the interfacial area and R is
the gas constant. It should be kept in mind that the dissolution
capacity is the new dimensionless parameter to govern both the
diffusive and the convective mass transport in the isolated system.
Because for the specific gas-liquid pair at the given temperature,
the quasi-Henry’s H is the thermodynamic constant which cannot
be controlled, the limiting case of H=0 is not considered here. By
considering the mass balance across the interface, Rongy et al. [26]
formulated a general approach for the case of constant volume. Later,
by neglecting the effect of the evaporation of liquid, Myint and
Firoozabadi [19] suggested the following interface condition:

_E:T(t)ﬁ at Z=-Z,(t). (5)

Like Rees et al’s [7] and Slim et al’s [27] work, using the scale of
time &’Dv*/(KgBACY’, length £Dv/(gBACK), velocity KgAC/ v,
and concentration AC, the above equations are non-dimensional-
ized as

V-u=0, (6)

u=-Vp+ke, 7)

constant pressure

impermeable

Fig. 1. Schematic diagram of the systems considered here. Gas pressure in the left hand side fixed volume (closed) system is the function of
time, whereas the right hand side constant pressure (open) system, as CO, dissolves in the brine, the new brine will be filled into the
reservoir. Due to this process, the CO,-brine interface will rise and keep the gas pressure constant.
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6)—C+u~Vc=V2c, 8)
or

under the following conditions:

c=0at 7=0, (92)

k-u=0and c=c/(7) at z=—2,(7), (9b)
oc

k-u=0and ==0 at z=Ra. (9¢)
oz

where Ra has the meaning of the height of the rescaled layer. Slim
et al. [27] called the present scale as the advection-diffusion scales,
which are appropriate for the case where the instability is localized
near the gas-liquid interface. In addition, the following auxiliary con-
dition is needed to describe the temporal evolution of ¢, and the
interface position z;

dC oc

I ha— - with cs|r:0=1, (10)
dZI CS 6(: _
_E 1- Ca __ZI(T)' (11)

where h=/7Ra™". For the limitng case of h—0, i.e,, V—>o0, the above
condition (10) degenerates into

c,=latz=0. (12)

For the system whose boundary concentration is changed
abruptly, the stability problem to find the onset condition becomes
transient and non-linear. The objective of the present study is to
find the critical time t, to mark the onset of buoyancy-driven insta-
bility. Then, the basic diffusion state is represented in dimension-
less form by

% T 13
ot of

with the following the initial condition and boundary ones:
c,=0at 7=0, (14a)
dc0 oc,
1 ha and CO|T:0=1 atz=-z, (14b)
0
i):0 at z=Ra. (14¢)
0z

For the limitng case of h—0, the conditions (14b) are reduced as
c,=1atz=-1z, (15)

For this limting cases of h—0 and z—0, the above equations can
be solved by using the Laplace transform as follows [8]:

co(z 9= Z( 1) {erfc(gﬁ- TRa)-i—erfc(TRa gj} (16)
T

where ¢=z/./7. In addition, for the deep-pool system where &
(ocA/7T)<<Ra, the domain can be considered semi-infinite in the
positive z-direction, and the base concentration profile is reduced to

co(O= erfc(gj, 17)

which is known as the early time Lévéque type solution for the
open system. Here, the length J.(7), within which ¢, is appreciably
non-zero, is the so-called solutal penetration depth of the diffusive
boundary layer. For the case of P,(t)=P, , i.e, h—0, by consider-
ing the effect of the movement of the interface, Myint and Firooz-
abadi [19] and Kim [20] conducted systematic stability analyses.
For the non-zero h case, following Wen et al’s [22] approach,
we can obtain the Laplace transform of the base concentration as

L{cy(z,2)}=C,(s, 2)
cosh(/s(Ra—7))
scosh{JE(RaHI)} +hu/ssinh{/s(Ra+z)}

(18)

Because we cannot find the inverse transform of the above vari-
able as a simple analytic function, by using the residue theorem we
can get the base concentration as

co(n 2)= Eil{EO(s, 7)) = i a,(z)exp(s, 1), (19)

where the simple poles, s;, of the Eq. (18) are given as the roots of

tan{pn(1+ Rii)} = II)—;, (20)

where p,=iRa./s,. Here, £ and £ represent the Laplace transform
and the inverse Laplace transform, respectively. In addition, the coef-
ficients of the residues for the simple poles are

a,=lim(s—s,)C,(z, s)
s>s,

(s—s,)cosh(/s(Ra—z))

=lim @1
s, scosh{ﬁ(Ra+zl)} +hﬁsmh{A/_(Ra+zl)}
The above limits yield the following:
a,= 17 ——and a,(z)
2hcos( N ) 2p,,sm(p ZI: ZI)
= = 2 forn>1. (22a&b)
h’+h+ P

From Egs. (11) and (19), the interface position z; can be given

dz;, C, & 2p; 2
e - P —ex (& ) (23)
dz 1-CyifiRa(h’+h+p2)

It is not easy to solve Egs. (18)-(23) analytically or numerically
because the eigenvalue problem, Eq. (20), and the initial value ordi-
nary differential equation for the interface position, Eq. (23), are
cross-linked. However, from Eq. (20), we can assume that the effect
of the interface movement is not critical for the case of z/Ra<<1.
Furthermore, as discussed by Myint and Firoozabadi [19], for the
case of a CO,-water mixture C,=0.043 at the interface condition of
temperature of 30 °C, and the pressure of 50 bars, and C, may be
as large as 0.08. Using the above interface condition, Myint and
Firoozabadi [19] and Kim [20] conducted systematic stability anal-
yses for the case of P,(t)=P,,; and concluded that the interface move-
ment plays little role in the onset of gravitational instability which
is significant for the CO,-water system, where C,<0.08; however, its
effects cannot be negligible for CO,-hydrocarbones mixtures. Because
our primary concern is the effect of the reduction the pressure
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buildup of the CO,-brine system on the onset and the growth of
the gravitational instability, we are not going to consider the effect
of interface movement by fixing the interface position at z,=0. This
simplification makes the system mathematically tractable without
distorting physical reality.

For the fixed interface case, Wen et al. [22] suggested that ten
modes (0<n<9) are quite enough to express the base concentra-
tion field for 7>0.03Ra. Using the above relation, during the diffu-
sion period, the gas phase pressure can be given analytically as

S 2h 2
Py(7)=P, ;> ————exp(-p,7/Ra). (29)
n=0h"+h+p,
In previous studies to determine the diffusivity of various gases in
liquids, many researchers [22,23] obtained the inverse Laplace trans-
form of T (s, 0) numerically to obtain the relation of P,(7)/P, ;

For the limiting case of Ra—»o0 and/or 7<<Ra’, Eq. (18) can be

reduced as

L{cy(n 2)}=Cy(s, 2)= M, (25)
s+ha/s

and its inverse transform is [25]
*2 * g *
co=exp(h “+h Qerfc 5+ h |, (26)

where h'=h./7. Unlike the open system, we cannot obtain the
closed form solution late time solution for the present isolated sys-
tem. Recently, Wen et al. [22] showed that the present Lévéque and
Graetz solutions support each other for 7Ra’<0.03. In the present
study, we used the Graetz solution and the Lévéque solution for
the early time and late time regime, respectively.

LINEAR STABILITY ANALYSIS

1. Stability Equations

Under linear stability theory, disturbances are formulated in terms
of the concentration disturbance ¢, and the vertical velocity distur-
bance w; by perturbing Egs. (5)-(7):

V’w,=Vic,, 27)
oc 0cy —2
a—;+wla—z°=v i (28)
with the boundary conditions,
w,=c,;=0atz=0, (29a)
0
w,= 5:0 atz=Ra,, (29b)

where V'=8"/02’+V; and V,=(8"/6x’+8"/dy’). The boundary
conditions (29b) correspond to the impermeable condition. Under
the Fourier mode analysis, the disturbance quantities are expressed
as

Wi, cl]=[wi(% 2), ¢i(% D)]expli(ax+ay)}, (30)

where a, and z, are with the horizontal wavenumbers in the (x, y)-
plane, and V1=—a =—(a +ay)
One of the hardest obstacles of the present problem is that the

May, 2023

dominant operator of the conventional (7 z)-domain, 6*/0z° does
not have eigenfunctions that are localized around the base-con-
centration front [7-9]. To resolve this, we transformed the distur-
bance equations such that the eigenfunctions associated with the
streamwise diffusion operator are localized around the base-con-
centration front. Following a coordinate transformation to the simi-
larity variable of the base state {'=z/ J7, in the (7, &)-domain, the
disturbance equations are expressed as [7-9],

2
(6__3*2)W’;:_a*2c; (31)
cls
6 . ga .2 ;
61- (aé/z zaé’ ) '\/}_Wp (32)
with the boundary conditions,
W::CIZO at £=0, (33a)
W, = Z a 0 at {=Ra/./7, (33b)

where a*(= a./7) is the wavenumber rescaled with &.(~ /7). The
disturbance quantities are transformed as WI(T, Q)=wy(z5 z) and
C:(T, {)=c,(z, z) in the (7 {)-domain. Note that for the extreme case
of 77=0 and /7 <<Ra, where dc/d¢=—1./m exp(~{?/4), the pres-
ent system of stability Eqs. (31)-(33) becomes parameter-less, and
therefore the solution is universal before the fingertips reach the
bottom boundary. For this limiting case of /7=0 and ﬁ<<Ra,
Kim and Choi [28] solved this limiting case analytically.
2. Quasi-steady State Approximation

Except for the limiting case of /7=0 and ﬁ <<Ra, ie., the param-
eter-less case, a fully analytic approach is not possible. So, we have
to depend on the quasi-steady state approximation (QSSA), where
the base concentration profile is frozen at a certain 7 and the dis-
turbance quantities ¢; and w; are assumed to have the following
forms:

[e1(7 9, wi(5 91=[c (9, w(Q]exp( 7). (34)
Under this assumption, Eqs. (31)-(33) become
d2 * * k9 &
((P—a 2>w =—a%c, (35)
(o gd e
GZ’C—( i nga) +ﬁdé,w, (36)
under the following boundary conditions:
w =c =0at =0, (37a)
d g‘ 0 at (=Ra/J/7. (37b)

In the present study; by solving the above stability Eq. (33)-(37),
the critical time, 7, to induce instability motions is found for a given
Ra and 77 To solve the above stability equation, we employed the
outward shooting scheme [29]. For the limiting case of /7=0 and
7 <Ra, the neutral stability curve corresponding =0 obtained
from the present numerical shooting method is compared with Kim
and Chois [28] analytic solution in Fig. 2. This figure shows that
the present solution method follows the analytic solution quite well.
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Ra>>1"7and =0

= 12.94

O numerical solution with QSSA 1
analytic solution without QSSA 1

0.90]

10° L 1 N 1 N 1 . 1 N 1 s
0.0 0.5 1.0 135 2.0 25 3.0

.
Fig. 2. Comparison of neutral stability curves obtained from the ana-
Iytic and numerical methods.

NONLINEAR NUMERICAL SIMULATION

1. Formulation and Fourier Spectral Method

In the 2-dimensional (x, z)-domain, so that u=(u, w)=(—0y/0z,
Owi0x), by taking double curls on Eq. (7) and with the aid of the
continuity Eq. (6), the vorticity field can be constructed as

> Y. o

(6)(2 ' 822) e ox’ (%)
where 1 is the stream function. In addition, we expressed the
concentration as o(7 x, 2)=¢y(5 2)+¢,(% X, z). Here, { represents
the odd extension of physical quantity, f, and therefore, we can
extend the vertical domain [0, Ra] to [-Ra, Ra]. Through this odd
extension, we can use the discrete Fourier transform (DFT) in the
present simulation. Then, the convective-diffusion equation can be
reduced as
o (8,8
or <6x2 " 822)C1 > (9)
where

= asox T orox ox oz (40)

Before the fingertips reach the lower boundary, boundary condi-
tions are not important. So, the following Dirichlet boundary con-
ditions are used in the present simulations:

w=¢&=0at z=+*Ra. (41)

By applying the discrete Fourier transform into Egs. (38)-(41),
we can obtain the following spectral equations:

2 2 .
(¢ +K2) #,=ik,C,p (42)
=g +k)Ch Ty 43)

where ¥ C and ] are the DFT of ¢, ¢ and j . The solution of Eq.
(43) can be expressed as

Co(7+AD)=C, (D)

+AT

—exp{-(g+kp 7} [ Jexp{(kg+kp)ride, (44)

After the Fourier components ¥, and C,, were obtained by solv-
ing the above equations, their physical components #,,, and ¢,,,
were obtained by taking an inverse discrete Fourier transform (IDFT)
on their Fourier components. In the present study, we used the
Adams-Bashford predictor-corrector method to calculate the inte-
gral of Eq. (44). Detailed procedures are well explained by Kim
[30,31].
2. Nonlinear Simulations

In the present study, we set the calculation domain as [0, 2Ra]x
[-Ra, Ra], and used 2,048x2,048 collocation points. From Kim
and Choi’s [9] initial growth rate analysis, the following initial con-
ditions are employed:

1

J2dx

(7, X,2)=0, (45b)

&(7 %, 2)=6,

gexp(— %’Z) rand(x), (452)

where & means the initial disturbance level at the initiation time 7,
¢=12/,/7,, and rand(x) is the pseudo-random number uniformly
distributed between —1 and 1. For the region of 7~0, the base con-
centration gradients show non-analytic features and lead to bad
convergence properties. For this reason, at all the non-linear numeri-
cal simulations, the disturbance given in Eq. (45) is introduced as
7=0.1.

Here, we are interested in the enhancement of mixing or mass
transfer driven by the instability motion. Let us consider the mass
transfer rate. The dimensionless mass fluxes at the front z=0, J,
which can be written as the sum of contributions from the base
diffusion state, J,, and the convective motion, J;:

]:]o+]1- (46)

The diftusional flux can be computed explicitly from the base con-
centration profile as

]0__52:0. (47)
The fluxes from the convective motion are obtained as [32]
Oc
(-5 )=l )

2Ra 1 1 2Ra Ra

where (X)= ﬁ !; (X)dx and [X] = RoRe £ '([(X)dzdx.

In the present study, following Slims [13] suggestion, we clas-
sify flow regimes as the diffusive where the diffusive forces sup-
press the convective one, the linear growth where the convective
forces are accumulated enough for the convection to start, and the
flux growth where convection motions are now apparent and begin
to influence mass flux. However, due to inherent limitations of the
present Fourier spectral method, ie., calculation should be stopped
before the fingertips reach the lower boundary, we cannot study
thoroughly Slim’s [13] merging, constant flux and shutdown regimes.
For the open system, the effects of the random sequence on the

Korean J. Chem. Eng.(Vol. 40, No. 5)
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Fig. 3. Effect of a random sequence on (a) the convective flux and
(b) the total dissolution flux for the case of Ra=10’ and /7=0.
‘We employed Eq. (45) with 7=0.1 and 6=0.01 as initial con-
ditions.

convective flux, J;, and the total dissolution flux, J, are summarized
in Fig. 3. This figure shows that the effect of the shape of the ini-
tial condition is not critical except for the flux growth regime. The
effect of the initial amplitude of disturbance is given in Fig. 4. As
shown in this figure, the growth rate of disturbance is indepen-
dent of the initial amplitude in the linear growth regime, where the
disturbances grow exponentially. However, the deviation time 7,
from which the growth of disturbance deviates from the exponen-
tial growth and the total flux shows its minimum value, is strongly
dependent on the initial amplitude. Similar results were also reported
by Slim [13]. This initial amplitude dependency means that the
temporal evolution of the total flux depends on experimental con-
ditions. The effect of the vertical structure of the initial condition
on the temporal evolution of the total flux is summarized in Fig. 5.
This figure shows that the vertical structure of the initial condi-
tion is not critical if the initial disturbance is an odd function.
Note that in the present non-linear simulation results are some-
what different from those of Selim and Reess [11]. They introduced
the following initial condition rather than present one, Eq. (45):

&\(7> X, )= 6;1exp(— 3 17) coskx, (49)
where 7=¢/2. The critical difference between the present and

May, 2023

b @

2

T TV T Ty

convective flux, JI/S
5¢

YU [V [PYPIS [PPTIS [PPYIS [Pt JPTIS [PTOS (s BT}

1M=0 and Ra=]031:
0 1 N i1l FELE AR
10' 10° 10° 10

I 11=0 and Ra=10" ]
- (b) 4

total flux, J

10' 10° 10’ 10

0

10

T

Fig. 4. Effect of the initial amplitude of disturbance on (a) the con-
vective flux and (b) the total dissolution flux for the case of
Ra=10’ and 77=0. We employed Eq. (45) with 7=0.1 and
various value of Jas initial conditions.

Selim and Rees’s [11] simulation is that the lateral periodicity is not
fixed in the present study; however, in Selim and Rees’s [11] work,
the lateral periodicity is fixed by keeping the wavenumber con-
stant. According to Selim and Reess [11] results, the temporal evo-
lution of the convective and total fluxes is strongly dependent on
the wavenumber and is quite different from the present results for
a certain wavenumber range. This means that the lateral periodicity
plays an important role in the non-linear growth of disturbances.
Because the temporal evolution of the total dissolution flux is
quite similar to Shi et al’s [33] experimental and numerical work,
we used the initial disturbance given in Eq. (45) with 7=0.1 and
0=0.01 as initial conditions for the simulations. As shown in Fig.
3(a), 7, from the linear analysis is comparable with the time from
which the norm of ¢, starts to grow. This means that the present lin-
ear and nonlinear analyses support each other in the diffusional
period. For a certain random sequence, the temporal evolution of
the concentration field is given in Fig. 6. As shown in Fig. 6, regu-
larly spaced individual fingers constitute a global velocity field and
thus influence one another’s motion. After the time of maximum
flux, ie, 7>6x10’, fingers begin to interact with neighbors and merge
nearby ones. This cell-merging process slightly increases the diffu-
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Fig. 5. Effects of the vertical structure of the initial disturbance on
the total flux J. (a) vertical structure of equally weighted ini-
tial disturbance, (b) temporal evolution of the total flux J for
the initial condition given in (a). We employed Eq. (45) with
7=0.1 and various value of 5=10"" as initial conditions.

sive layer thickness below the interface (see the concentration field
at 7=7x10°). This results in a decreased concentration gradient in
the diffusive layer and thus progressively reduces the dissolution
flux. Slim [13] called this regime showing this wavy flux-time rela-
tion as the merging regime.

Temporal variations of the total flux summarized in Figs. 3(b)
are quite similar to Wen and Hessé’s [34] result for Ra=10’ and the
concentration fields featured in Fig. 5 are good agreement with
Slims [13] results for Ra>500. Because we should stop our simula-
tion before the tip of the finger reaches the lower bound of the sys-
tem, we employed Wen and Hesse’s [34] and Slim’s [13] results for
the quasi-steady state and shutdown regime.

RESULTS AND DISCUSSION

The variation of onset time as a function of Rayleigh number,
Ra, and dissolution capacity, /7, is given in Fig. 6. The right-hand
side of each curve is the unstable region. As shown in Fig. 7, for the
case of Ra7,<0.03, the critical times using the Lévéque type early-
time solution represent those using the Graetz type late-time solu-

———— e —————— T~ N
--

1—3><103 r—4><103

r—6><103
r7><10| 1—8><103

T=9x103 T=1x10*

Fig. 6. Snapshots of the concentration field for the case of Ra=10’
and /7=0.

tion. At a large Ra, the stability of the isolated system is not affected
by /1. However, at a small Ra, /7 makes the system stable and,
therefore, delays the onset of convection due to the reduction of a
dissolution flux. Unlike Wen et al’s [22] stability analysis, the pres-
ent result shows that the isolated system, /7#0, is always more sta-
ble than the open system, /7=0, regardless of Ra. It is interesting
that for the case of Ra>10’, the critical time, 7, is nearly indepen-
dent of /7.

The original HRL problem is for the thermal system, where the
upper and lower boundaries are kept as isothermal. For this ther-
mal system, the dimensionless temperature is

0,= io {erfc(g i jl—_rRa) - erfc( - TT-Ra)} (50)
and the boundary conditions (37) should be

w =6 =0at £=0, (51a)

w =60 =0at {=Ra/Jz. (51b)

Horton and Rogers [2], and Lapwood [3] proved that the critical
Darcy-Rayleigh number and corresponding wavenumber are

Rac=4iz2 and a,=7. (52)

As shown in Fig. 7, the present study reproduces the HRL solution
quite well, which proves the validity of the present stability analysis.
Recently, Wen et al. [22] introduced a random disturbance within
the top diffusion layer at 7=7, and solved Eqs. (6)-(9) numeri-
cally. They employed z=1 for the wide range of Ra. They defined
the critical time, 7, as the time at which the norm of ¢, starts to
grow. Unlike the present study, Wen et al. [22] did not suggest the
minimum Darcy-Rayleigh number, below which the convective
instability cannot be expected. This minimum Darcy-Rayleigh num-
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Fig. 7. Critical time (a) and critical wavenumber (b) for the various
systems. For the thermal system, we reconstruct the HRIs
critical Rayleigh number. For the case of Ra>10’, the effect
of /7on the critical conditions is less important.

ber was also reported by Ennis-King et al. [6]. They explained this
Darcy-Rayleigh number by considering the difference between the
present system and the thermal system. Due to the reduction of
dissolution flux from the negative feedback of the pressure drop in
gas, the minimum Darcy-Rayleigh number to induce instability
increases as the dissolution capacity increases. However, the effect
of the dissolution capacity on the stability characteristics becomes
less significant at the high Darcy-Rayleigh number regime.

For the constant pressure system, Slim [13] conducted numeri-
cal simulations for 10°’<Ra<5x10" by introducing the following
initial disturbance:

¢,(7, X, 2)= 5,4/0.002zexp (0.5 0.001zz)rand(x), (53)

at z=1. According to his simulation results, for the case of Ra>10",
there are four Ra-independent regimes: pure diffusion, linear growth,
flux growth, and merging, and two Ra-dependent regimes: quasi-
steady flux and shut-down. According to Slims [13] results, transi-
tion times between these regimes depend sensitively on the initial
disturbance amplitude, &. However, the quasi-steady flux is less so.
For the system of Ra=2x10", Wen et al. [22] introduced small ampli-
tude random noise at 7=25 and traced its impact on the concen-

May, 2023
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Fig. 8. Effect of the dissolution capacity on the evolution of (a) the
total dissolution flux and (b) convective flux for the case of
Ra=10". We employed Eq. (45) with 7=0.1 and 5=0.01 as ini-
tial conditions.

tration and flow field numerically. They considered the effect of
dissolution capacity, /7, on the dissolution flux and concluded that
unlike the constant pressure system whose /7=0, there does not
exist a quasi-steady flux regime for /7>0. Wen et al. [22] also showed
that the diffusion dominant regime, ie., pure diffusion and linear
growth regimes, is not significantly affected by /7, due to the early
onset of convection at high Ra.

In the North Sea reservoir, the Darcy-Rayleigh number is 10°<
Ra<2.5x10". Because Wen et al. [22] focused on the upper limit of
the above range, ie., Ra=2x10", we considered the effect of the
dissolution capacity, /7, on the convective dissolution for the lower
limit of the North Sea reservoir, i.e., Ra=10". To compare the open
and the isolated systems, the effect of /7 on the dissolution flux is
summarized in Fig. 8. Unlike Wen et al’s [22] work, the dissolu-
tion capacity, /7, plays important roles not only in two Ra-depen-
dent regimes but also in the linear growth regime. However, for
the case of Ra=10’, the critical time, 7, from which the norm of
convective flux starts to grow, is nearly independent of /7, because
the variation of gas phase pressure, ie., the interface concentra-
tion, can be negligible for 7<7<z. As shown in Fig. 7(a), this fea-
ture is also expected from the linear stability analysis.
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Fig. 9. Snapshots of the concentration field for the case of Ra=10
and /7=5.
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Fig. 10. Effect of the dissolution capacity, /7, on the concentration
field for the system of Ra=10’ at 7=10".

The temporal evolution of the concentration field for the case of
11=5 is given in Fig. 9. Unlike the /7=0 system summarized in
Fig. 7, where the interface concentration is constant, the signifi-
cant reduction of the interface concentration and the dissolution
flux are clearly observed and, therefore, the growth of disturbance
is strongly suppressed. In addition, for the typical North Sea reser-
voir condition at 90 °C and 300 bar, where Ra~10’, the snapshots
of concentration fields at 7=10" (1,290 yrs) are summarized in
Fig. 10. For the case of Ra=10", /7plays an important role even in
the diffusion dominant regime.

CONCLUSIONS

In an isolated porous medium, linear and nonlinear analyses

were conducted to study the effect of dissolution capacity, /7, on
the onset and growth of gravitational instability. By considering the
dissolution capacity of an isolated system, base concentration pro-
files were obtained analytically by employing the Laplace trans-
form method. Using these base concentration fields, stability
equations were derived under linear stability theory, and solved in
a similar domain. The present stability analysis predicts that the
isolated system is more stable than the conventional open system.
In addition, the dissolution capacity of the isolated system sup-
presses the onset of instability. Based on the results of the linear
analysis and the analytically obtained base concentration profile,
fully nonlinear numerical simulations were also conducted for the
case of Ra=10’. Unlike the previous study for the very high Darcy-
Rayleigh number case, ie., Ra=2x10", /7 plays an important role
in the diffusion dominant regime and suppresses the vertical
development of the instability motion and the dissolution flux for
the intermediate Darcy-Rayleigh number case, i.e., Ra=10". Due to
the inherent limitation of the present Fourier spectral method, we
cannot estimate maximum quantity of gas absorbed into liquid
phase, which should be estimated by using the previous studies
[13,34].
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