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AbstractThis study presents the development of soft sensors based on just-in-time learning (JITL) and dynamic
time warping (DTW) for online quality prediction in multi-grade processes. Most industrial chemical processes are
multi-grade processes that produce multiple products with distinct properties. Multi-grade processes, however, are diffi-
cult to monitor and control due to frequent process transitions and abrupt changes in operating conditions. The DTW-
based JITL soft sensor modeling approach is proposed as a solution to the complexity of multi-grade process model-
ing. In the JITL modeling approach, a local model is trained online using historical samples that are similar to the query
sample, allowing the model to account for multi-grade characteristics and process drifts. To account for process dynam-
ics and temporal correlations, the suggested approach utilizes a data sequence as an input rather than a single data
point. DTW calculates the similarity of data sequences by stretching the sequences to determine an optimal warping
path. Additionally, sensitivity analyses of model hyperparameters are performed and a cross-correlation-based hyperpa-
rameter optimization approach is proposed. The advantages of the proposed approach are verified via multi-grade sim-
ulation studies. As a result, the proposed model outperforms a conventional JITL model based on the Euclidean distance.
Keywords: Just-in-Time Learning (JITL), Dynamic Time Warping (DTW), Soft Sensor, Multi-Grade Process, Machine

Learning

INTRODUCTION

There is an increasing market need in the chemical sector for
the manufacturing of a variety of chemical products with specific
applications. To satisfy fluctuating market demand, many chemical
processes produce multiple grades of products with distinct quali-
ties within the same facility. For example, polymer products are man-
ufactured in a variety of grades with varying chemical and mech-
anical properties, such as melt index, tensile strength, and trans-
parency [1-7]. Due to the frequent grade transitions in multi-grade
operations, fast changes in operating conditions are unavoidable. As
a result, large settling times and overshoots in product quality occur
during process transitions, resulting in off-specification products
[1-5]. Additionally, online measurements of the quality of chemical
products are not available in most industrial processes [1-6]. There-
fore, a soft sensor model with high prediction accuracy is neces-
sary for quality monitoring and control of multi-grade processes.

There are two main types of soft sensor modeling approaches:
mechanistic modeling and data-driven modeling. The mechanistic
models require process knowledge, including reaction mechanisms
and thermodynamic properties. However, development of an ac-
curate mechanistic model for a multi-grade process is extremely
difficult due to the process’s strong nonlinearity and time-varying
dynamics.

Data-driven approaches, as opposed to mechanistic modeling

approaches, simply utilize process data and quality measurements
to construct a soft sensor. Due to the rapid growth of data technol-
ogy, it has become possible to collect massive quantities of high-
dimensional process data from industrial processes. To construct
soft sensor models for the quality prediction of chemical processes,
multiple data-driven modeling approaches have been implemented.
Latent variable methods such as principal component analysis (PCA)
[8-10] and partial least squares (PLS) [11-16], which transform pro-
cess variables into linearly independent latent variables, are among
the most common data-driven modeling approaches. Additionally,
machine learning modeling approaches based on support vector
machines (SVM) [15-17], Gaussian process regression (GPR) [18-
20], artificial neural network (ANN) [15,21,22], and long short-
term memory (LSTM) network [23,24] have been used to predict
the quality of chemical and biochemical processes.

However, multi-grade process modeling presents various issues
that are difficult for a single global model to address [2-7]. First,
one grade’s operating conditions are distinct from those of other
grades. As the number of product grades increases, it becomes more
challenging for a single soft sensor to precisely mimic all process
variables for each grade. When estimating the quality of a new prod-
uct grade that was not included in the training dataset, for instance,
a model’s prediction performance could be drastically reduced [6].
Furthermore, industrial processes exhibit time-varying dynamics
due to the drift of process characteristics, such as catalyst deactiva-
tion, instrument degradation, and fouling. These process drifts result
in the gradual degradation of the prediction performance of a soft
sensor model [7]. The wide disparity between the amount of sam-
ples of each grade poses an additional difficulty for training a global
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soft sensor model. To build an accurate model of a soft sensor, suf-
ficient samples of each grade are necessary. However, the measure-
ment data from a specific grade may be very limited because the
operating mode changes based on market demands. Due to the short
duration of a grade changeover, only a small number of measure-
ment samples are available for simulating the transient dynamics.

Therefore, numerous investigations have been conducted to build
soft sensors that can account for multi-grade and time-varying char-
acteristics of chemical processes. One approach is to iteratively update
a soft sensor model with new measurement data. Examples include
recursive PCA [25-27] and recursive PLS [28-30], which are based
on latent variables method. While recursive models have demon-
strated enhanced prediction performance for systems with slow time-
varying dynamics, they are not suitable for multi-grade chemical
processes where abrupt and rapid changes in operating conditions
occur during grade changeover [2,7,31-36].

In recent years, just-in-time learning (JITL) soft sensors have
been used in a variety of chemical processes and have exhibited
good prediction performance with various data-driven modeling
methods, including latent variable methods [35,37-39], SVR [2,3,
32], GPR [33,40,41], relevance vector machines [42], LSTM [43],
and autoencoder [36,44-46]. In the JITL framework, a local model
is trained online using only the most similar historical data sam-
ples to the query sample. Thus, the similarity measurement em-
ployed in JITL modeling has a substantial effect on the performance
of a model. One of the most widely used metrics for calculating
the similarity between two samples is the Euclidean distance. Addi-
tionally, the information regarding the angle between two samples
was combined with the Euclidean distance to determine similarity
[34]. JITL soft sensors have embraced additional similarity met-
rics, including the Mahalanobis distance [35,43] and the Kullback-
Leibler divergence [36,45,46]. However, temporal correlations inher-
ent in process data are not considered in the computations of sim-
ilarity described above. The process data from industrial chemical
processes exhibit highly nonlinear, complicated, and temporally
correlated dynamics. To build an accurate JITL soft sensor for multi-
grade chemical processes requires a similarity measurement that
takes temporal correlations of process variables into account.

In this paper, we present a JITL soft sensor modeling framework
where the similarity between two multivariate time series data is

calculated using dynamic time warping (DTW). DTW is a similar-
ity measurement method for two different data sequences [47,48].
The similarity between two time series of different lengths can be
calculated using DTW by stretching or compressing a times series
to match another. In recent years, DTW has been utilized for a
variety of dynamic time series problems, including handwriting
recognition [49], gesture recognition [50], traffic speed prediction
[51], state of health estimation [52], fault detection [53], and batch
trajectory synchronization [54].

Three main contributions are accomplished in the proposed
DTW-based JITL modeling approach. First, the process dynamics
and temporal correlations in the process data are considered by
training a machine learning model with time series data as opposed
to data points. Previous studies have shown that the prediction per-
formance of latent variable models and machine learning models
can be improved by augmenting input data with time-lagged data
[55,56]. Second, the ability of selecting the most relevant time series
from the historical database is improved by utilizing DTW as a simi-
larity measurement. Third, the implications of the DTW path con-
straint and input-output cross-correlation on the modeling perfor-
mance are discussed and a DTW-based JITL soft sensor modeling
approach with the hyperparameter optimization is proposed. The
prediction performance of the proposed DTW-based JITL soft sen-
sor is evaulated with three multi-grade dynamic simulation stud-
ies and compared to that of the conventional JITL method based
on the Euclidean distance.

The remaining sections of this work are structured as follows.
Section 2 introduces the approaches applied in the proposed mod-
eling approach, including JITL modeling and DTW. In Section 3,
a DTW-based JITL soft sensor modeling method for multi-grade
processes is proposed. Section 4 provides the results of sensitivity
analysis of the hyperparameters of the proposed modeling approach.
In Section 5, a DTW-based JITL modeling approach with the opti-
mized model hyperparameters is proposed and the modeling results
is discussed. Finally, Section 6 contains the concluding remarks.

METHODOLOGY

1. Just-in-time Learning Modeling
Just-in-time learning (JITL) modeling approach is one of the

Fig. 1. Basic algorithms of classic global learning and just-in-time learning approaches.
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modeling methods developed to address process drift and multi-
grade characteristics. In JITL modeling, rather than training a sin-
gle global model with all historical data, a local model is trained in
an online manner for each query sample using the most similar
samples. The trained local model is then discarded after the pre-
diction for the query sample has been made using the local model.

The fundamental algorithm of JITL soft sensor modeling con-
sists of three steps as shown in Fig. 1. When a new query is received,
the similarities between the query sample and the stored samples
are first calculated. The second step involves training a local pre-
diction model using only the most relevant samples. Finally, the qual-
ity of a sample is predicted using the local model trained in the
second step. The above three steps of modeling are repeated every
time a new data sample is collected.

Since a local model is trained with a similar set of data samples
only, the modeling performance of a JITL model highly depends
on how similar samples are selected from the database. The Euclid-
ean distance is one of the most often employed similarity metrics
for two data samples. The Euclidean distance, ED, between a query
sample xq and a sample xn from the database is calculated as in (1).

(1)

where nvar is the number of variables of the vector x. xq, i and xn, i

are the i-th variable of xq and xn, respectively.
Another method used to measure similarity in JITL modeling

is to consider both the distance and angle between two samples.
The cosine of the angle between two samples, xq and xn, is calcu-
lated as in (2).

(2)

where qn is the angle between xq and xn. Two data samples are
considered far apart when the cosine value of the angle between
them is negative. In training local models, only data samples with
positive cosine values are employed.
2. Dynamic Time Warping

Dynamic time warping (DTW) is a measure of distance between
two data sequences. One of the main advantages of DTW is that
the similarity between two time series of different lengths can be
measured using DTW [47-54]. For example, Fig. 2 illustrates the

alignment of two time series of sine functions of different frequen-
cies and delays using DTW.

For two time series, X={x1, x2, …, xm} of length m and Y={y1,
y2, …, yn} of length n, the warping path W={w1, w2, …, wk} of
length k must satisfy the following constraints. First, the boundary
conditions at the initial and final points must be satisfied.

w1=(1, 1) (3)

wk=(m, n) (4)

where wi=(a, b) indicates that X(a)=xa corresponds to Y(b)=yb in
the path W. Second, the warping path must satisfy the continuity
condition. If wi=(a, b) and wi+1=(a', b'), then a'a1 and b'b1.
Finally, the warping path must be monotonic, which limits the warp-
ing path from moving backwards in time. If wi=(a, b) and wi+1=
(a', b'), then a'a0 and b'b0. The continuity and monotonic-
ity conditions can be combined and expressed as follows:

0a'a1, a, a'N (5)

0b'b1, b, b'N (6)

As a result, wi+1=(a+1, b), (a, b+1), or (a+1, b+1). However, there
are a number of warping paths satisfying the above constraints.
DTW finds the optimal warping path that has minimum cumula-
tive distance.

(7)

where di is distance between X(a)=xa and Y(b)=yb when wi=(a, b).
Another constraint on the warping path may be introduced in

order to reduce computational requirement of DTW [47,48]. By
limiting the warping window width, , the number of possible
warping paths is reduced. Additionally, the window width con-
straint makes the resulting warping path closer to diagonal con-
necting W1=(1, 1) and Wk=(m, n), preventing excessive stretching
and compression of sequences when outliers are present.

DTW-BASED JITL MODELING APPROACH

In this section, a JITL soft sensor modeling method for multi-
grade processes is developed by applying DTW to calculating sim-
ilarities between data sequences. There are two main advantages of
the proposed modeling approach. First, the data sequence is used
as a model input in order to consider process dynamics and tempo-
ral correlations in the process data. By augmenting the input vari-
ables with time-lagged data, the modeling performance of a data-
driven model for a dynamic system may be increased. Second, the
similarity between two data sequences is measured using DTW.

The similarity measurements previously studied in JITL mod-
els, including DTW, are summarized in Table 1. The most com-
mon way is to use the Euclidean distance and angle between two
data samples because they are simple to calculate. However, the
temporal correlations in the data are disregarded when the Euclid-
ean distance is used to compare similarities. Recently, there have
been studies to build a JITL soft sensor model with similarity cal-
culation methods based on the statistical information of data points.
For instance, the Mahalanobis distance has been adopted to JITL

ED xq, xn     xq, i   xn, i 2

i1

nvar



qn    
xq, xn 

xq 2 xn 2
-------------------cos

DTW X, Y     di
i1

k


W
limmin

Fig. 2. Example of warping two time series using DTW.
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modeling [35,43]. In contrast to the Euclidean distance, which
only considers two data points, the Mahalanobis distance mea-
sures the distance between a point and a distribution by consider-
ing sample mean and covariance. The Mahalanobis distance cal-
culates the inverse-covariance weighted distance between a point
and sample mean. The following definition describes the Mahala-
nobis distance between a point x and a distribution P.

(8)

where  and S are the sample mean and covariance matrix of the
distribution P, respectively. Additionally, the Mahalanobis distance
between two data points, x and y, with respect to a distribution P
is calculated as in (9).

(9)

Kullback-Leibler divergence, commonly known as relative entropy,

is an additional similarity measure based on probability statistics. It
is utilized to determine how dissimilar one distribution is to another
distribution and is defined as the expectation of the logarithmic dif-
ference between two distributions. For two continuous probability
distributions, P and Q, the Kullback-Leibler divergence is calcu-
lated as in (10) by

(10)

where p and q are the probability densities of P and Q, respectively.
Thus, the probability distributions of variables are required for cal-
culation of Kullback-Leibler divergence. Therefore, there have been
studies of JITL soft sensors where the process variables are first
transformed into latent variables that can be expressed by Gaussian
distribution [36,45,46].

On the other hand, DTW measures the distance between two

MD x, P    x   TS1 x    

MD x, y; P    x   y TS1 x   y 

KLD P||Q    p x  p x  log
q x  log

----------------------







Table 1. Comparison of distance measure used in JITL modeling
Method Data type Definition

Euclidean distance Data point

Euclidean distance with angle Data point

Mahalanobis distance Data point and distribution

Kullback-Leibler divergence Distribution

Dynamic time warping Data sequence

ED xq, xn   i1
nvar xq, i  xn, i 

2

qn   
xq, xn 

xq 2 xn 2
------------------cos

MD x, y; P   x  y 
TS1 x  y 

KLD P||Q   p x 
p x  log
q x  log

----------------------







DTW X, Y    di
i1

k


W

limmin

Fig. 3. Algorithm of the DTW-based JITL model.
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data sequences without any probabilistic information or transfor-
mation of variables. Additionally, DTW can calculate similarity even
when a data sequence is distorted by frequency change or process
drift. Therefore, in the suggested JITL modeling method, DTW is
utilized to calculate the similarity of data sequences.

Fig. 3 illustrates the fundamental algorithm of the DTW-based
JITL modeling technique. First, the query sample, xq, is collected
from online sensors. Then the historical and query data are normal-
ized so that the variables have zero means and unit variances, as
described below.

(11)

where xq, i is the i-th variable of xq. i and i are the mean and
standard deviation of the i-th variable, respectively. The next step
is to augment a single data sample  into a data sequence  with
time-lagged data as in (12).

(12)

where n is the fixed window length for data augmentation. As a
result of data preprocessing, data samples are transformed into data
sequences of length n. In the second step of JITL modeling, the simi-
larities between the normalized data sequence  and the sequences
of the database are calculated using DTW. Then a local machine
learning soft sensor model is trained with the historical data
sequences which are most similar to . Two data-driven model-
ing methods, SVM and GPR, are used to construct a local model
in this study. Finally, the prediction  for the quality of the query
sample xq is made with the trained local model. The local model
is discarded and the above modeling steps are repeated when a
new query sample is acquired.

SENSITIVITY ANALYSIS OF MODEL 
HYPERPARAMETERS

This section evaluates the effects of model hyperparameters on
the performance of the proposed DTW-based JITL model by sim-
ulating two multi-grade systems. The prediction accuracy and com-
putational requirement for the proposed DTW-based JITL model-
ing approach are highly dependent on three hyperparameters: the
input length, the width of the warping window, and the number of
similar samples chosen from the database. Two multi-grade simula-
tion case studies are considered in order to undertake sensitivity
analysis on these hyperparameters.

The first simulation case study is a simple nonlinear dynamic
system where the output is determined by the past ten samples of
the inputs. Additionally, the inputs change periodically depending
on the grade to simulate multi-grade characteristics. The system is
defined as follows:

y1=A1·X1+B1·X2+C1·X1·X2 (13)

y2=A2·X1+B2·X2+C2·X1·X2 (14)

y=log(y1·y2) (15)

where X1=[x1, t9, x1, t8, …, x1, t] and xi, k is the i-th input variable
at time k. A, B, and C are the coefficient vectors of length 10. Gauss-
ian random noise is added to the inputs and output. The values of
coefficients, including A, B, and C, are present in the Appendix
section. A total of 520 data samples were obtained as a simulation
results, which is shown in Fig. 4. The first 50 percent of the sam-
ples were used as the training dataset, while the remaining 50 per-
cent of the samples were used as the testing dataset.

In the second case study, a sequence of three continuous stirred
tank reactors (CSTRs) was used to simulate a multi-grade chemi-
cal system with time delay and multi-grade products. The simple
schematic of the CSTR system is illustrated in Fig. 5 and the nomen-
clature and nominal operating conditions are summarized in Table 2.

The process model of each reactor consists of two nonlinear ordi-
nary differential equations [57]. Two chemical species, A and B,
exist in the reactors and undergo irreversible and exothermic chemi-
cal reaction, AB.

(16)

x̃q, i  
xq, i   i

i
-----------------

x̃q X˜ q

X̃q   x̃qn1, x̃qn2, …, x̃q 

 

x̃qn1, 1 x̃qn2, 1 � x̃q, 1

x̃qn1, 2 x̃qn2, 2 � x̃q, 2

� � � �

x̃qn1, nvar
x̃qn2, nvar

� x̃q, nvar

X˜ q

X˜ q

ŷq

C·Ai  
qi

Vi
----- CA i1    CAi    k0CAi  

E
RT
-------

 
 exp

Fig. 4. Simulation data obtained from the nonlinear numerical ex-
ample.

Fig. 5. Schematic of the chemical system consisting of three CSTRs
in series.
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(17)

Since the flowrates of all streams are set equal, the reactor vol-
umes are equal and remain unchanged during simulation. Addi-
tionally, transport delays of three minutes are added between the
reactors. The manipulated variable of the system is the flowrate of
the coolant for the first reactor, qin. It is assumed that only the
manipulated variable, qin, and the temperature of the first reactor,
T1, are measured. The output of the process is the effluent concen-
tration of A from the third reactor, CA3. Fig. 6 illustrates the simu-
lation result of the CSTR system. A total of four grades and their
grade changeovers were simulated by manipulating the coolant
flowrate or the first reactor. Additionally, the Gaussian random
noise was added to the input and output variables. The simulation
time was 500 minutes and a total of 1001 data samples were obtained
as a result. The first 501 samples were used as the original train-
ing dataset and the remaining 500 samples were used as the test-

ing dataset.
SVM and GPR models were trained for the sensitivity analysis

of the hyperparameters for both case studies. The prediction accu-
racy of the soft sensors was evaluated using the root mean squared
error (RMSE) defined as in (18):

(18)

T· i  
qi

Vi
----- Ti1  Ti    

  H k0CAi

Cp
-----------------------------  

E
RT
-------

 
 exp

 
cCpc

CpV
-------------qc 1   

hA
qccCpc
-----------------

 
 exp Tcf   Ti 

RMSE   
1
N
---- yi  ŷi 2

i1

N


Table 2. Nomenclature and nominal operating conditions of the CSTR system
Symbol Description Operating condition Unit
CA0 Concentration of A in the feed stream into the first reactor 1.00 mol l1

CAi Concentration of A in the i-th reactor (i=1, 2, 3) 0.0836 mol l1

Cp Heat capacity of the reaction mixture 1.00 cal g1 K1

Cpc Heat capacity of the coolant 1.00 cal g1 K1

E/R Fraction of the activation energy divided by the gas constant 9.95×103 K
hA Product of the heat transfer coefficient and heat transfer area 7.00×105 cal min1 K1

k0 Pre-exponential factor 7.20×105 min1

qc Flowrate of coolant for the second and third reactor 103.41 l min1

qi Flowrate of feed stream into the i-th reactor (i=1, 2, 3) 100 l min1

qin Flowrate of coolant for the first reactor 103.41 l min1

T0 Temperature of the feed stream into the first reactor 350 K
Tc Temperature of coolant 350 K
Ti Temperature of the i-th reactor (i=1, 2, 3) 440.2 K
Vi Volume of the i-th reactor (i=1, 2, 3) 100 l
H Heat of reaction 2.00×105 cal mol1

 Density of the reaction mixture 1,000 g l1

c Density of coolant 1,000 g l1

Fig. 6. Simulation data obtained from the CSTR system.

Fig. 7. Prediction accuracy of models with different input lengths
and number of similar samples for the numerical example
(a) SVM models, (b) GPR models.
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where N is the number of samples, yi and  are the measured and
predicted outputs, respectively. Additionally, the CPU time was mea-
sured on an Intel Core i7-8700 CPU @3.20 GHz to evaluate the
computational requirement.
1. Input Length and Number of Similar Samples

The length of the input sequence and the number of similar
samples used in local modeling affect not only the required calcu-
lation time but also the prediction accuracy of the proposed model.
Therefore, the effects of the hyperparameters on the prediction
performance of the DTW-based JITL models are analyzed for both
case studies in this subsection. Figs. 7 and 8 depict the prediction
accuracy of the DTW-based JITL models with varying input lengths
and the number of similar samples on the testing datasets of the
numerical and CSTR examples, respectively. Both the SVM and
GPR models for the numerical example reach the lowest RMSE val-
ues at the input length of 6, regardless of the number of samples
used for local modeling. On the other hand, the DTW-based JITL
models for the CSTR system achieve the best prediction accuracy
at the input length close to 18.

The cross-correlations between the input and output variables
of the numerical example and CSTR system are shown in Fig. 9
and Fig. 10, respectively. The absolute values of cross-correlations
reach their maxima at time lags of 4 and 54 for the numerical exam-
ple. Furthermore, the cross-correlations exhibit periodical changes
because the grade and input variables change periodically with a
period of 50 time steps. On the other hand, the output variable of
the CSTR system is most correlated with the first and second input
variables at time lags of 16 and 15, respectively.

The results from varying input lengths and cross-correlations sug-
gest that the best modeling performance is achieved when a model
takes time series of length slightly longer than the time lags of maxi-
mum cross-correlation between input and output. Additionally, the
modeling performance of the JITL models decreases as the input
length becomes longer or shorter than the optimal time lags as
shown in Fig. 7 and Fig. 8, which represents the importance of find-
ing the optimal length for input data sequences. If the input data
sequence is longer than the cross-correlation between the input and
output, the sequences are more likely to lose their original charac-
teristics and dynamics through warping. On the other hand, if the
input time series is too short, the temporal correlations of the vari-
ables are not sufficiently considered in modeling, resulting in poor
prediction performance. Therefore, it is necessary to find the opti-
mal length for input augmentation by calculating the cross-cor-
relation between the input and output variables.

In addition, Figs. 7 and 8 illustrate the effect of the number of
similar samples selected from the database on the prediction accu-
racy of the proposed model. The prediction accuracy of the pro-
posed model increases as more samples are used in the numerical
example for the optimal input length, 6. Since the nonlinear sys-
tem changes periodically between two distinct operation modes,
many samples exist for each mode. Therefore, the local models
trained with more samples predict the output more accurately. Addi-
tionally, the numerical example’s system is much simpler than the

ŷi

Fig. 8. Prediction accuracy of models with different input lengths
and number of similar samples for the CSTR example (a)
SVM models, (b) GPR models.

Fig. 9. Cross-correlation between input and output variables of the
numerical example.

Fig. 10. Cross-correlation between input and output variables of the
CSTR example.
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reactor systems, making it easier for regression models to learn when
provided more data samples.

On the other hand, the DTW-based JITL models for the CSTR
example achieved the best prediction performance when 40 similar
samples with an input length of 18 were utilized. When too many
samples are used in model training, it is more likely that the train-
ing dataset will contain samples that are not similar or relevant to
query data, particularly for grade changeovers whose duration is
short compared to steady-state operations, thereby decreasing the
performance of the model. In addition, Fig. 11 illustrates the CPU
required to compute the whole testing procedure for the proposed
GPR-based model. As the number of training samples increases,
the CPU time required by the proposed model increases. To achieve
the optimal prediction accuracy in an acceptable amount of time,
it is crucial to examine the tradeoff between prediction accuracy
and computation time by selecting an adequate number of simi-
lar samples for each target system.
2. Warping Path Constraint

In this subsection, the effect of the temporal constraint on the
warping window size of DTW on the modeling performance in
the DTW-based JITL modeling approach is analyzed. Without the
warping path constraint, DTW stretches and compresses data
sequences as much as possible to make the warped sequences as
similar as possible. However, unconstrained warping is susceptible
to outliers in the time series. Additionally, unconstrained warping
may distort data sequences excessively so that the temporal cor-
relations and dynamics of the raw sequences rarely remain in the
warped sequences. Therefore, the accuracy of distance measure
and computational efficiency can be improved by constraining the
warping window width, , in a fixed range [48].

Figs. 12 and 13 show the average CPU time required to calcu-
late the similarities between the query and stored data sequences
using the Euclidean distance, unconstrained DTW, and constrained
DTW for the numerical and CSTR examples, respectively. For both
case studies, the computation times for the Euclidean distance were
less than 0.001 seconds, which is significantly less than those of
DTW. On the other hand, unconstrained DTW calculations for data
sequences of length 10 required 0.011571 and 0.022339 seconds in
the numerical and CSTR examples, respectively. As illustrated in
Figs. 12 and 13, the constrained DTW with a narrower warping
window width takes less computation time than the unconstrained
DTW because only a small number of warping pathways must be
determined. Moreover, longer data sequences necessitate additional
calculation time, which is especially evident for the unconstrained
DTW. Nevertheless, unconstrained DTW computations with an
input length of 100 required 0.022965 and 0.047334 seconds for
the numerical and CSTR examples, respectively, demonstrating
that the proposed modeling approach can be utilized for online
applications with short sampling periods.

Fig. 14 and 15 illustrate, for numerical and CSTR examples, respec-
tively, a comparison of the prediction accuracy of the proposed
models with different similarity measures and constraints as mea-
sured by root mean square error (RMSE). The models were trained
using 40 similar samples and the input data sequences with a length
of 6 and 18 for the numerical and CSTR examples, respectively.
For both case studies, the prediction accuracy of the models im-
proved as the width of the warping window increased. On the other

Fig. 11. CPU time spent calculating the proposed modeling approach
based on GPR (a) numerical example (b) CSTR example.

Fig. 12. CPU time spent calculating similarities between samples of
the numerical example.

Fig. 13. CPU time spent calculating similarities between samples of
the CSTR example.



SS development based on JITL and DTW for multi-grade processes 1031

Korean J. Chem. Eng.(Vol. 40, No. 5)

hand, a constraint on the warping window width that is overly strin-
gent may reduce prediction performance because only warping
paths close to the raw time series are evaluated. As shown in Fig.
14 and 15, RMSE decreases and reaches plateaus when the warp-

ing window constraint is approximately half the input length. There-
fore, by limiting the warping window width to half the length of
the input sequence, it is possible to attain optimal prediction accu-
racy with a reduced computing demand.

Fig. 14. Prediction accuracy of models using the Euclidean distance and DTW with different warping window width constraint for the
numerical example (a) SVM models, (b) GPR models.

Fig. 15. Prediction accuracy of models using the Euclidean distance and DTW with different warping window width constraint for the CSTR
example (a) SVM models, (b) GPR models.
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OPTIMIZED DTW-BASED JITL MODELING 
APPROACH

1. Proposed Modeling Approach
In this section, we propose a DTW-based JITL soft sensor mod-

eling approach with the optimized model hyperparameters. The
results from Section 4 reveal that the prediction accuracy and com-
putational requirement of the DTW-based JITL model depend on
three hyperparameters: input length, number of similar samples,
and width constraint of the warping window. Fig. 16 illustrates the
algorithm of the proposed modeling approach. The proposed mod-
eling algorithm differs from the previous DTW-based JITL mod-
eling algorithm introduced in Section 3 in that the input length
and DTW constraint are optimized by analyzing cross-correlation
between the input and output variables. First, the cross-correla-
tion coefficients between the input and output variables are calcu-
lated using the stored data samples in the historical database. Then,
the data samples are augmented to data sequences of length slightly
longer than the time lags of maximum cross-correlation. In this
study, the length of the augmented input is determined by adding
two to the time lag of maximum cross-correlation, which is the opti-
mal value from the results of Subsection 4.1. Then, the similarities
between the augmented data sequences are calculated using DTW
under the constraint of the warping window width. The maximum
warping width, , is determined to be half the length of the input
sequence. The subsequent steps are identical to the original DTW-
based JITL modeling procedure.
2. Results and Discussion

We simulated multi-grade case studies to evaluate the predic-
tion performance of the proposed DTW-based JITL model to verify

the effectiveness of the proposed modeling approach. Addition-
ally, conventional JITL soft sensors based on the Euclidean dis-
tance were developed for performance comparison. The prediction
accuracy of the soft sensors was evaluated using four statistical
indices: root mean squared error (RMSE), mean absolute percent-
age error (MAPE), Theil’s inequality coefficient (TIC), and coeffi-
cient of determination (R2).

(19)

(20)

(21)

where N is the number of samples,  is the mean value of y, yi

and  are the measured and predicted output variable, respec-
tively. For both case studies, two machine learning regression mod-
els, SVM and GPR, were utilized as local predictive models and the
number of similar samples drawn from the database for local model
training was 40. The augmented input lengths were 6 and 18 for
the numerical and CSTR examples, respectively. Thus, the respec-
tive maximum DTW window width are 3 and 9 for the numeri-
cal and CSTR examples.

Tables 3 and 4 summarize modeling results of the proposed opti-
mized DTW-based JITL models and Euclidean distance-based JITL
models for the numerical and CSTR examples, respectively. Since
the simulated output was determined by both current and past

MAPE  
100
N
--------

yi   ŷi

yi
------------

i1

N


TIC  
i1

N yi   ŷi 2

i1
N yi

2 i1
N ŷi

2
-----------------------------------

R2 =1- 
i1

N yi   ŷi 2

i1
N yi   yi 2

----------------------------

y
ŷi

Fig. 16. Algorithm of the proposed DTW-based JITL model with hyperparameter optimization.
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inputs, the models taking time series as input outperform the mod-
els taking data points as input. Additionally, the DTW-based JITL
models demonstrate better prediction accuracy than the Euclid-
ean distance-based JITL models. For instance, the RMSE, MAPE,
TIC, and R2 of the constrained DTW-based GPR model for the
CSTR system are 3.000, 10.41, 0.04424, and 0.9527, respectively,
which represents better prediction accuracy than the Euclidean dis-
tance-based GPR model whose RMSE, MAPE, TIC, and R2 are

3.044, 10.65, 0.04490, and 0.9513, respectively. Additionally, the
prediction performance of a constrained DTW-based JITL model
is comparable to that of an unconstrained DTW-based JITL model.

To further demonstrate the efficiency of the proposed model, a
distillation process where methylcyclohexane (MCH) is recovered
from a mixture was simulated. Fig. 17 illustrates the schematic of
the process in which the purity of MCH, which is the output vari-
able, is controlled by manipulating the flowrate of the phenol inlet

Table 3. Prediction results of all trained models on the testing dataset of the numerical example
Data-driven

model
Input
length Similarity measure RMSE MAPE

 (%) TIC R2

SVM 1 Euclidean distance 0.20670 5.425 0.03497 0.7312
SVM 6 Euclidean distance 0.12040 3.421 0.02024 0.9089
SVM 6 DTW ( =3) 0.11750 3.320 0.01977 0.9131
SVM 6 DTW ( =) 0.11750 3.318 0.01976 0.9131
GPR 1 Euclidean distance 0.20560 5.617 0.03473 0.7341
GPR 6 Euclidean distance 0.09699 2.737 0.01631 0.9408
GPR 6 DTW ( =3) 0.09494 2.676 0.01598 0.9433
GPR 6 DTW ( =) 0.09489 2.675 0.01597 0.9433

Fig. 17. Schematic of the MCH distillation process.

Table 4. Prediction results of all trained models on the testing dataset of the CSTR example
Data-driven

model
Input
length Similarity measure RMSE

(×103)
MAPE

(%) TIC R2

SVM 01 Euclidean distance 7.634 21.93 0.11270 0.6934
SVM 18 Euclidean distance 3.069 10.81 0.04530 0.9504
SVM 18 DTW (=9) 3.058 10.71 0.04512 0.9508
SVM 18 DTW (=) 3.057 10.71 0.04510 0.9509
GPR 01 Euclidean distance 7.529 22.13 0.11180 0.7018
GPR 18 Euclidean distance 3.044 10.65 0.04490 0.9513
GPR 18 DTW (=9) 3.000 10.41 0.04424 0.9527
GPR 18 DTW (=) 2.998 10.41 0.04421 0.9527
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stream, which is the input variable. The sampling time and total
simulation time was 0.01 h and 30 h, respectively. Thus, a total of
3,000 samples were obtained, of which 50% were used as the test-
ing dataset. Table 5 summarizes prediction performance of the pro-
posed models and conventional Euclidean distance-based JITL
models on the testing dataset of the distillation example. The win-
dow length calculated from the cross-correlation analysis and warp-
ing window width for the proposed model were 30 and 15, respec-
tively. For both data-driven regression models, the proposed con-
strained DTW-based JITL models demonstrate better prediction
accuracy compared to the Euclidean distance-based models. In
summary, the modeling results indicate that improved prediction
accuracy with reduced computation can be achieved by the pro-
posed DTW-based JITL modeling approach with hyperparame-
ter optimization.

CONCLUSIONS

We developed a DTW-based JITL soft sensor modeling approach
for multi-grade processes and compared its prediction performance
with the classic JITL modeling method based on the Euclidean dis-
tance. Prediction accuracy was improved by considering the tem-
poral correlations and process dynamics in modeling. First, the
proposed modeling approach takes time series rather than data
points as its input in order to account for dynamic changes in input
variables. Raw process variables are augmented with time-lagged
data to form fixed-length data sequences. Second, the similarity
between the query and the historical data sequences is measured
using DTW. DTW finds the optimal warping path by stretching
and compressing the sequences, resulting in more accurate distance
measure between data sequences compared to the Euclidean dis-
tance.

Additionally, the effects of the model hyperparameters, includ-
ing the length of input data sequences, number of similar samples,
and warping path constraint, on the prediction accuracy were ana-
lyzed using SVM and GPR models. First, the optimal window size
of a data sequence depends on the cross-correlation between the
input and output variables. Second, constraining DTW path within
a fixed width reduces computational requirements while maintain-
ing prediction performance. Finally, the DTW-based JITL model-
ing algorithm with hyperparameter optimization was proposed and
its modeling performance was evaluated using three multi-grade

simulation case studies. As a result, the proposed DTW-based JITL
models outperformed classic JITL models based on the Euclidean
distance.

NOMENCLATURE

CA0 : concentration of A in the feed stream into the first reactor
[mol l1]

CAi : concentration of A in the i-th reactor (i=1, 2, 3) [mol l1]
Cp : heat capacity of the reaction mixture [cal g1 K1]
Cpc : heat capacity of the coolant [cal g1 K1]
DTW: distance calculated by dynamic time warping
ED : euclidean distance
E/R : fraction of the activation energy divided by the gas constant

[K]
hA : product of the heat transfer coefficient and heat transfer area

[cal min1 K1]
k0 : pre-exponential factor [min1]
KLD : Kullback-Leibler divergence
MD : mahalanobis distance
qc : flowrate of coolant for the second and third reactor [l min1]
qi : flowrate of feed stream into the i-th reactor (i=1, 2, 3) [l min1]
qin : flowrate of coolant for the first reactor [l min1]
T0 : temperature of the feed stream into the first reactor [K]
Tc : temperature of coolant [K]
Ti : temperature of the i-th reactor (i=1, 2, 3) [K]
Vi : volume of the i-th reactor (i=1, 2, 3) [l]
H : heat of reaction [cal mol1]
 : density of the reaction mixture [g l1]
c : density of coolant [g l1]

ABBREVIATIONS

ANN : artificial neural network
CSTR : continuous stirred tank reactor
DTW: dynamic time warping
GPR : Gaussian process regression
JITL : just-in-time learning
LSTM : long short-term memory network
MAPE : mean absolute percentage error
PCA : principal component analysis
PLS : partial least squares

Table 5. Prediction results of all trained models on the testing dataset of the distillation example
Data-driven

model
Input
length Similarity measure RMSE

(×103)
MAPE

 (%)
TIC

(×103) R2

SVM 01 Euclidean distance 2.5210 0.13210 1.2792 0.6179
SVM 30 Euclidean distance 0.5751 0.02568 0.2919 0.9801
SVM 30 DTW ( =15) 0.4556 0.02020 0.2312 0.9875
SVM 30 DTW ( =) 0.4635 0.02043 0.2353 0.9871
GPR 01 Euclidean distance 2.3480 0.13480 1.1920 0.6686
GPR 30 Euclidean distance 0.3407 0.01478 0.1729 0.9930
GPR 30 DTW ( =15) 0.3124 0.01348 0.1585 0.9941
GPR 30 DTW ( =) 0.3072 0.01339 0.1559 0.9943
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RMSE : root mean squared error
SVM : support vector machine
TIC : Theil’s inequality coefficient
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APPENDIX

Table A1. Values of coefficient vectors of numerical example
Symbol Value

A1 [0.0403, 0.0543, 0.1291, 0.1995, 0.3456, 0.4454, 0.6008, 0.8935, 0.9363, 0.9462]
A2 [0.1578, 0.1715, 0.3566, 0.4147, 0.4849, 0.5166, 0.6569, 0.6865, 0.9870, 0.9916]
B1 [0.0579, 0.1318, 0.1556, 0.2551, 0.6964, 0.7609, 0.8176, 0.8575, 0.8957, 0.9820]
B2 [0.0184, 0.1433, 0.2459, 0.3627, 0.3914, 0.4347, 0.7435, 0.7720, 0.8422, 0.8483]
C1 [0.0112, 0.0244, 0.0272, 0.0450, 0.0581, 0.0684, 0.0711, 0.0718, 0.0736, 0.0933]
C2 [0.0032, 0.0139, 0.0192, 0.0305, 0.0475, 0.0568, 0.0650, 0.0842, 0.0914, 0.0940]
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