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AbstractControlling the microstructure enables higher energy density and lower energy consumption of a battery.
Although particle size distribution is an important property of microstructures, its study is hindered by limited analyti-
cal tools. In this study, we precisely estimate the 3-dimensional (3D) spherical size distribution from a 2-dimensional
circular size distribution. Here, we introduce the least absolute shrinkage and selection operator (LASSO) regulariza-
tion method to handle the existing issues in 3D reconstruction efficiently. Using a virtual structure from various pre-
defined distributions, we demonstrate that the LASSO regression outperforms other regularization methods in predicting
the original distribution. Finally, we suggest an effective number of cross sections, that is, the minimum required num-
ber of cross sections, for 3D reconstruction consisting of spherical particles.
Keywords: LASSO Regression, Stereology, 3D Reconstruction, Wicksell’s Corpuscle Problem, Regularization, The Num-

ber of Cross-sections

INTRODUCTION

The battery industry has undergone dramatic development owing
to the increased demand for diverse applications such as electronic
vehicles [1,2], electronics [2,3], and energy storage devices [4,5].
Despite this rapid development, current industrial demands still
require batteries with higher energy density and lower energy con-
sumption [6]. Microstructures are considered promising for enhanc-
ing battery performance [7-9]. Various studies have shown that
controlling microstructural properties, such as particle size distri-
bution, porosity, and tortuosity is correlated with battery perfor-
mance [10-13]. However, limited methods for analyzing micro-
structures have hindered progress in related research.

Several cross-sectional SEM images are commonly used to inves-
tigate microstructural properties [14]. Especially in investigating par-
ticle size distribution, Wicksell’s corpuscle problem [15] estimates the
3-dimensional (3D) particle size distribution from the available 2-
dimensional (2D) particle size distribution data obtained from cross-
sectional images. It is also a known example of stereology [14,16-
18]: For example, Saltikov’s transformation [16,17,19], Cruz-Olive’s
transformation [20], and Underwood’s transformation [21,22]. These
transformations can be applied differently depending on the uni-
form and geometric bin-size systems. The former implies that all
bins in the histogram are uniform, and the latter implies that the bin
sizes vary as a geometric sequence. In particular, analyzing the size

distribution using a geometric bin-size system is notably used in
several fields, such as the size distribution of active materials in elec-
trodes and sieve analyses [23,24].

Based on the above transformation matrices, the 3D particle size
distribution can be estimated using the product of the inverse of
the transformation matrix and the 2D available particle size distri-
bution. Nevertheless, this direct method has unphysical issues such
as negative frequencies or small oscillations in some bins [25]. In
particular, we discovered that these problems are more severe in
geometric bin-size systems. Several regularization methods have
been introduced to manage these issues, including expectation maxi-
mization (EM), smoothed expectation maximization (EMS), and
wavelet regularization [26-28]. Although these regularization meth-
ods can provide better results, they still offer inaccurate solutions.

Therefore, in this study, we developed a new regularization method
that is applied to Wicksell’s corpuscle problem with a geometric bin-
size system: LASSO regression [29]. First, the LASSO equation was
developed for application to Wicksell’s problem. We then constructed
a virtual structure to obtain the 2D diameter distribution and 3D
ground-truth information. From the 2D diameter distribution of
the virtual structure, the 3D diameter distribution was estimated
using various regularization methods, and the accuracy of LASSO
regression was compared with that of other methods. Finally, we
investigated the required number of cross-sections to reasonably
reconstruct the entire distribution based on the LASSO regression.

METHODS

1. Theoretical Background: Uniform Interval Width of Bins
We briefly introduce here the background method for estimat-
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ing the number density distribution of spheres (N') from that of
circles in cross-sectional images (n'). Note that the description in
this section is for a linear-scale bin with a uniform interval width.
In the following section, we extend the theory to a geometric scale
bin, which is our primary target for the remainder of the paper.

We assume that n' is the distribution of circles obtained by ran-
dom sectioning of 3D structures composed of spheres with distri-
bution N'. Each element of the vectors represents the absolute number
density in predefined bins, where the bins are divided by the diame-
ters of the sphere and circle. N'i and n'i are the number densities of
the ith bins of the spheres and circles, respectively. According to Pabst
et al. [25], the number density distribution of circles can be expressed
as the product of the transformation matrix Blin and the number
density distribution of spheres.

n'=BlinN'. (1)

Let us denote  as the ith row and jth column element of Blin. Based
on Pabst et al. [25], the transformation matrix can be modeled as
the product of the statistical weight (wj) and conditional probabil-
ity (Pij) as follows:

(2)

wj is a weight related to the probability of choosing the jth bin of
the sphere, simply considering the representative diameter of each
bin, Dj. Meanwhile, Pij is the probability that the jth bin of N' con-
verted into the ith bin of n'. Owing to its geometry, Pij can be ex-
pressed as [30]

(3)

where di denotes the representative diameter of the ith bin of the
circle. Substituting Eq. (3) into Eq. (2) results in

(4)

Here we are looking at the evenly spaced bins; therefore, the inter-
val width of the bins () is constant. The first bin starts at zero, and
the representative diameters (Dj and di) are assumed to be the upper-
limit values for each bin. This means Dj=j and di=i. Further-
more, different representative values for Dj can be used as (j),
where  is a shifting parameter indicating the distance of the rep-
resentative diameter from the upper limit of the bin [25].

Substituting these relationships into Eq. (4), and  is expressed
as follows:

(5)

(6)

(7)

As mentioned, circles are obtained from the cross-sectional images
by random sectioning of the 3D sphere structure. Therefore, the
diameter of the circle never exceeds the diameter of the sphere
(Eq. (7)), resulting in the upper triangular matrix Blin.
2. Geometric Scale Interval Width of Bin (Geometric Bin-size
System)

It should be emphasized that Eqs. (5)-(7) are only valid for uni-

form bin intervals. However, in some cases, the bin size cannot be
designed equally, as in the sieve analysis of powder [24]. Assuming
that the bin interval increases geometrically, the basic governing
equation and derivation procedure are identical to those in Eqs.
(1)-(4); however, we used Bgeo and  instead of Blin and ,
respectively.

(8)

(9)

However, in the geometric bin-size system, Dj and di are not sim-
ple functions of  because  is no longer constant. The lower lim-
its of the first bin for both N' and n' are denoted as dmin. It should
not be zero; otherwise, other bin values cannot be defined. Then,
Dj and di are expressed as

(10)

(11)

k is the interval width of the kth bin. The corresponding transfor-
mation matrix is obtained by substituting Eqs. (10) and (11) into
Eq. (9):

(12)

(13)

(14)

3. Applying LASSO Regression to Wicksell’s Corpuscle Problem
The inverse matrices of Blin and Bgeo exist because they are upper

triangular matrices. However, it turns out that the N' estimated by
the inverse matrix of Eqs. (1) and (8) shows undesirable results, such
as negative frequencies or oscillations. These results are attributed
to the large condition number of the transformation matrix, leading
to oscillations that cause negative frequency values. Thus, various
regularization methods have been introduced to remove oscilla-
tions. In this study, we used LASSO regression [29] to address these
unphysical issues. LASSO regression is a well-known effective reg-
ularization method for eliminating noise by shrinking small values
and is therefore widely used for various applications such as denois-
ing [31], image reconstruction [32], and machine learning [33,34].

Before applying LASSO regression to Eq. (8), we slightly modi-
fied the equation because the values of n' were too small, that is, vul-
nerable to round-off errors. Herein, we changed the “number density
distribution” to “number distribution.” Based on this definition,
the number density distributions N' and n' can be expressed as

(15)

Bij
lin

Bij
lin

   wjPij,

Pij  
Dj

2
   di1

2
  Dj

2
   di

2

Dj
-------------------------------------------------,

Bij
lin

   Dj
2

   di1
2

   Dj
2

   di
2.

Bij
lin

Bij
lin

    j    2
   i 1 2

   j    2
   i2  for i j ,

Bij
lin

     2   2 i 1 
2  for i    j ,

Bij
lin

   0 for i j .

Bij
geo Bij

lin

n'   BgeoN'.

Bij
geo

   Dj
2

  di1
2

   Dj
2

  di
2.

Dj =  dmin   k  j,
k1

j


di = dmin   k.
k1

i


Bij
geo

   dmin  k   j
k1

j


 
 
 

2

  dmin   k
k1

i1


 
 
 

2

  dmin   k   j
k1

j


 
 
 

2

  dmin   k
k1

i


 
 
 

2

 for i j ,

Bii
geo

   dmin  k   j
k1

j


 
 
 

2

  dmin   k
k1

i1


 
 
 

2

 for i  j ,

Bij
geo

   0 for i j .

N'   
N
L3
-----,



Reconstruction of particle size distribution from cross-sections 3081

Korean J. Chem. Eng.(Vol. 40, No. 12)

(16)

N and n are vectors representing the number distributions whose
elements are the actual numbers of spheres and circles in each bin,
respectively. We assume that the spheres are distributed in cubic
space, whose side length is L. Recall that spheres are distributed in
3D space, whereas circles are in the 2D plane obtained by cross-
sectioning. Eqs. (1) and (8) are converted into

(17)

(18)

One can modify Eqs. (15)-(18) for a noncubic system. In this study,
we focused on geometric-scale bin cases, that is, Eq. (18). See Fig.
S3 in the Supplementary Material for the uniform bin-size cases.

In this study, N was estimated from n using LASSO regression
based on Eq. (18). The objective function is expressed as

(19)

where || · ||2 and || · ||1 are the notations for 2-norm and 1-norm,
respectively,  is a regularization parameter, and Ni denotes each
component in vector N. To address the previously mentioned un-
physical issues, we add the regularization term (||N||1) to reduce
the noisy oscillation in the solution N. Also, the constraint (∀Ni0)
in the optimization statement prevents having negative values. To
solve the optimization problem, we adopted an interior-point algo-
rithm implemented in the MATLAB®-built function “fmincon.”
The numerical experiments were performed using MATLAB®

2020b on a computer with an Intel Core i7-10750H CPU at 2.60
GHz and 16 GB RAM.
4. Virtual Structure Generation

In this study, 3D virtual structures were used to obtain the 2D
circle distribution and the 3D sphere ground-truth. Based on these
structures, we demonstrate the proposed LASSO regression-based
stereology. In summary, we mimicked a Tetris-like strategy, simi-
lar to Shi and Zhang’s work [35], to generate high-packing-density
structures without overlapping particles. First, we generated an
empty cube with L=500 (arbitrary unit) aligned in Cartesian coor-
dinates: x and y axes in the horizontal plane and the z axis in the
vertical direction. Then, the diameter distribution of the spheres

n'   
n
L2
-----.

n  
1
L
---BlinN,

n  
1
L
---BgeoN.

N
lim 1

L
---BgeoN   n

2

2
    N 1 subject to N∀ i 0 ,argmin

Fig. 1. Overall process of the numerical experiment.

was determined. We considered the normal, bimodal, lognormal,
and Rayleigh distributions. The radius of a sphere was randomly
selected from the considered distribution. The initial position of the
sphere was arbitrarily located at the top of the system (z=L). The
sphere then dropped vertically until it hit other existing spheres or
the bottom plane (z=0), and the corresponding z-height was col-
lected. Each sphere was dropped ten times at different initial posi-
tions, and then the sphere was pinned at the minimum z-height
location among the ten trials. This entire procedure was repeated
until the target packing density was attained. After generating the
structure, the circle diameter distribution was obtained by the xz
plane or yz plane sectioning of the structure. The circular diame-
ter was calculated using the Pythagorean theorem with coordinate
information of the spherical center.

RESULTS AND DISCUSSION

Fig. 1 illustrates the entire procedure of LASSO-based stereol-
ogy. First, a 3D structure consisting of randomly distributed spheres
was obtained using microscopy or numerically generated virtual
structures. We considered only virtual structures to demonstrate
the effectiveness of the proposed method. Circular diameter distri-
butions were obtained by collecting several cross-sections. Using
Eq. (19), the 3D sphere diameter distribution was reconstructed
from the circle diameter distribution.
1. Demonstration

The estimated distribution of spheres was calculated using three
major procedures, as shown in Fig. 2. The first step was to obtain
the number distribution of circles n. The range of the bins was set
to the minimum diameter of the circle and maximum diameter of
the sphere. Subsequently, the number of bins m could be deter-
mined arbitrarily. We set m to 25 considering the resolution in
sieve analysis. It is defined as the ratio of the range of each bin to
the median of each bin. For grain size distribution analysis, the
empirically recommended resolution is close to or less than 0.25
[36]. Interestingly, 25 bins are typically used in Saltikov’s transfor-
mation [16]. The number distribution of the circles was obtained
by sectioning the virtual structure system, as shown in Fig. 2(a),
and redistributing it according to a previously chosen bin size.

The number of cross-sections, which is a user-defined parame-
ter, determines the accuracy of the solution because a larger sample
ensures an analogy with the population. In Section 3.2 we per-
formed numerical experiments to determine the desirable number of



3082 J. Oh et al.

December, 2023

cross-sections. Therefore, we selected 15 cross-sections to obtain n.
During sectioning, simple random sampling was used such that
all positions could be equivalently selected. During our study, we
found that iso-distance sampling, which means that the distance
between cross-sections is uniform, misrepresents the internal con-
figuration of the system, such as the shape of a virtual structure.

The second step was to solve the equations based on n and Bgeo.
In this study, we consider solutions using four different methods.
The inverse method is based on the product of the inverse matrix
of the transformation matrix (Bgeo)1 and circular distribution n.
The LASSO method is based on solving LASSO Eq. (19). Here,
the hyperparameter  is chosen to minimize the sum of the squared
errors (SSE), which is used as a standard for representing the accu-
racy. More information regarding the SSE is provided in Section
3.2. To test the validity of the LASSO method, we considered the
solutions from the EMS and EM methods as well. The EMS solu-
tion, which is based on Wilson’s work [27], was solved by apply-
ing a smoothed EM algorithm to Eq. (18). The EM solution was
derived by adopting the EM algorithm in Eq. (18) [27]. In all meth-
ods,  can be arbitrarily chosen; however, in Fig. 2(c) and 2(d), we
chose =0, which corresponds to Saltikov’s transformation.

The last step involves normalizing the above four solutions and

displaying them with the ground-truth as a histogram. Fig. 2(b)
shows an example of the ground-truth, normal distribution (=15,
=2.5). Each of the four solutions and the ground-truth were
normalized by dividing them by the sum of their vector elements.
These normalization results are referred to as fractions in this study.
We then plotted a histogram with these fraction results, as shown
in Fig. 2(c) and 2(d), where the number of bins m is 10 and 25,
respectively. Herein, note that the geometric bin-size was used.
From these figures, we can qualitatively confirm that the LASSO
solution is the closest to the ground-truth regardless of the num-
ber of bins.
2. Methods Comparison

In this study, SSE is defined as the square of the 2-norm value
for the difference between the solution and the ground-truth, as
shown in Eq. (20).

(20)

Ncal is a vector estimated by each method and Ngt is the ground-
truth. Many other studies have used goodness-of-fit (GoF) tests, such
as the chi-square or Kolmogorov-Smirnov tests, as the quantitative
standard for accuracy [37,38]. These GoF tests are based on com-

SSE   Ni
cal

  Ni
gt 

2.
i


Fig. 2. Virtual structure and reconstructed histograms. (a) an example of virtual structure, (b) the spherical diameter distribution of the vir-
tual structure in (a) (linear bin-size), (c) a reconstructed histogram when the number of bins is ten (geometric bin-size), and (d) a
reconstructed histogram when the number of bins is 25 (geometric bin-size).
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paring the estimated curve with a probability density function (PDF);
however, recall that our primary purpose is to analyze geometric
bin-size systems. Since converting a discrete histogram to a contin-
uous PDF is not feasible (as far as the authors’ knowledge), especially
for geometric bin-size systems, we directly compared the histo-
gram by SSE instead of GoF tests.

We considered four distributions (normal, bimodal, lognormal,
and Rayleigh distributions) for the quantitative accuracy analyses,
and Table 1 summarizes detailed information on these distribu-
tions. A bimodal distribution was generated by combining two
normal distributions with the same variance but different mean
values. We set the parameters of each distribution so that the mean
value of each distribution became 15 for consistent analyses. Note

that the mean values are  for the Normal distribution,  for

the bimodal distribution,  for the lognormal distribu-

tion, and  for the Rayleigh distribution.

We generated 30 virtual structures for each distribution to eval-
uate the performances of the four regularization methods with =
0. For each virtual structure, 10,000 SSE values were estimated.
Notably, each SSE result was obtained from different random cross-
sections of the virtual structure.

Fig. 3 presents the mean SSE of each method applied to the four
distributions. The standard deviations are represented by the black
bars. From Fig. 3, we confirmed that the LASSO solution has the
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Table 1. Information about distributions
Distributions PDF Parameters

Normal =15, =2.5

Bimodal Summation of the two normal distributions 1=10, 1=2.5
2=20, 2=2.5

Lognormal =2.69,  =0.17

Rayleigh =11.97
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Fig. 3. SSE analysis results in geometric bin-size system. Fig. 4. Mean SSE according to the number of bins.

smallest mean SSE values and standard deviations for all ground-
truth distributions. We believe that these are derived from the origi-
nal feature of LASSO, which effectively reduces the variance of data
[33].

We also investigated the influence of the number of bins, the
results of which are shown in Fig. 4. Except for the number of bins,
all parameters and experimental procedures are the same as those
in Fig. 3. In Fig. 4, although the tendencies of the graphs differ for
each distribution, the mean SSE value monotonically decreases as
the number of bins increases for all distributions. We suspect that
the numerical error caused by LASSO regularization decreases as
the number of bins increases because the histogram becomes a
more continuous curve. However, using too many bins is not fea-
sible for practical applications, e.g., 10-25 bins were used for typical
sieve analysis. Therefore, 25 bins were chosen for the remainder of
the analyses.

In general, the regularization parameter determines the regular-
ization performance. Because the proposed method (Eq. (19)) is
based on LASSO regularization, the influence of  on the LASSO
method should be investigated. Experiments were conducted on
30 samples of each distribution, and the optimized  values in each
sample were determined when the result showed the smallest SSE.
The findings are summarized in Tables S1 and S2 of the Supple-
mentary Material. Although the optimal  value varied depend-
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ing on sample type and distribution, we found that the optimal 
ranged from 102 to 1. Furthermore, we empirically discovered that
the proposed method with an optimal  provided the smallest
SSE, regardless of the  value (Supplementary Fig. S2).

In addition to the number of bins and the regularization param-
eter, the number of cross-sections can affect LASSO performance.
We investigated the correlation between the SSE of the proposed
methods and the number of cross-sections. Fig. S4 in the Supple-
mentary Material presents the results. In all types of distributions,
the proposed methods provided the smallest mean SSE regardless
of the number of cross-sections. The 15 cross-sections in Fig. S4
indicate that the SSE converges toward a specific value. Therefore,
we conclude that the proposed method outperforms all other meth-
ods considered in this study.
3. Effective Number of Cross-sections

In this section, we investigate the effective number of cross-sec-
tions, which is the minimum required number of cross-sections
that suitably reconstructs the original 3D distribution. The propor-
tion of non-outliers in the entire SSE data of the LASSO method
was used to determine the effective number of cross-sections. Here,
a data point is considered an outlier if it does not exist between a
value of 1.5 the interquartile range (IQR) away from the first quar-
tile (Q1) and the third quartile (Q3): Q1-1.5IQR~Q3+1.5IQR. The
proportion of non-outliers was evaluated by implementing 3,000
samples: a combination of 30 virtual structures and 100 different
sections per number of cross-sections. Fig. S5 in the Supplemen-
tary Material shows each result overlaid on a one coordinate, and
Fig. 5 presents the average value of Fig. S5.

The proportion of non-outliers increases with the number of
cross-sections because reconstruction is performed by utilizing the
given structure as much as possible if many cross-sections are used.
When the number of cross-sections is sufficiently large in all types
of distributions, the graph approximately converges toward unity.
Here, we would like to emphasize the steep slope of the graph for
a small number of cross-sections. When the proposed method is
applied to a geometric bin system, this suggests that 3D distribu-
tion reconstruction is possible with a small number of sections. Fur-

Fig. 5. Average non-outlier proportion curves according to the num-
ber of cross-sections.

Table 2. Detailed information about lognormal distributions
PDF Parameters

=15, s=2.5 (=2.69, =0.17)
=15, s=5 (=2.66, =0.32)
=15, s=7.5 (=2.60, =0.47)
=15, s=10 (=2.52, =0.61)
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Ê
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Ê

thermore, the overall shapes of the graphs are almost identical.
Here, the effective number of cross-sections is defined as the

point at which the proportion of non-outliers is 0.95. The effec-
tive number of cross-sections for each distribution was calculated
as follows: 54 for a normal distribution, 54 for a bimodal distribu-
tion, 56 for a lognormal distribution, and 52 for a Rayleigh distri-
bution. The 52-56 cross-sections would be fascinating options for
reconstructing the 3D distribution. However, in practice, the num-
ber of cross-sectional images could not be obtained owing to the
cost or time limit of microscope use. In this case, we suggest 15
cross-sections because they correspond to a proportion of non-
outlier values around 0.7 (see Fig. 5). Empirically, we figured out that
15 cross-sections lead to suitable results. Indeed, in Section 3.1, we
used this number to compare the qualitative performances of vari-
ous regularization methods.
4. In-depth Analysis for Lognormal Distribution

We investigated the impact of the standard deviation of the log-
normal distribution on the effective number of cross-sections. Based
on the literature, Depriester and Kubler [38] discovered that as a
variance of the sphere distribution increases, a larger number of
cross-sections are required. Although their experiments used a uni-
form bin-size system, we performed similar experiments to observe
the difference between the uniform and geometric bin-size sys-
tem. Here, we set the lognormal distributions having the parameters
summarized in Table 2. The mean value of the lognormal distri-
bution ( ) was set to 15, and the standard deviations of the log-
normal distribution (s) were changed to s=2.5, 5, 7.5, and 10. We
used the proposed method to reconstruct 3D distribution for
300,000 random cases per standard deviation s, and the SSE was
recorded as a quantitative index.

Fig. 6 shows the mean and standard deviation of the SSE distri-
butions according to the number of cross-sections. The line rep-
resents the mean SSE, and the shaded area indicates one standard
deviation. As shown in Fig. 6, we confirmed that the SSE steeply
decreased in the first stage and approached a constant value after
approximately 50 cross-sections. Similarly, the standard deviation
of the SSE exhibited the same pattern as the mean of the SSE. Note
that this coincides with Fig. 5. These results support that the effec-
tive number of cross-sections can be approximately 50, regardless
of the standard deviation of the lognormal distribution.

As shown in Fig. 6, one can observe that the means and stan-
dard deviations of the SSE decreased as the standard deviation of
the lognormal distribution increased. Note that the standard devi-
ation of the SSE (red shaded area) indicates the uncertainty of the
methods. Thus, the reconstructed 3D distribution would be differ-
ent by which set of cross-sections was considered even if the same
sample is provided. Interestingly, this is the opposite of the work of
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Depriester and Kubler. We believe that this difference is due to the
difference in the bin scale. Depriester and Kubler used a uniform
bin-size system, whereas we focused on a geometric bin-size sys-
tem. To clarify this difference, we are currently conducting a theo-
retical study to elucidate the fundamentals of these deviations.

FINAL REMARKS

In this study, we first applied LASSO regression to Wicksell’s
corpuscle problem in a geometric bin-size system. The accuracy of
the LASSO method was tested by comparing its SSE values with
those of other regularization methods for various ground-truth
distributions. These comparison tests showed that the proposed
method provided the smallest mean SSE values and SSE variances
for all distributions. In addition, we propose an effective number
of cross-sections from the average proportion of the non-outlier
curve. Beyond the effective number, all the proportion curves be-
came significantly insensitive, regardless of the distribution and vir-
tual structure. Therefore, the number can be considered as a part
of important guidelines to reconstruct the original 3D particle size
distribution from the available 2D cross-sectional images.

We considered Saltikov’s and Cruz-Olive’s transformations; how-
ever, there are other transformation methods for various condi-
tions, such as Underwood’s transformation [21,22]. Currently, we
are evaluating the performance of our reconstruction method when
using the transformation matrix from Underwood’s transforma-

tion. In addition, we are working on developing methods for esti-
mation optimal  without ground-truth information. Finally, we
will expand the proposed method to anisotropic and irregularly
shaped particles found in various industrial applications including
battery electrodes.
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NOMENCLATURE

N' : the number density distribution of spheres
n' : the number density distribution of circles
N : the number distribution of spheres
n : the number distribution of circles
Blin : transformation matrix in uniform bin-size system
Bgeo : transformation matrix in geometric bin-size system
w : statistical weight of each bin
P : conditional probability matrix
D : representative spherical diameter of each bin
d : representative circular diameter of each bin

Fig. 6. Mean and standard deviation of SSE concerning the number of cross-sections in lognormal distribution.
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U : the upper limit value of each bin
 : the size of bin
 : shifting parameter
dmin : the lower limits of the first bin
L : the length of virtual structure
 : LASSO parameter
m : the number of bins
 : the mean of certain distribution
 : the standard deviation of certain distribution
Ncal : the calculated number distribution of spheres
Ngt : the number distribution of spheres for ground-truth 

: the mean of lognormal distribution
s : the standard deviation of lognormal distribution

Abbreviations
3D : 3-dimensional
2D : 2-dimensional
LASSO : least absolute shrinkage and selection operator
EM : expectation maximization
EMS : smoothed expectation maximization
SSE : sum of squared errors
IQR : interquartile range
Q1 : first quartile
Q3 : third quartile.
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S1. Additional Derivation of the Representative Diameter in
Geometric Bin-size System

As the width of the kth bin is k and the minimum value of the
first bin is dmin, the upper limit of kth bin, Uk, is expressed as

(S1)

The representative diameter is j away from the upper limit. There-

fore, Dj and di can be expressed as

(10)

(11)

S2. Supplementary Figures & Tables

Uk   dmin   k.
k1

j


Dj =  dmin   k  j,
k1

j


di = dmin   k.
k1

i


Table S1. The mean and standard deviation of optimized  values for obtaining the smallest SSE in different numbers of bins and distribu-
tions. The experiments were conducted over 30 samples of each distribution. The mean and standard deviation of all distributions
were 15 and 2.5, respectively. Here, m is the number of bins

Normal Bimodal Lognormal Rayleigh
m=15 0.228 (±0.256) 0.454 (±0.303) 1.225 (±0.613) 0.041 (±0.031)
m=25 0.995 (±0.389) 0.104 (±0.031) 1.126 (±0.351) 0.009 (±0.005)
m=35 0.589 (±0.249) 0.077 (±0.023) 0.804 (±0.369) 0.011 (±0.005)

Table S2. The mean and standard deviation of optimized  values for obtaining the smallest SSE in different standard deviations of the log-
normal distribution. Here, m is the number of bins, and s is the standard deviation of the lognormal distribution

s=2.5 s=5 s=7.5 s=10
Lognormal (m=25) 1.126 (±0.351) 0.532 (±0.233) 0.135 (±0.054) 0.024 (±0.009)
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Fig. S1. Virtual structures with various ground-truth distribution. (a) bimodal distribution, (b) lognormal distribution, and (c) Rayleigh dis-
tribution.



3089 J. Oh et al.

December, 2023

Fig. S2. SSE values according to . (a) =0.3, (b) =0.5, and (c) =
0.7.

Fig. S3. SSE analysis results in uniform bin-size system.
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Fig. S4. SSE analysis results according to the number of cross-sections. (a) normal distribution, (b) bimodal distribution, (c) lognormal dis-
tribution, and (d) Rayleigh distribution.
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Fig. S5. Non-outlier proportion curves of each virtual structure. (a) normal distribution, (b) bimodal distribution, (c) lognormal distribu-
tion, and (d) Rayleigh distribution.

Fig. S6. Average non-outlier proportion curves according to the num-
ber of cross-sections in lognormal distribution.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.03333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


