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AbstractThis paper proposes an optimal tuning approach for designing robust generalized-order proportional inte-
gral (PI) controllers based on the multi-objective optimization problem for multivariable processes. Generalized-order
means that the order of the integral term could be an integer order or a fractional one. Due to the sophistication of an
MIMO process, the decentralized structure based on the simplified decoupling is addressed to reduce the full matrix
controller (n2 controllers) to the diagonal form (n controllers). Multi-objective particle swarm optimization (MOPSO)
is adopted to design a generalized-order PI controller for each diagonal element of the decoupled matrix. The objective
functions are to minimize the integrated absolute error (IAE) for both servomechanism and regulator problems which
are normally conflicting in terms of system performance. In the first stage, a Pareto front (PF) including the optimal
solutions is obtained, then in the second stage, the most appropriate control parameters are chosen from the PF based
on the maximum peak of the sensitivity function (Ms). The robustness stability of the whole system (the MIMO one) is
finally evaluated to guarantee the applicability of the control structure. Some simulation examples in comparison with
other well-known methods are presented to demonstrate the effectiveness of the proposed method.
Keywords: Fraction-order PI Controller, MOPSO Algorithm, Robust Performance, Simplified Decoupling, Pareto Front

Optimization

INTRODUCTION

Multivariable processes in which the interactions between their
variables are considerable are common in most industrial systems.
Normally, there are three approaches to designing controllers for
those systems, including decentralized, decoupled, and centralized
control. The decentralized control, which is represented by multi-
loop PI/PID controllers, is only appropriate to the modest interac-
tive processes [1]. In a system with strong interactions between
process variables, centralized control or decoupled control should
be suggested. Model predictive control (MPC) is a typical scheme
of centralized control that is mostly used on a higher level with a
larger sampling time compared to a lower one with a simple PI/PID
control loop. Therefore, decoupled control is a favorite choice for
many industrial applications. In this work, simplified decoupling is
chosen because of its simplicity and robustness [2,3]. Moreover, the
realizability problem of decoupling control is solved by using the
particle swarm optimization (PSO) algorithm as proposed in [3].

Even with the development of control theory, the proportional-
integral-derivative (PID) controller still plays an important role in
industrial applications. According to a survey, more than 90 per-
cent of control loops are of the PID type and in the field of process

control, with the PI controller in the majority. For example, a typical
paper mill in Canada has more than 2000 control loops in which
97 percent use PI control [4,5]. Recently, the fractional-order PID
controller (FOPID) which uses the concept of fractional calculus,
has received great attention. The researchers stated that the FOPID,
known as the generalization of the classical PID controller, has bet-
ter dynamic performance as well as better robustness compared to
the classical one. However, the better the performance, the more
complex the tuning rules because of the increasing of control param-
eters. Currently, researchers have focused on both approaches of
integer order and fractional one. And there are numerous meth-
ods to design both kinds of controllers [6-13]. However, there is
no general approach to decide which order should be used in a
specific case. Therefore, in this work, we propose an optimization
approach for a general order case. It means that the obtained con-
troller could be an integer order or a fractional one, depending on
the dynamic of the process.

There are many works related to design methods of the PI/PID
controller as well as the FOPI/FOPID controller which consider
optimization problems with concerns for system performance and
its robustness. Normally, these methods could be classified into two
directions: frequency based-method and time domain-based evo-
lutionary algorithm (EA). In the frequency domain, the methods
based Bode’s ideal transfer function with three conditions of the gain
at the crossover frequency, the phase margin, and the flat phase con-
straint at the crossover frequency to ensure system robustness. How-
ever, this method is only available for single-input single-output
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systems and normally, at the same time, it is only considered a ser-
vomechanism problem or regulator problem. The robustness, in
this case, is guaranteed by using some criteria in the frequency do-
main, such as maximum sensitive function or maximum comple-
mentary function [11-14]. In the second approach, some EAs such
as genetic algorithm (GA) and particle swarm optimization (PSO)
are used to solve the control design problems [15-18]. In [15], GA
is adopted to design the full matrix controller (centralized control)
using fractional-order PID for an MIMO system. Due to the com-
plexity of the controller as well as the algorithm, the author only
represented two-input, two-output (TITO) processes in the simu-
lation and the system performance is not good compared to other
well-known methods. In [16], the authors designed a robust FOPID
controller based on the multi-objective optimization (MOO) for
first order plus delay time (FOPDT) processes. The method con-
siders necessary aspects of control design including system perfor-
mance in terms of set-point tracking and disturbance rejection as
well as the system robustness with the maximum sensitive function.
However, it is only justified by SISO systems, and it also has to use
the Nash solution, which is not familiar to most control engineers,
to obtain the final control parameters from the PF. In other papers
[17,18], the authors also proposed MOO with Pareto optimal solu-
tion to design FOPID for some SISO processes. From the review
papers, it can be seen that the tuning rules for high-order MIMO
processes (3×3 and 4×4) using FOPI/FOPID controllers which guar-
antee the system performance as well as the robustness are still an
open question.

Currently, most available literatures state that the fractional con-
troller provides better system performance as well as better robust-
ness [5,9-18]. However, whether it is always true or depends on the
dynamic of the system is still an open question. Normally, when
researching the fractional-order controller, researchers tend to force
the order of integral or derivative term to be the fractional one to
aim at achieving or improving the performance of the controlled
system. However, in some cases, the integer order might provide a
better performance, especially in an MIMO case which has strong
interactions between process variables and increases the complexity
of the dynamic of the system. Therefore, in this paper, the multi opti-
mization algorithm is suggested for tuning the general-order PI
controller. Apparently, it is still a fractional-order controller but the
order is considered as the general one, i.e., an integer order is also
a solution of the proposed method. In addition, the performance
and robustness are conflicting objectives, so a control designer has
to take into account the compromise between those specifications
to ensure the applicability of the proposed method. In this work,
the maximum sensitive function (Ms) is adopted in the design step
to guarantee the robustness of every single loop. The typical range
of Ms value of an integer order SISO system is from 1.2 to 2 as stated
in [6], and the lower value of Ms, the more robustness of the con-
trolled system. In this work, to obtain the trade-off between system
requirements, the range of Ms is chosen from 1.2 to 1.5 for the gen-
eral order case. Finally, to measure the robustness of the whole
MIMO system, the M structure with the -synthesis, structured
singular value (SSV), is addressed in the presence of diagonal mul-
tiplicative output uncertainty [19,20].

This paper is organized as follows. Section 2 briefly introduces

some material and methods that are used in this work, including
fractional calculus, the simplified decoupling technique for multi-
variable processes, and the multi-objective Pareto optimization ap-
proach. Some performance criteria and robust stability are also intro-
duced in this section. In section 3, the proposed FOPI controller
and the design procedure using multi-objective PSO algorithm are
presented. In Section 4, two case studies are investigated to demon-
strate the performance of the proposed controller and also com-
pare with other methods. Finally, conclusions are given in Section 5.

THEORY DEVELOPMENT

1. Fractional order Calculus
Fractional calculus is a generalization of ordinary calculus by

extending the integration and differentiation order to the non-inte-
ger order. It has been developed for a long time as a field of math-
ematics and has only been applied for control engineering in the
last two decades. It presents a fractional operator aDt

v where a and
t are the limits and v is the fractional order (vR). There are sev-
eral definitions for the fractional operator but the most commonly
used one was proposed by Riemann and Liouville [5]. It is defined
as follows:

(1)

where (•) represents the Euler gamma function; with a positive v,
the fractional operator denotes fractional derivative, and a negative
v represents fractional integral.

The Laplace transformation is used for Eq. (1) under the assump-
tion that all initial conditions are zero. Its result has the form given
in (2):

(2)

To implement the fractional order in applications, the Ousta-
loup recursive algorithm with finite numbers of poles and zeros is
addressed to approximate the fractional-order into integer one in a
specific range of frequency [b, h]. The approximation is described
by the following equations:

(3)

where the zero, pole, and gain can be calculated, respectively,
from:

(4)

(5)

(6)

2. Decentralized Structure using Simplified Decoupling
To deal with the interactions of an MIMO process, simplified

decoupling control is employed in this work. Consider an n-input
and n-output multivariable process with a stable, square, and multi-
delays transfer function matrix which is represented as the follow-
ing matrix:

Dv
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------
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kN0.50.5v / 2N1 
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(7)

where gij(s)=gij0(s)eijs, i, j=1, 2, …, n of which gij0(s) denotes the
physically proper, stable, and delay-fee transfer function. ij represents
the delay time.

The decoupling technique is to determine a decoupler matrix,
D(s), to convert the transfer function matrix of the process into a
diagonal form, (Q(s)=G(s)D(s)). As mentioned, in this study, the
simplified decoupling is chosen, and Truong proposed an extended
method to calculate each element of the decoupler matrix as well
as the decoupled matrix for a MIMO process as follows [2]:

(8)

(9)

where C=(adjG)T, adjG is the transpose of its cofactor matrix;
ii=[G(G1)T]ii,  is the Hadamard or Schur product, element-
by-element multiplication.

The diagonal elements of the decoupled process become com-
plicated when the order of the process increases. In this case, some
approximation techniques have been used to reduce these elements
by proper transfer functions. For that reason the method in the
time domain using the PSO algorithm [3] is adopted to deal with
this problem of decentralized control.

The general form of the transfer function using for decoupler
elements (dij) and decoupled processes (qii) is as follows:

(10)

where 1, 2 are time constants and they must be positive values,
assuming 1>20; K is gain; z is a non-negative parameter (z);
 is a delay time.

In Eq. (10), when 2=z=0, it becomes the well-known first order
plus delay time (FOPDT), then G(s) can be rewritten in (11):

(11)

3. Multi-objective Pareto Optimization
A generalized multi-objective optimization problem can be de-

fined as follows:

(12)
Subject to:

where x=[x1, x2, …, xn]T
Rn is the vector of design variables in a

decision space; F(x) is the vector of objective functions in an ob-
jective space; gi(x) and hj(x) are the inequality and equality con-
straints vectors, respectively, and these constraints define the feasi-
ble region which contains a feasible solution.

Let u=[u1, u2, …, um]T and v=[v1, v2, …, vm]T be two vectors in

the objective space. u is said to dominate v if and only if {1, 2,
…, m}, uivi and ui<vi for at least one i. A point x*Rn is called
Pareto optimal with respect to all xRn if there exists a vector
xRn such that F(x) dominates F(x*). It means that the solution x*

is said to be Pareto optimal (minimal) if no other solution can be
found to dominate x*. The set of all Pareto optimal points is called
the Pareto set, denoted by PS. The set of all Pareto objective vec-
tors, PF=F(x)Rm, where xPS, is called the Pareto front. The
optimal solution will be chosen from the PF according to the pre-
determined criteria.
4. System Performance and Robustness
4-1. Integral Absolute Error (IAE) Index

To evaluate the closed-loop performance, the integral absolute
error (IAE) criterion is considered, which is defined as

(13)

where T is a finite time which is chosen for the integral approach
steady-state value.
4-2. Total Variation (TV)

To evaluate the magnitude of the manipulated input usage, the
total up and down movement of the control signal is considered
as

(14)

TV is a good measure of the smoothness of controller output
and should be small [1-3].
4-3. Maximum Sensitivity Value

The maximum peak of sensitivity function is defined as

(15)

where S=(I+L)1, and L is an open-loop transfer function of a
controlled system.

Ms is the inverse of the shortest distance from the Nyquist curve
of the open-loop function to the critical point (1, j0). Normally,
feedback control improves performance in terms of reducing steady-
state error at all frequencies and maintaining closed-loop stability.
In general, both for stability and performance, the value Ms should
be close to 1 [6,20]. In addition, one may also consider Ms as a
robustness measure, and a small value indicates that the stability
margin of the control system is large. Therefore, in most of the lit-
erature, the typical range Ms is chosen from 1.4 to 2 [10,20]. In this
work, to increase the stability margin as well as ensure the perfor-
mance of the controlled system, the range Ms will be assigned from
1.3 to 1.5 as a constraint in the second stage of the design procedure.
4-4. Robust Stability Analysis

Due to using simplified decoupling, in the design step, only the
robustness of every single loop is considered. However, the robust-
ness of the MIMO system is the most important issue in applica-
tions. Because the dynamics of real processes usually have many
sources of uncertainty, which degrade performance or even insta-
bility in the controlled systems. Therefore, in this work, the robust
stability is evaluated by considering the multiplicative output uncer-
tainty to the decoupled matrix (Q(s)) as shown in Fig. 1 where ∆

G s    

g11 s  g12 s  � g1n s 

g21 s  g22 s  � g2n s 

� � � �

gn1 s  gn2 s  � gnn s 

dji  
Cij

Cii
------, i, j  1, 2, …, n; i j

qii  
gii

ii
------

G s   
K zs 1 es

1s 1  2s 1 
-------------------------------------

G s   
Kes

1s 1
--------------

Min F x     f1 x , f2 x , …, fm x  , F x  Rm

gi x  0, i =1, …, p.

hj x     0, j 1, …, q.

i

IAE   e t dt
0

T


TV   u k 1   u k 
k1

T


Ms =  S j 


limmax
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denotes a normalized perturbation with H-norm less than 1
( (i(j))1 ); Wo(s) is the weight matrix for the output
uncertainty.

Q(s)=G(s)D(s): nominal decoupled plant model. (16)

The transfer function matrix from the outputs to the inputs, M(s),
can be determined by:

(17)

According to the -synthesis, the control system will remain
stable under multiplicative output uncertainty if the following con-
straint inequality is satisfied:

[M(j)]={Wo(j)Q(j)Gc(j)[I+Q(j)Gc(j)]1}<1, (18)

THE PROPOSED TUNING METHOD

1. The Proposed FOPI Controller
From the equivalent decoupled process transfer function pro-

posed in the previous section, it will be divided into two cases ac-
cording to Eq. (10) and (11). Then, in this study, a structure of a
fractional-order PI controller is proposed for each case and has
two following forms, respectively

(19)

(20)

where Kc is the proportional gain; KI is the integral gain; , and 
are the fractional order of integrator (0<, 1). In Eq. (19) and
(20), when =1, the fractional-order becomes the integer one, and
then in Eq. (20), it turns out to be the classical PI controller (inte-
ger order). Note that integer order controller is also a reasonable
solution in this work.
2. The MOPSO Algorithm for the FOPI Controller

As mentioned in the previous section, we used the decoupling
technique to transform the transfer function matrix of an MIMO
process into a diagonal form. It means that in the controller design
step, we just need to deal with each diagonal element independently.
Consider a closed-loop control system as in Fig. 2, where gc is the

proposed controller as in (19), and (20); q is a diagonal element of
the decoupled process; r, d are the reference input and the distur-
bance. The parameters of the FOPI are tuned by using the MOPSO
algorithm [21,22].

In the process control field, to evaluate the performance of the
control system, we must take into account both problems, includ-
ing set-point tracking (servomechanism) and disturbance rejec-
tion (regulator). For the servomechanism, the system response has
to keep tracking to the set-point changes, but for the regulator
problem the controller must regulate to stabilize the output at a
constant set-point. Therefore, these two objectives conflict in terms
of system performance. In most available tuning rules of the PI/
PID controller, a good servo tuning may result in a sluggish regu-
lator response and vice versa [16,20]. Therefore, the proposed con-
troller has to be tuned to obtain the compromise between both
objective functions. Furthermore, to guarantee the designed con-
troller could be implemented in real applications, the robustness
issue must be considered. In this work, the maximum sensitivity,
which is defined in (15), is adopted in the design stage to choose
the appropriate tuning parameters in the PF.

The MOPSO algorithm using for tuning the proposed FOPI is
described as follows:

(21)
where 

Jr, Jd are the IAE index of set-point change and disturbance change,
respectively, which is calculated based on Fig. 2 as follows:

subject to: (22)

where Kcmin, Kcmax, KImax are chosen based on the open-loop response
of the system. In [23], Chen proposed a guideline to choose the
fractional integral order () depending on the dynamic of the first
order plus delay time process. In this work, based on that guide-
line, the boundaries of  are chosen as [0.7, 1]. In [24], =1,
hence the constraints of are also obtained as in (22) ([0, 0.3]).

The tuning procedure is described in Fig. 3. There are two stages:
the first one uses the MOPSO algorithm to obtain the PF; then the
second stage is run to choose the most appropriate solution from
that PF to guarantee the minimization of the set-point tracking
error (Jr) using IAE criterion with subject to the proposed range of
Ms value.

 , i

M s     Wo s Q s Gc s  I    Q s Gc s  1



gc s    Kc
1
s
---- 1 

KI

s
-----

 
  or

gc s    Kc 1 
KI

s
-----

 
 

Min J x   Jr x , Jd x  ,
x    Kc KI   

T;

Jr   e t dt, d   0 Jd   e t dt, r  0
0



0





Kc min Kc Kc max 

0 KI KI max 

0.7  1 
0  0.3 








Fig. 1. Robustness stability with multiplicative output uncertainty.

Fig. 2. The closed-loop control system of a single loop.
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Because in the first stage, the minimization of IAE is consid-
ered only, which then may lead to poor control performance. It is
the reason, in the second stage of the design step, the maximum
sensitivity is also taken into account and estimated based on Eq.
(15) as follows:

(23)

SIMULATION STUDY

In this section, two examples of high-order MIMO processes are
considered to demonstrate the performance of the proposed method
in comparison with those of other well-known methods.
1. The 3×3 MIMO Process: Ogunnaike and Ray (OR) Column

A well-known multi-product distillation column for the separa-
tion of a binary ethanol-water mixture studied by many researchers
is considered [1-3,25,26]. The open-loop transfer function matrix
is given by Eq. (24)

(24)

The decoupler matrix is obtained as in Eq. (25) [2,3]:

(25)

The diagonal elements of the decoupled matrix are derived as
follows [3]:

Ms  1
1  gc s q s 
----------------------------

sj  l, h 
limmax

G s    

0.66e2.6s

6.7s 1
---------------------

 0.61e3.5s

8.64s 1
-------------------------

 0.0049es

9.06s 1
--------------------------

1.11e6.5s

3.25s 1
---------------------

 2.36s3s

5s 1
----------------------

 0.01e1.2s

7.09s 1
-------------------------

 34.68e9.2s

8.15s 1
----------------------------

46.2e9.4s

10.9s 1
---------------------

0.87 11.61s 1 es

3.89s 1  18.8s 1 
-----------------------------------------------

D s    

1 0.7549 0.8337s 1 

0.533s 1
-----------------------------e0.9s 0.0062e0.5233s

0.3905e2.71s 1  0.0014

19.8247 13.8874s 1 

8.7956s 1
--------------------------------e8.2s

 23.1741 2.0113s  1 

5.5621s  1
-----------------------------e8.4s 1

Fig. 3. The flowchart of the proposed method.

Fig. 4. (a) The PF of two objectives Jr and Jd for the first loop of OR
column. (b) The PF of two objectives Jr and Jd for the second
loop of OR column. (c) The PF of two objectives Jr and Jd for
the third loop of OR column.
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(26)

(27)

(28)

In this case, the diagonal elements of the decoupled matrix have
the form as Eq. (10), hence, the proposed controller will have the
form as (19). Similar to the previous example, the design proce-
dure includes two steps: the first one is to obtain the PF and then
choose the appropriate solution in the second one. Fig. 4(a), (b),
and (c) illustrate the results of the PF according to two objectives Jr

and Jd (set-point change and disturbance rejection) of the FOPI
controllers of every single loop. From these PFs, the second stage
of the design procedure is applied to choose the most suitable solu-
tion to ensure system performance and robustness. The control
parameters are obtained and summarized in Table 1.

In this example, the proposed method is compared with those
of decentralized control, which are multi-loop PI/PID controllers
[1] and centralized PI controller (CPI) method based on frequency
response approximation [26]. In the simulation, the sequential step
changes of the set-point were made at t=0, t=200, and t=400 to
the loop 1, 2, and 3, respectively. And in the results, Fig. 5(a), (b),
and (c) indicate that the proposed controller provides better per-
formance in terms of set-point tracking and disturbance rejection.
Disturbance rejection performance was also evaluated by consid-
ering the mutual effects of sequential changes on loops 1, 2, and 3.
And from those figures, it is clear that the proposed controller gives
the least effect, i.e., lowest in the magnitude of variations and fast-
est recovering times. In addition, some performance indices are
also tabulated in Table 1 that prove the effectiveness of the pro-
posed method. There are similar values of IAE and TV of the pro-
posed controller and the CPI method, but the proposed one has

the simpler control matrix, including three FOPI controllers com-
pared to the control matrix with nine PI controllers. Fig. 6(a), (b),
and (c) illustrate the control signals of every control loop. It can be
seen that, in loop 3, the magnitude of manipulated variables is much
smaller than that of other methods, which means the proposed con-
troller has the least energy consumption in comparison with other
methods in this case.

To demonstrate the robust performance of the proposed method,
the -synthesis given by Eq. (18) is considered under the assumption
of multiplicative output uncertainty. The weight matrix is chosen as:

(29)

for the three control loops of the decoupled system. The weight
matrix may approximately represent a 20% gain error. Fig. 7 shows
the structured singular value (SSV), which is used to evaluate the
robust stability of the controlled system. It can be seen that the
proposed method still ensures robust stability, while other meth-
ods have a peak of  over 1, which means the controlled system
yields instability at that modeling error.
2. The 4×4 MIMO Process: Temperature Control for a Four-
room HVAC Process

Well-known temperature control for a four-room heating, HVAC
process [2,29] is represented by the open-loop transfer function
matrix (4×4) as in (30):

(30)

q11 
0.3298 23.1802s 1 e2.6s

21.1355s 1  3.7363s 1 
--------------------------------------------------------------

q22  
1.2973e3s

1.2739s 1  0.5014s 1 
-----------------------------------------------------------

q33   
0.5601 17.4859s 1 es

20s 1  2.6915s 1 
------------------------------------------------------

Wo s     diag  
s  0.2
0.5s 1
----------------,  

s   0.2
0.5s 1
----------------,  

s   0.2
0.5s 1
----------------

 
 
 

G s   

  0.098e17s

122s 1
---------------------------

 0.036e27s

149s 1
---------------------------

 0.014e32s

158s 1
---------------------------

 0.017e30s

155s 1
---------------------------

 0.043e25s

147s 1
---------------------------

 0.092e16s

130s 1
---------------------------

 0.011e33s

156s 1
---------------------------

 0.012e34s

157s 1
---------------------------

 0.012e31s

153s 1
---------------------------

 0.016e34s

151s 1
---------------------------

 0.102e16s

118s 1
---------------------------

 0.033e26s

146s 1
---------------------------

 0.013e32s

156s 1
---------------------------

 0.015e31s

159s 1
---------------------------

 0.029e25s

144s 1
---------------------------

 0.108e18s

128s 1
---------------------------

Table 1. Controller parameters and resulting performance indices for the OR column
Tuning method Loops Kci KIi Di i i  [M] IAE TV

1 1.5043 0.1571 - 1 0.055
0.1002 27.791 4.9783Proposed 2 0.0896 0.9699 - 0.8321 0.174

3 1.3776 0.1073 - 1 0.01

Multi-loop 1 2.25 0.140 02.58 - -
0.2479 39.993 6.14322 0.49 0.1553 03.37 - -

3 4.83 0.3215 10.16 - -

CPI -
*Gc(s)

- -
0.1276 25.727 4.9336- - -

- - -

G* c s   

1.31 
0.354

s
------------  0.0135   

0.0582
s

--------------- 0.0207  
0.0026

s
---------------

0.149  
0.138

s
------------  0.147   

0.0773
s

---------------  0.009   
0.0006

s
---------------

43.6  
6.8
s
-------  9.52   

1.79
s

---------- 4.03  
0.421

s
------------
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The elements of the decoupler matrix are obtained as Eq. (31)
[2]:

(31)D s    

1   0.341 121.918s 1 e9.151s

146.753s 1
----------------------------------------------------------------

 0.457 130.872s 1 e8.77s

147.641s 1
-------------------------------------------------------------- 1

 0.03 187.93s 1 
175s 1

-------------------------------------------

  0.093 97.617s 1 e15.187s

117.144s 1
---------------------------------------------------------------

  0.049 1946.796s 1 e11.409s

1946.775s 1
---------------------------------------------------------------------

 0.073 152.319s 1 e6.741s

166.805s 1
----------------------------------------------------------------

 0.081 132.251s 1 e11.943s

164.976s 1
------------------------------------------------------------------

 0.457 130.872s 1 e8.77s

147.641s 1
--------------------------------------------------------------

 0.049 235.202s 1 e12.986s

228.983s 1
------------------------------------------------------------------

 0.04 188.514s 1 e14.432s

170.865s 1
---------------------------------------------------------------

1  0.304 118.386s 1 e9.165s

145.037s 1
----------------------------------------------------------------

 0.252 124.823s 1 e6.104s

138.501s 1
---------------------------------------------------------------- 1

Fig. 5. (a) Closed-loop responses to the unit step change in the set-
point of the first loop. (b) Closed-loop responses to the unit
step change in the set-point of the second loop. (c) Closed-
loop responses to the step change in the set-point of the third
loop.

Fig. 6. (a) The control signals to the step change of loop 1. (b) The
control signals to the step change of loop 2. (c) The control
signals to the step change of loop 3.
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The approximation technique using the PSO algorithm in [3] is
applied to derive the diagonal elements of the decoupled matrix.
The results are given in the following Eqs. (32)-(35):

(32)

(33)

(34)

(35)

It is obvious that the diagonal elements have the form as Eq.
(11), hence the proposed controller used in this exampled will be

q11 
  0.0804e17s

109.0896s 1
-------------------------------

q22  
  0.0736e16s

117.2055s 1
-------------------------------

q33  
  0.092e16s

112.2966s 1
-------------------------------

q44  
  0.097e18s

121.0125s 1
-------------------------------

Fig. 8 (a) The PF of two objectives Jr and Jd for the first loop of HVAC process. (b) The PF of two objectives Jr and Jd for the second loop of
HVAC process. (c) The PF of two objectives Jr and Jd for the third loop of HVAC process. (d) The PF of two objectives Jr and Jd for the
fourth loop of HVAC process.

Fig. 7. The SSV plots for robust stability in OR column.
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as Eq. (20). Similar to example 1, the Pareto fronts are obtained in
the first stage as in Fig. 8(a), (b), (c) and (d), and then the second
stage is executed to choose the most appropriate control parame-
ters of every single loop from those PFs. The obtained results are
listed in Table 2 along with the performance indices of the pro-
posed method and two other approaches. In this example, the cen-
tralized PI controller (CPI) design method proposed by Ghosh
and Pan [26] and the optimal detuning approach (1-ODP) sug-
gested by Khandelwal and Detroja [28] are addressed here. From
Table 2, it can be seen that the orders of the integral term are inte-
ger order (=1) which means, in this case, the optimal controllers
for the HVAC process are the classical PI controllers (integer-order
PI controllers).

In the simulation, the sequential step changes of the set-point
were made at t=0 (s), t=500 (s), t=1,000 (s), and t=1,500 (s) to the
loops 1, 2, 3, and 4, respectively. When there is a step change in a
control loop, it is also considered as a load disturbance to other
loops. Fig. 9(a), (b), (c), and d demonstrate that the proposed con-
troller provides superior performance in terms of servomecha-
nism and regulator problems over other methods. In addition, some
performance indices summarized in Table 2 also show the effec-
tiveness of the proposed method. The  value is similar to the CPI

method, but the proposed controller has a much better IAE index
compared to the other methods.

The manipulated signals are shown in Fig. 10(a), (b), (c), and (d)
corresponding to the loops 1, 2, 3, and 4 of HVAC process respec-
tively. It is obvious that the proposed method has smoother con-
trol signals compared to other methods. Moreover, at the timing
of sequence changes of the set-point (t=0, 500, 1,000, and 1,500
second), there are no effects to these signals while, in other meth-
ods, sudden changes also happen at those times, especially in the
1-ODP method. As a result of that, the TV index in Table 2 of the
1-ODP method is significantly larger than that of other methods.
The proposed method and CPI method have almost the same
value of this index.

In this example, the weight matrix is chosen similarly to exam-
ple 1 (approximately ±20% modeling error):

(36)

for the four control loops of the decoupled system. Fig. 11 illus-
trates the  plots of three methods that guarantee robust stability
in the presence of multiplicative output uncertainties.

Wo s     diag  
s  0.2
0.5s 1
----------------,  

s   0.2
0.5s 1
----------------,  

s   0.2
0.5s 1
----------------,  

s  0.2
0.5s 1
----------------

 
 
 

Table 2. Controller parameters and resulting performance indices for the HVAC system
Tuning method Loops Kci KIi i i  [M] IAE TV

1 23.7993 0.0094 1 -
Proposed 2 37.2916 0.0091 1 - 0.2019 199.719 207.146

3 28.0364 0.0099 1 -
4 26.8817 0.0085 1 -

- -
1-ODP - Gc-1ODP(S)* - - 0.2287 372.025 340.492

- -
- -

CPI - Gc-CPI(s)** - - 0.1999 376.603 200.588
- -

G* c-1ODP s   

 32.53 1 
1

91.157s
------------------

 
  12.446 1 

1
75.416s
------------------

 
  2.234 1 

1
66.442s
------------------

 
  3.283 1 

1
80.355s
------------------

 
 

16.218 1 
1

78.425s
------------------

 
   38.986 1 

1
86.553s
------------------

 
  1.771 1 

1
87.834s
------------------

 
  1.535 1 

1
107.734s
---------------------

 
 

1.328 1 
1

97.604s
------------------

 
  0.9663 1 

1
81.324s
------------------

 
   32.075 1 

1
86.027s
------------------

 
  8.297 1 

1
77.120s
------------------

 
 

1.928 1 
1

87.526s
------------------

 
  3.016 1 

1
92.745s
------------------

 
  2.4819 1 

1
80.59s
---------------

 
   29.268 1 

1
96.763s
------------------

 
 

G**

c-CPI s   

 24.2  
0.219

s
------------ 6.86  

0.0808
s

--------------- 1.09   
0.0158

s
--------------- 1.88   

0.0205
s

---------------

8.53  
0.100

s
------------  28.1 

0.237
s

------------ 1.01 
0.0095

s
--------------- 0.909   

0.0071
s

---------------

0.815  
0.0066

s
--------------- 1.85  

0.0221
s

---------------  22.1 
0.194

s
------------ 4.76   

0.0539
s

---------------

1.06  
0.0107

s
--------------- 1.68  

0.0172
s

--------------- 4.59   
0.0489

s
---------------  22.0   

0.178
s

------------
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Fig. 9. (a) Closed-loop responses to the unit step change in the set-point of loop 1. (b) Closed-loop responses to the unit step change in the
set-point of loop 2. (c) Closed-loop responses to the unit step change in the set-point of loop 3. (d) Closed-loop responses to the unit
step change in the set-point of loop 4.

Fig. 10. (a) The control signals for the step change of loop 1. (b) The control signals for the step change of loop 2. (c) The control signals for
the step change of loop 3. (d) The control signals for the step change of loop 4.
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CONCLUSIONS

A robust optimal design approach for multivariable processes is
proposed by using the decoupling technique and MOPSO algo-
rithm in combination with well-known robust criteria, maximum
sensitive function. The fractional-order PI controller, in this work,
is considered as a general case of the classical PI controller. That
means the optimal solution could be fractional order or the inte-
ger one, depending on the degree and dynamic of the controlled
processes. The effectiveness and robustness of the proposed method
are testified by two simulations of high-order MIMO processes
(3×3 and 4×4 processes). In general, the obtained results demon-
strate the superior performance of the proposed approach over
other methods in both problems of process control, which are ser-
vomechanism and regulator, as well as ensure the robustness of
the controlled systems. The robust stability is justified by multipli-
cative output uncertainties with the choice of the weight matrix that
represents approximately ±20% of the modeling error. The simu-
lations prove that the proposed method still performs satisfacto-
rily with better output responses in most examples.
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