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AbstractThe onset and growth of miscible viscous fingering in a porous medium was analyzed analytically. Taking
the nonlinear drag into account, new stability equations were derived based on Forchheimer’s extension and solved
with the quasi-steady state approximation in a similar domain (QSSA). Also, the validity of QSSA was tested by the
numerical initial value calculation (IVC) study. Through the initial growth rate analysis without the steady state approx-
imation, we showed that initially the system is unconditionally stable even in unfavorable viscosity distribution and
there exists an initial condition with the largest growth rate. The present initial growth rate analysis without the QSSA
is quite different from the previous analyses based on quasi-steady state approximation in the global domain (QSSAx),
where the system is assumed to be unstable if the less viscosity fluid displaces the higher one. Employing the linear sta-
bility results as an initial condition, fully non-linear numerical simulations were conducted using the Fourier spectral
method. The present linear and non-linear analyses predicted that the non-linear drag makes the system stable, i.e., it
delays the onset of instability and suppresses the evolution of fingering motions.
Keywords: Viscous Fingering, Non-linear Drag, Forchheimer’s Extension, Linear Stability Analysis, Non-linear Numeri-

cal Simulation

INTRODUCTION

When a less viscous fluid displaces another miscible more vis-
cous fluid, i.e., viscosity increases along the main flow direction, a
secondary motion called miscible viscous fingering (VF) deforms
parallel viscosity contours into fingerlike patterns. Hill [1] first stud-
ied the instability during the displacement of two-miscible fluids in
a porous medium to understand a channeling which sometimes
occurs when one fluid follows another along a uniformly packed
column. VF in a porous medium is an important issue in many
engineering fields, such as enhanced oil recovery, pollution spread-
ing in soils, chromatographic column design, and so on [2,3]. To
understand the onset and evolution of VF, many researchers have
studied it theoretically and experimentally.

Slobod and Thomas [4] systematically analyzed the onset and the
evolution of the miscible VF by employing X-ray visualization.
According to their experimental results, there exist a stable region
even for the system having unfavorable viscosity distribution, and
the stability characteristics, such as the onset position and the wave-
length of VF instability, are influenced by the viscosity distribution
and also, the flow rate. Further evidence of fingering has been re-
ported by using the nuclear magnetic resonance (NMR) imaging
technique [5], the optical method [6], and the echo-planar spec-
troscopic imaging method [7]. To explain Slobod and Thomas’s [4]
experiment, based on the quasi-steady state approximation (here,
called QSSAx), Tan and Homsy [5] suggested theoretically that the

unfavorable viscosity distribution makes the system uncondition-
ally unstable and induces VF instability. In addition, Tan and Homsy
[8] solved the same problem using an initial value calculation (IVC)
method to support their QSSAx results. Unlike their QSSA, Tan and
Homsy [8] IVC reveal that the disturbances under the unfavor-
able viscosity distribution have large negative growth rate during
the early stage of displacing.

Later, Pramanik and Mishra [9-12] considered the effects of the
Korteweg stress on the onset of the viscous fingering using a quasi-
steady-state-approximation in the self-similar domain (QSSA).
According to their linear and nonlinear stability analyses results, the
QSSA can relax the discrepancy between the previous QSSAx
and the IVC. Recently, by employing non-modal analysis (NMA),
Hota and Mishra [13] revisited the effect of non-monotonic vis-
cosity on the onset of VF of miscible displacement in porous media.
Their NMA results show that the non-monotonic viscosity-con-
centration profile has a significant influence on the onset of insta-
bility and the shape of eigenfunctions. In addition, the effects of
shear thinning on the onset and the growth of miscible viscous
fingering instabilities have been analyzed by Kim and Choi [14],
and Shoghi and Norouzi [15]. They showed that a flow where dis-
placing fluid is a shear-thinning is always more unstable than the
Newtonian counterpart. However, when a Newtonian fluid dis-
places a shear-thinning one, the shear-thinning effect in general
makes the system stable. Norouzi et al. [16] analyzed the effect of
viscous dissipation on the growth of VF in a porous medium. Ac-
cording to their numerical simulation, the viscous dissipation makes
the system stable and, therefore, it impedes the development of the
VF motion.

For a flow in a Hele-Shaw cell, Yuan and Azaiez [17,18] analyzed
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the inertia effect on the onset of viscous fingering by adding the
acceleration and inertia terms to the Darcy’s model. According to
their analysis, the additional effects make the systems stable, i.e.,
they retard the onset of instability motions. However, as pointed by
Beck [19], even though their inertia term, u·u, can explain the
inertia effect in a Hele-Shaw cell, it is inappropriate for the non-
linear drag in a porous medium because it is identically zero for
steady incompressible unidirectional flow no matter how large the
fluid velocity. For the buoyancy-driven instability in a porous me-
dium, Chung et al. [20] showed that the non-linear drag and dis-
persion effects retard the onset and the growth of instability motion.
Therefore, the effect of non-linear drag on the onset and growth
of miscible VF instability in a porous medium should be analyzed
using a more reliable flow model.

In the present study, the effect of nonlinear drag on the onset
condition of VF was analyzed using linear stability theory and non-
linear numerical simulations. By adopting Forchheimer’s extension
as a flow model, new stability equations were derived and solved
analytically and numerically with and without the quasi-steady state
approximation. Also, we show that for the extreme case of small
time or small displacing velocity, the system is unconditionally sta-
ble even in unfavorable viscosity distribution and there exists a
least stable initial condition. Using this least stable initial condition
as a starting point, the effect of nonlinear drag on the growth of the
viscous fingering instabilities was analyzed through the fully non-
linear numerical simulations. The present linear and nonlinear stud-
ies are in good agreement.

GOVERNING EQUATIONS AND BASE FIELDS

In a fluid-saturated porous medium, if one Newtonian incom-
pressible fluid displaces another miscible one with the uniform veloc-
ity U0, as schematized in Fig. 1, the governing equations consist of
continuity, momentum and mass transport equations in a refer-
ence frame moving with the injection velocity U0 can be expressed
as [21]:

(1)

(2)

(3)

under the following initial and boundary conditions:

(4a)
(4b)
(4c)
(4d)

where, U{=(U, V, W)} is the velocity vector in the Cartesian coor-
dinate X{=(X, Y, Z)}, P the pressure, (C) the concentration depen-
dent viscosity, K the constant permeability, F the Forchheimer
constant,  the density of fluid, i the unit vector along the main
flow direction, t the time, and C the concentration. Here P is an
arbitrary reference pressure. It should be kept in mind that the time
derivative in Eq. (3) is the time derivative in a reference frame mov-
ing with unidirectional velocity iU0. For the present unidirectional
flow, the dispersion tensor D has been expressed as

(5)

where DL and DT are the streamwise and spanwise dispersion co-
efficients, respectively.

In practice, by setting F=0 in Eq. (2), Darcy’s equation can
applied for the system of Rep<1; here Rep(=U0dp/) is the Reyn-
olds number based on the particle diameter dp [22]. As the injec-
tion velocity, U0, increases, a smooth transition to the nonlinear
drag region has been observed for 1<Rep<10 [21]. According to
Joseph et al. [23], Eq. (2) is the appropriate modification Darcy’s
model, and is known as Forchheimer’s extension. The Forchheimer
term, the second term of the right hand side of Eq. (2), is included
to explain nonlinear drag for the region of 1<Rep<10. For a non-
spherical porous matrix, ReK(=U0cF /) which uses  as a
length scale is more general parameter, and Forchheimer’s exten-
sion (2) has been applied for ReK<102 [24]. Here, cF(=F ) is
the dimensionless form drag coefficient.

Note that the inertia term in a viscous fluid, (iU0+U)·U, is not
included in Eq. (2). Nield and Bejan [20] clearly explained that unlike
a viscous fluid layer, in a porous medium the Forchheimer term is
much more important than the inertia term, (iU0+U)·U. Fur-
thermore, as discussed by Beck [19], Forchheimer’s extension does
not increase the order of differential equation and can be consistent
with the slip boundary condition, which is appropriate for Darcy’s
equation. Based on these physical and mathematical advantages,
we employed Forchheimer’s extension as a momentum equation.

Considering the characteristic length, DL/(RU0), and time, DL/

 U  0,

P    
 C 

K
-----------  F iU0   U

 
 
 

iU0   U ,

C
t
-------  U C    D C , 

C X, 0    C for X 0 and C X, 0     C for X 0,

U X, t  0 as X ±,

P X, t  P as X   , 

C X, t  C as X  and C X, t   C as X  ,  

D  

DL 0 0
0 DT 0
0 0 DT

,

K K

K

Fig. 1. Schematic diagram of the system considered here.
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(RU0)2, the dimensionless governing equations are expressed as

(6)

(7a)

(7b)

(8)

where the time derivative is the Lagrangian one. Here, the anisot-
ropy parameter, (=DT/DL), is the ratio of the transverse dispersion
coefficient to the streamwise one. Here concentration, pressure,
velocity and viscosity are nondimensionalized as c=(CC+)/(C
C+), p=K(PP)/(DL), u=U/(RU0), x{=(x, y, z)}=RU0(X iU0t)/
DL and =/, respectively. For simplicity, from now on, we
remove bars in the dimensionless space coordinates. In the pres-
ent study, it is assumed that the viscosity is dependent on the con-
centration as

(9)

where log-viscosity ratio R{=ln(+/} is constant. From the experi-
mental findings, the fingering instabilities under the unidirectional
flow in a porous medium have been assumed as two-dimensional
flows, and therefore /z-terms have been usually ignored.

For the laminar region of ReK102 [25], the basic concentration
is represented in the following dimensionless form:

(10)

with the following initial and boundary conditions:

(11a)
(11b)

Here H(x) is the Heaviside unit step function and x=0 is the inter-
face position. By using the Laplace transform technique, the above
concentration field can be solved as

(12)

where 

THEORETICAL ANALYSIS

1. Linear Stability Equations
By linearizing the concentration field as c(, x, y)=c0(, x)+c1(,

x, y), from Eqs. (5) and (6), the linear stability equations are derived
as

(13)

(14)

where c0(, x) and c1(, x, y, z) are the base concentration and the
concentration disturbance, respectively. In the above linear stabil-
ity equations, we linearize ND and  as

(15)

(16)

By taking double curls, we can obtain the following equation from
Eq. (13):

(17)

with the following boundary conditions:

(18)

Through Fourier mode analysis, the above stability Eqs. (14) and
(17) are reduced as

(19)

(20)

where k is a wavenumber showing spanwise periodicity. The above
equations degenerate into those for Darcy’s model discussed by
Tan and Homsy [8] when ReK0.

In the present study, since the base concentration field is self-
similar, by using the similarity variable , the above stability equa-
tions can be rewritten in (, )-domain as

(21)

(22)

under the following conditions:

(23)

It should be kept in mind that two sets of stability equations, Eqs.
(18)-(20), and Eqs. (21)-(23), are mathematically equivalent. There-
fore, from now on, we will conduct linear stability analysis by using
Eqs. (21)-(23) as governing equations.

For the limiting case of ReK0 and R0, Ryoo and Kim [26]
solved the above stability equations analytically and numerically.
Below, for some limiting case but not ReK0, we will solve the above
stability equation analytically.
2. Initial Growth Rate

Let’s try to find the growth rate of the disturbance for the limit-
ing case of 0. Regardless of the value of R, the above stability
equations are reduced as

(24)

(25)

for the finite wavenumber disturbances. And the solution of the

 u  0,

p        ReKND 
i
R
---   u 
 ,

ND   1  2Ru i    R2u u ,

c

-----  u c  

2c
x2
-------    

2c
y2
-------  

2c
z2
-------

 
 ,



   Rc ,exp

c0


-------  

2c0

x2
---------,

c0 0, x   1 H x ,
c0 , x  1 as x   and c0 , x  0 as x .   

c0  
1
2
--erfc 

2
--

 
 ,

   x/ .

p1   0    ReK u  
1
R
---


c
------

c0

c1 ReKu i 
 i,

c1


-------  u

c0

x
-------  

2c1

x2
---------   

2c1

y2
---------,



ND  1  2Ru i  R2u u  1  Ru i,

 c0   c1  0  

c
------

c0

c1.

2

x2
-------  

0   2ReK

0   ReK
----------------------

2

y2
-------

 
 u  

R0

0   ReK
-------------------

c0

x
-------

u
x
------  

0

0   ReK
-------------------

2c1

y2
---------,

c1 0 and u1 0 as x ±.  

c1


-------  u

c0

x
-------  

2

x2
-------   k2
 
 c1,

2

x2
-------  

0   2ReK

0   ReK
----------------------k2

 
 u  

R0

0   ReK
-------------------

c0

x
-------

u
x
------    

0

0    ReK
-------------------k2c1,


c1


-------  

2

2
--------  



2
--



------  k2

 
 c1 



2 
----------  


2

4
----

 
 exp u,

2

2
--------  

R0

0   ReK
-------------------

1
2 
----------  


2

4
----

 
 exp 


------  

0   2ReK

0    ReK
----------------------k2


 
 
 

u

    k2


0

0   ReK
-------------------c1,

c1 0 and u 0 as  ±.  


c1


-------  

2

2
--------  



2
--



------

 
 c1 



2 
----------  


2

4
----

 
 exp u,

2

2
--------   R

0    2ReK

0   ReK
----------------------

1
2 
----------  


2

4
----

 
 exp 


------

 
 
 

u   0,
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velocity disturbance can be expressed as

(26)

where the constants d1 and d2 should be zero to meet the bound-
ary conditions: u(, )0 as ±. Therefore, regardless of the
viscosity functional and ReK-value, the final solution is u0 as
0. This means that initially there is no velocity disturbance and
the instability motion is driven by the concentration disturbance.

Then, the concentration disturbance is governed by

(27)

By expressing the concentration disturbance as

(28)

Kim [25] shows analytically that the least stable disturbance and its
growth rate are

(29a)

(29b)

where Hi is the i-th Hermite polynomial and i is its weighting
factor. The above findings mean that initially the system is uncon-
ditionally stable since the least stable disturbance has a negative
growth rate. The present initial growth rate analysis is totally dif-
ferent from that based on the conventional QSSA, which gives pos-
itive initial growth rate. This discrepancy will be discussed later. It
is stressed that no assumption is introduced and therefore the pres-
ent analysis gives an exact solution. Also, this analysis can be applied
to the long-wave limit k0 and finite time, i.e., k 0.
3. For the limiting case of 

Because the viscosity functional becomes 1 as R0, the
governing Eq. (22) can be degenerated as

(30)

By combining Eqs. (28) and (30), we can obtain the following veloc-
ity disturbance:

(31)

where i() is the solution of the following ordinary differential
equation:

(32)

Under the following boundary conditions:

(33)

where  and  The analytic

and closed form solution of Eqs. (32) and (33) is given in Appendix.

By combining Eqs. (21), (28) and (31), we can get the following
relation:

(34a)

where

(34b)

                         . (34c)

The least stable disturbance given by Eq. (29) corresponds to

(35)

which is the proper initial condition for Eq. (34).
4. Quasi-steady State Approximation (QSSA)

Except for the above limiting cases, we cannot solve Eq. (21)
analytically; therefore, we should depend on QSSA and numerical
solution. By employing QSSA in the similar (, )-domain, i.e.,
QSSA, the disturbance quantities can be approximated as [9,10,25]

(36)

By substituting the above approximation into Eqs. (21)-(23), we
can get the following stability equations:

(37)

(38)

(39)

u1  d1
0   2ReK

0   ReK
----------------------dd'   d2,

1

R exp









c1


-------  

2

2
--------  



2
--



------

 
 c1.

c1 ,     ai  iHi


2
--

 
   


2

4
----

 
 exp ,

i0





c1 ,     a0  0  


2

4
----

 
 ,exp

*  
1
a0
----

da0

d
-------

 
      

1
2
-----,



R 0
0

2

2
--------  

1 2ReK

1  ReK
-------------------k2

 
 u    

1
1 2ReK
-------------------

1 2ReK

1 ReK
-------------------k2

c1,

u1 ,     
1

1 2ReK
------------------- ai  ii  ,

i0





D2
   l*2 i    l*2Hi



2
--

 
   


2

4
----

 
 exp ,

i 0 as  ±, 

D    d/d, l*   
1  2ReK

1  ReK
------------------

 
 

1/2

k* k*

   k .

dA
d
-------  EA,

A   a0, a1, a2, … T,

E ij  


2

4
----

 
 j

2

2
--------  



2
--



------  k*2

 
 idexp







 
1

1 2ReK
-------------------

1
2 
----------R*

jid






    i   k*2 ij  
1

1  2ReK
-------------------

1
2 
----------R*

jid






A a0, 0, 0, … T as  0, 

u ,  , c1 ,      u  , c1    * exp .

D2
  


2
--D   k*2

   * 
 c1  


1/2

2 
----------  


2

4
----

 
 exp u,

D2
  

R0

0   ReK
-------------------

1
2 
----------  


2

4
----

 
 exp D  

0   2ReK

0   ReK
----------------------k*2

 
 
 

u

    k*2 0

0   ReK
-------------------c1,

c1 0 and u1 0 as  ±.  

Fig. 2. Neutral stability curves for the limiting case of R0, ReK=0
and =1. Analytic approximations without QSSA are ex-
plained in the reference [26] and the Appendix.
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where D=d/d. This QSSA in the (, )-domain has been widely
used in the similar problems [26,27].

The above stability Eqs. (36)-(38) are solved using the outward
shooting method [28,29]. For the limiting case of ReK0 and
R0, the comparison between the present numerical shooting
solution with Ryoo and Kim’s [26] analytic solution is given in Fig.
2. As shown in this figure, the present analytic and numerical solu-
tions are in good agreement. For the base system of ReK=0 and
=1, the neutral stability curves of the various R cases are com-
pared in Fig. 3. For the limiting case of ReK0 and R0, the fol-
lowing stability limits with and without the quasi-steady state ap-
proximation (QSSA) were suggested:

(40a&b)

In addition, the effect of and on the linear stability is summarized
in Fig. 4, which shows that both ReK and  make the system sta-
ble and, therefore, retard the onset of the VF instability.

NUMERICAL SIMULATIONS

1. Stream Function-vorticity Formulation
Viscous fingering phenomena have been solved numerically by

using various numerical methods, such as the pseudo-spectral
method [11,12], the finite element method [16], and the lattice
Boltzmann method [30]. Using the stream function (, x, y),
such that u=(/y, /x, 0), and the relation of c(, x, y)=c0(,
x)+c1(, x, y), the governing Eqs. (4)-(7) can be rewritten asc   Xc

R2U0

DL
------------

 
 
 

   5.582 and 2
c
------

DL

RU0
----------

 
    

0.43
5.58
----------

for ReK 0, R 0 and  1. 

Fig. 3. Effect of viscosity contrast parameter R on the neutral stability curves for the case of ReK=0 and =1. (a) Neutral stability curve and
(b) critical time.

Fig. 4. Effect of (a) ReK and (b)  on the critical time for the case of R=1.
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(41)

(42a)

(42b)

(43)

For Darcy’s limit, Eq. (42) is reduced as

(44)

The proper boundary conditions are

(45)

Along the transverse boundaries, we imposed periodic conditions.
2. Linear Analysis

Prior to conducting full nonlinear analysis, it is helpful to test
the solution method for the linear region where the previous lin-
ear analysis can apply. For a linear region, by neglecting the non-
linear terms, we can simplify Eqs. (42) and (43) as

(46a)

(46b)

(47)

under the boundary conditions (44). To solve the linearized gov-
erning equations, i.e., Eqs. (39), (44) and (45), we introduced the
following initial condition at initiation time i:

(48)

which corresponds to Eqs. (29) and (35). In the present study, the
above linearized Eqs. (44) and (45) are solved by using Fourier spec-
tral method, which has been widely used in the similar problems
[26,31]. The calculation domain is set to (lx, ly)=(500, ), where
(=2/k) is the wavelength corresponding to the wavenumber k.
The growth rate of disturbance is determined as [8,18]

(49a)

where

(49b)

The present linear analysis corresponds to the initial value calcula-

tion of (IVC) Tan and Homsy [8] and Yuan and Azaiez [18].
For the exemplary case of R=1 and =1, the effect of non-linear

drag on the growth rate are summarized in Fig. 5. As shown in
this figure, the disturbance has large negative growth rate regard-
less of ReK. Similar trend can be shown in the IVC of Tan and
Homsy [8] and Yuan and Azaiez [18], even though they introduced
random initial condition rather than the present one, Eq. (45). Tan
and Homsy [8], Yuan and Azaiez [18] and the present findings say
that the system is initially stable for the small amplitude disturbances.
These numerical IVC results are consistent with the present initial
growth rate analysis given in the section 3.2. Furthermore, from
the present study, it can be said that the non-linear drag make the
system stable, i.e., suppresses the growth of the disturbances.
3. Nonlinear Simulations

In the previous linear analysis, we only considered a single mode
disturbance, i.e., the wavelength of the disturbances is fixed through-
out the simulation. However, nonlinear phenomena, such as the
wavelength selection and the enhancement of mass transfer rate
and mixing, cannot be observed in the single-mode linear analy-
sis. In this section, the simulation domain is set to [103, 103]×
[103, 103], and 2,048×2,048 collocation points are used. Since the
linear stability analysis cannot suggest the dominant initial wave-
number, in the present simulation the following initial condition is
employed:

(50)

where a0(i) means the disturbance level at =i, and rand(y), which
is the pseudo-random number uniformly distributed between 1
and 1, is introduced not to fix the single mode disturbance. In the
present study, we set a0(i)=0.01 and i=0.1. The effect of the initi-
ation condition on the nonlinear phenomena is summarized in
the previous studies [31,32].

The variation of mixing length has been used to quantify the
nonlinear effects [15]. However, in the present study, let us con-
sider the mass transfer rate to characterize the fingering motion.
The dimensionless total mass flux at the initial displacing position
x=0, J, can be obtained as the sum of the diffusional flux, J0 and
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Fig. 5. Effect of ReK on the growth rate of disturbance for the case
of R=1, =1 and k=0.1.
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the convective one, J1:

(51)

The diffusional flux can be computed explicitly from the base con-

centration profile, Eq. (10), as

(52)J  J0   J1. J0    
c0

x
-------

x0
  

1
2 
------------.

Fig. 6. Effect of ReK on the temporal evolutions of convective and total fluxes. (a) Convective flux for R=1 and =1, (b) total flux for R=1 and
=1.

Fig. 7. Effect of ReK-value on the concentration fields for R=1 and =5×103. (a) ReK=0, (b) ReK=0.03, (c) ReK=0.05 and (d) ReK=0.1. Plotting
domain is [103, 103]×[0, 2×103].
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The fluxes from fingering motion are obtained as [33]

(53)

The effects of the non-linear drag and the viscosity contrast on
the mass transfer rates and the concentration fields are summa-
rized in Figs. 6 and 7, which show that the inertia effects which
are characterized by ReK making the system stable and, therefore,
retarding the onset and the growth of instability. For the buoyancy-
driven instability problem, based on the systematic experiments
and linear stability analysis, Chung et al. [20] concluded that the
inertia and dispersion effects are predominant for ReK>0.1. From
the present linear and nonlinear analyses summarized in Figs. 5-7,
it is clear that the onset of instability and the development of insta-
bility motions are strongly influenced by ReK.

RESULTS AND DISCUSSION

Most of the previous studies have solved Eqs. (4)-(6) by introduc-
ing the quasi-steady state approximation in (, x)-domain (QSSAx)
or frozen-time model [8,17]. Under the QSSAx, the disturbance
quantities are expressed as

(54)

For the extreme case of =0, by expressing the base concentra-
tion file as

(55)

where H(x) and (x) are the Heaviside step function and Dirac delta
function, respectively, we can get the following dispersion relation
and corresponding disturbance fields:

(56)

where

(57)

For the limiting case of ReK=0 and =1, Eq. (57) is reduced as

(58)

which is identical with Tan and Homsy’s [8] initial growth rate. The
non-linear drag effect on the initial grow rate based on the con-
vectional QSSAx is featured in Fig. 8. Also, based on the present
QSSA, the non-linear drag effect on the critical time is summa-
rized in Fig. 9. As shown Figs. 8 and 9, the non-linear drag term
stabilizes the present system. Furthermore, the conventional QSSAx
suggests that the system is unstable whenever R>0. However, Tan
and Homsy and the present IVC results show large negative growth
rates for the case of <<1 (see Figs. 7-10 of Tan and Homsy [8]).
Due to this discrepancy, as discussed by Tan and Homsy [8], spe-
cial care should be taken for the growth rate from the conventional
QSSAx.

As shown in Eq. (26b), unlike the initial growth rate analysis
based on the QSSAx, the present analysis yields that the system is
initially stable. Also, the present IVC gives a similar trend (see Fig. 5).
Therefore, the discrepancy between the QSSAx and IVC is resolved
through the present initial growth rate analysis. Furthermore, the
present initial growth rate study explains experimental findings.
Slobod and Thomas [4] experimentally showed that near the ini-
tial displacing front, no fingering is found in the low flow rate
experiment (see Fig. 1 of Slobod and Thomas [4]) and a single bulg-
ing finger is observed at the far downstream (see Fig. 1 of Slobod
and Thomas [4]). Later Perkins et al. [34] reported, in their Table
1, the experimentally determined critical length from which the
fingering motion was observed. From these experimental results,
there may exist a critical length, or critical time, to develop a fin-
gering instability even for the case of unfavorable viscosity distri-
bution. These experimental findings cannot be explained by the
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Fig. 8. Effect of ReK on the initial growth rate obtained from the QSSAx. (a) R=1 and =1, (b) R=3 and =1.
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conventional QSSAx, which yields maximum growth rate at =0.
However, as shown in Figs. 2-4, the present QSSA can produce
the critical time from which the system is unstable and the corre-
sponding critical wavenumber.

The critical time summarized in Figs. 3 and 4 corresponds to
the time at which the infinitesimal disturbance starts to grow. How-
ever, it is well-known that the growth period of instability is required
to grow the infinitesimal disturbance to the experimentally observ-
able motion. So, fully non-linear numerical simulations are needed
to predict experimental data qualitatively, even though the present
linear analysis can explain the experimental results qualitatively. In
the present study, fully non-linear simulations were also conducted
by using high accuracy Fourier-spectral method. As shown in Fig.

6, there exist two characteristic times: one is the critical time, c, at
which the disturbance flux starts to grow, and the other is the mini-
mum time, m, at which the total flux reaches its minimum. The
former can be thought of as the critical time from which the dis-
turbances start to grow, and the latter is regarded as the time from
which the non-linear effects can be detectible. For an example case
of R=1 and =1, the effect of the non-linear drag on the onset and
the growth of disturbance is summarized in Figs. 6 and 7. This fig-
ure shows that the non-linear drag plays an important role in the
linear and non-linear growth of instability.

For the specific case of R=1, =1 and ReK=0.05, the evolution
of the concentration disturbance is explained in Fig. 9. This figure
shows that nonlinear competition yields a series of cells of slightly

Fig. 9. Temporal evolution of the concentration field for the case of R=1 and ReK=0.05. Plotting domain is [103, 103]×[103, 103].
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different widths and amplitudes. As these cells grow, less viscous
cells advance and more viscous ones retreat and thus such cells will
eventually advect away from the region close to the original inter-
face. This provides a natural secondary instability mechanism which
could include cell-merging and therefore an increase in the wave-
length. The effect of the nonlinear drag on the evolution of the
concentration field is featured in Fig. 10. As discussed previously,
the non-linear drag suppresses the growth of instability motion.

Now, we focused on the effect of R on the growth of the insta-
bility motion. For the case of ReK=0, the effect of R on the temporal
evolution of the total flux and the snapshot of the concentration
field are summarized in Figs. 11 and 12. Form this figure, it can be
concluded that for the limiting case of ReK=0, the terms associ-
ated with R make the system stable in the present rescaled time
and space domain, i.e., suppress the onset of instability and retard
the growth of instability However, its stabilization effects are not

Fig. 10. Effect of R-value on the concentration fields for ReK=0.03. Plotting domain is [103, 103]×[103, 103].

Fig. 11. Effect of R-value on the temporal evolution of the total flux.



558 M. C. Kim

March, 2022

significant for R3.
For the case of ReK=0.03, the results of the nonlinear simula-

tions are summarized in Figs. 13 and 14. These figures imply that
the effect of the nonlinear drag on the growth of instability is remark-
able for R<1. To explain this fact, we take the limit on the relation
(57) as R0:

(59)

The above limit suggests that for the small R-system, the stabiliz-
ing effects of nonlinear drag, 2/y2, overwhelm the driving force
of the instability, c/y. Thus, the nonlinear drag effects should
be considered even for the small R system. In addition, the effect
of the anisotropic parameter, , on the VF instability field is sum-

marized in Fig. 15. As discussed in the above linear stability sec-
tion,  makes the system stable, i.e., suppresses the development of
VF motion.

CONCLUSIONS

The non-linear drag effect on the onset and growth of viscous
fingering was analyzed theoretically and numerically. Employing
Forchheimer’s extension as the momentum equation to explain the
flow in a porous medium, new stability equations were derived under
linear stability theory and solved analytically and numerically with
and without a quasi-steady state approximation. Through the ini-
tial growth rate analysis, we showed that initially the present sys-
tem is unconditionally stable and suggest the most unstable distur-
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Fig. 12. Effect of R-value on the concentration fields for ReK=0 and =5×103. (a) R<<1, (b) R=0.1, (c) R=0.5, (d) R=1, (e) R=2 and (f) R=3.
Plotting domain is [103, 103]×[103, 103].
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bance as a deterministic form. Using the linear stability results as
an initial condition, fully non-linear numerical simulations were
conducted using the Fourier spectral method. The present theo-
retical and numerical analyses yield that the non-linear drag im-

pedes the onset and growth of instability motion. Furthermore,
the present non-linear simulations propose that the wavelength of
the fingering motion increases as the time goes on. All of the pres-
ent findings are consistent with the previous experimental ones.

Fig. 13. Effect of the viscosity contrast parameter R on the temporal evolutions of convective and total fluxes. (a) Convective flux for ReK=
0.03 and =1 and (b) total flux for ReK=0.03 and =1.

Fig. 14. Effect of R-value on the concentration fields for ReK=0.03 and =5×103. (a) R=0.1, (b) R=1, (c) R=2 and (d) R=3. Plotting domain is
[103, 103]×[103, 103].
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APPENDIX

By solving Eqs. (32) abd (33), can be obtained analytically by
solving

(A1)

By following Kim and Choi's [27] approach, Eq. (A1) can be ex-
pressed as

(A2)

with

(A3)

and

(A4)

i  
l*

2
--- l*    l* Hi



2
-- 
   


 2

4
------ 

 exp dexp




exp




    l*  l* Hi


2
-- 
   


 2

4
------ 

 exp dexp




exp




,

n   4l*2
n2   n2 , n  2, 3, 4…,

0    
l*

2
---  l*2 exp l* erfc 

2
--  l* 
    l* exp 1 erf 

2
--   l* 
 

 
 
 

exp ,

1 l* l*2 exp l*   


2
--   l* 
 

2

 
     l* erfc 

2
--   l* 
 exp

 
 
 

exp

    l* exp  


2
--   l* 
 

2

 
    l*  1 erf 

2
--   l* 
 

 
 exp

 
 
 

.

    l* exp  


2
--   l* 
 

2

 
    l*  1 erf 

2
--   l* 
 

 
 exp

 
 
 


