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AbstractAnalytical solutions of transient concentration profile inside particles were calculated by solving rection-dif-
fusion equation in spherical, cylindrical, and slab-type porous particles, assuming first order irreversible reaction. Time-
dependent concentration in bulk fluid phase was assumed as exponential decay for each particle, and convective
boundary conditions were taken using arbitrary Biot number to obtain a general solution by eigenfunction expansion
or Laplace transform method. Factors affecting average transient concentration inside particles were studied by adjust-
ing Biot number, reaction time, and Thiele modulus as well as the position inside particles. To predict transient bulk
concentration in batch photocatalytic reactor containing porous particles, coupled differential equations were solved by
Laplace transform to obtain analytical solutions of bulk concentration as well as average concentration inside porous
particles as a function of reaction time. The factors affecting transient concentrations were investigated by adjusting the
concentration and porosity of the catalytic particles, morphology of the particles, and Thiele modulus in batch-mode
reactor to study reduction speed of reactant concentration during photocatalytic reaction. The solutions from coupled
differential equations were useful for the prediction of transient behavior in batch-type photocatalytic reactor and were
compared with the results from CSTR containing slab-type photocatalytic particles with various space time.
Keywords: Porous Particles, Reaction-diffusion Equation, Eigenfunction Expansion, Biot Number, Time-dependent Bound-

ary Condition, Coupled Differential Equations, Laplace Transform

INTRODUCTION

Over several decades, porous materials have been intensively
studied for various industrial applications, such as membrane sep-
aration, filters, construction materials for sound absorbing or insu-
lating structures, and adsorbent materials in purification of gas
stream or wastewater [1-6]. In addition, catalytic supports or pho-
tocatalytic materials have been fabricated as particulate form in
packed bed or slurry-type reactors in powder technology [7,8].
Recently, porous photocatalytic materials have been also applied
for generation of hydrogen energy in water-splitting systems [9].
Besides synthesis and applications, modeling of transient behavior
of reactant inside or outside of these porous particles is also import-
ant to understand the physicochemical background in related
areas of chemical engineering, since mathematical analysis on the
porous materials during reaction is vital to effective operation of
reaction equipment.

Since the measurement of reactant concentration inside porous
particles is impossible by experimental technique, prediction of such
values by numerical scheme or mathematical analyses can provide
engineering insights for mass transport or reaction behavior. Addi-
tionally, calculation of bulk concentration is also crucial for design
of reactors containing porous catalytic particles, since determina-
tion of adjustable parameters can be considered as design factors.

Although numerical simulation is a powerful means for these re-
search topics, mathematical analyses are still challenging for treat-
ment of reaction-diffusion equation subject to arbitrary boundary
conditions on a particle surface to get approximate or exact solu-
tions by inverse Laplace transform including our previous results
[10-12]. Unlike conventional reaction-diffusion equation, genera-
tion of chemical species by first-order reaction has been also stud-
ied by eigenfunction expansion method, which is useful degradation
behavior of PLGA particles [13]. Unlike mathematical analyses on
conventional porous particles, porous spherical particles with inert
cores have been also treated for reaction-diffusion phenomena in
batch or packed bed reactor by Laplace transform [14]. However,
further researches are still necessary, since previous studies on ana-
lytical or approximate solutions were not performed by consider-
ing the effect of Biot number, which is important to estimate mass
transfer resistance between bulk phase and inner region of porous
particles with various morphologies. The mathematical treatment
of coupled differential equations on transient behavior of bulk and
particle phase can be also considered to predict the analytical solu-
tions for more precise prediction in slurry-type batch or CSTR
reactors.

In our previous research, the concentration profile and average
dimensionless concentration inside catalytic particles in various
coordinate systems were obtained analytically by solving reaction-
diffusion equation assuming infinite value of Biot number subject
to various time-dependent boundary conditions [15]. In the pres-
ent article, more general solutions were obtained for arbitrary val-
ued Biot numbers by eigenfunction expansion method to establish



Effect of Biot number on unsteady reaction-diffusion phenomena and analytical solutions of coupled governing equations 1837

Korean J. Chem. Eng.(Vol. 37, No. 11)

transient concentration profiles inside catalytic particles in spheri-
cal, cylindrical, and rectangular coordinates for reaction-diffusion
equation with first-order irreversible reaction. Additionally, the tran-
sient bulk concentration of methylene blue was measured experi-
mentally using macroporous titania fibers as cylindrical particles,
to compare with the predicted concentration inside particles from
mathematical solution. In this study, time-dependent boundary
condition was restricted to exponentially decaying bulk concentra-
tion, which is suitable for catalytic reactions or adsorption in slurry-
type reactors [15]. To predict transient bulk concentration and aver-
age concentration inside particles simultaneously, coupled partial
differential equations in spherical, cylindrical, and slab-type porous
photocatalytic particles were also solved by Laplace transform
method to obtain approximate or exact solutions of reaction-diffu-
sion equation for any value of particle concentration as adjustable
parameter. In this study, the effects of various parameters such as
reaction time, Thiele modulus, and position inside catalytic parti-
cles on transient concentrations were studied to predict the behav-
ior of batch-type slurry reactor, which is necessary for various
environmental treatments as in the dye industry. For comparison,
continuous operation of photocatalytic reactor was also treated
briefly to study the effect of space time in CSTR reactor contain-
ing slab-type photocatalytic particles.

MATERIALS AND METHODS

1. Synthesis of Macroporous Titania Fibers by Electro-spinning
Colloidal templating method was adopted to prepare macropo-

rous titania fibers as a model system of cylindrical porous parti-
cles with infinite length. To this end, polystyrene (PS) nanospheres
were synthesized by dispersion polymerization. Detailed synthesis
conditions can be found elsewhere [16]. After redispersion of PS
nanospheres in ethanol containing polyvinylpyrrolidone (PVP), tita-
nium diisopropoxide bisacetylacetonate (TDIP) and dilute hydro-
chloric acid solution (0.01 N) were added to prepare spinning
solution. During electrospinning, high voltage was applied by metal-
lic nozzle for injection of spinning solution as fibers to SUS collec-
tor. After spinning, composite fibers were collected for calcination
at 500 oC for 5hours for removal of PS nanospheres to form porous
fibers, which was observed by FE-SEM (FE-SEM, Hitachi-S4700).
Detailed synthesis conditions are described in our previous article
[17].
2. Synthesis of Macroporous Titania Particles by Emulsion-
assisted Self-assembly

Spherical porous titania microparticles were synthesized using
emulsion droplets as micro-reactors. PS nanospheres dispersed in
ethanol were mixed with TDIP, followed by emulsification in tet-
radecane containing Abil EM90 as emulsifier using homogenizer.
The resulting complex fluid was evaporated at 95 oC by heating for
gelation of TDIP to form composite microspheres of PS nano-
spheres and titania. After calcination at 500 oC, microporous tita-
nia microspheres were prepared. Detailed synthesis conditions are
described in our previous article [15,18].
3. Degradation of Methylene Blue using Microporous Titania
Fibers as Photocatalytic Particles

Macroporous titania fibers were suspended in 50-ml (0.0002 g/

ml), followed by 50-ml mixing aqueous methylene blue solution
(0.00001 g/ml). After equilibration for 30 minutes under stirring at
dark condition, UV light was illuminated for 2 hours. During pho-
tocatalytic reaction, samples were taken for regular time intervals
for measurement of methylene blue concentration using UV-visi-
ble spectrometer (Optizen POP).

RESULTS AND DISCUSSION

Like the previous report, the following reaction-diffusion equa-
tion can be obtained from material balance in spatial coordinate
using effective diffusivity De, to obtain concentration of reactant
C(r, t) assuming the first-order kinetics.

(1)

Here, the value of z is 2, 1, and 0 in spherical, cylindrical, and Car-
tesian coordinates, respectively. Usually the sign of the first-order
rate constant, k, is positive, whereas it can be negative for generat-
ing chemical species such as autocatalytic reaction. For nondimen-
sionalization of the differential equation, characteristic time tc can
be defined as R2/De to obtain a more convenient form in the fol-
lowing manner. R can be the radius of spherical particles or cylin-
drical catalyst, whereas 2R should be the thickness of the slab in
rectangular-shaped catalytic film.

(2)

Here, Thiele modulus  is an important factor since the value of 
affects the dimensionless concentration of reactant, y. Our goal
was to get an analytical solution y(x, ) of the above equation as a
function of dimensionless radial distance x and dimensionless time
 when the following symmetric boundary condition is applied at
the center of the catalytic particle.

Boundary condition #1:  at x=0 (3)

Initially, empty catalytic particles should be subject to the initial con-
dition, y(x, 0)=0 and the boundary condition at the catalyst surface
can be described as convective condition using Biot number in a
different manner for three types of coordinates.
1. Spherical Catalytic Particles

Spherical porous particles are often adopted as catalytic supports
or photocatalysts for various chemical reactions [18]. When the
mass transfer coefficient of reactant from bulk to the particle is kL,
the boundary condition at the particle surface can be written as
follows.

(4)

Here, Cb(t) is time dependent concentration of reactant in bulk
phase. More convenient form of the above equation can be ob-
tained in the following manner after nondimensionalization.

(5)
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Here, Biot number can be defined in the following manner, which
means the ratio of mass transfer resistance inside solid particles
relative to bulk fluid phase.

(6)

In this study, the dimensionless bulk concentration, yb was assumed
to decay exponentially as a function of time in the following manner.

yb()=exp(a) (7)

The time constant, 1/a, can be measured experimentally from the
bulk fluid phase by measuring the concentration of reactant for
various reactions [19].

The reaction diffusion Eq. (2) subject to boundary and initial
conditions described previously can be solved analytically using
eigenfunction expansion method. As described in our previous
report, the solution y(x, ) can be assumed as the summation of
the functions Y*(x, ), R*(), and u(x) in the following manner.

y(x, )=Y*(x, )+R*()u(x) (8)

By substituting the above expression into the reaction-diffusion
equation, the following differential equation and boundary condi-
tions can be obtained.

(9)

Boundary Conditions:  (at x=0) (10)

=Bi exp(a) (at x=1) (11)

Initial Conditions: Y*(x, 0)+R*(0)u(x)=0 (at =0) (12)

For convenience, u(x) can be defined as steady-state concentration
subject to the following convective boundary condition at constant
bulk concentration.

(13)

Boundary Conditions:

 (at x=0) and =Bi (at x=1) (14)

The above ordinary differential equation can be solved easily to get
the following concentration profile as a function of x and variable
parameter Bi.

(15)

As Bi, the limiting case of the above equation becomes the
well-known steady-state concentration of the reactant inside porous
spherical catalyst subject to constant surface concentration, u(x)=

 [20]. Average concentration inside the catalytic parti-

cles,  can be calculated according to the following integration,
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Fig. 1. (a) Dimensionless concentration of reactant at steady state
inside spherical porous particle as a function of Biot num-
ber (Bi) for Thiele modulus =0.1, 1, 5, 10, and 100. (b) and
(c) Concentration profile of reactant at steady state inside
porous particles as a function of radial distance from the
center of particle for Bi=0.1, 1, and 10 when  is fixed as 1
and 10, respectively. In inset figure of Fig. 1(b), spherical
porous particle is drawn as schematic figure.

and the results depending on Biot number are shown as a graph
in Fig. 1(a) for different values of Thiele modulus, .
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(16)

As shown in the graph, the average concentration increased with
increasing Biot number, indicating that larger internal mass trans-
fer resistance resulted in the delayed mass transport of the reac-
tant to the central region of porous material. Thus, decomposition
of reactant was rarely expected, causing increase of the reactant
concentration, as displayed in the graph of Fig. 1(a). However, the
concentration of reactant became saturated when Biot number
was larger than about 20, implying that this value can be consid-
ered as infinitely large. When Biot number was larger than 20,
steady-state concentration reached to saturated value regardless of
the value of Thiele modulus, and further increase of the reactant
concentration was not observed with increasing Biot number.
Thus, Bi=20 can be considered as a kind of critical value at steady
state.

Fig. 1(b) contains the change of steady-state concentration of
reactant as a function of dimensionless radial distance x from the
center of the particles for various values of Biot number such as
Bi=0.1, 1, and 10, when Thiele modulus,  was fixed as 1. When
internal mass transfer resistance was negligible (Bi=0.1), almost
uniform concentration of reactant was observed regardless of x.
However, dimensionless concentration u increased near the sur-
face of the catalytic particles since reaction time was not enough
near the interface due to insufficient retention time inside the par-
ticles. Similar to Fig. 1(a), larger mass transfer resistance outside of
the particles resulted in decrease of Biot number, causing decreased
transport of the reactant through the particles. Thus, the dimen-
sionless concentration, u, decreased with decreasing Biot number,
as shown in Fig. 1(b). This trend became more clearer when Thiele
modulus increased from 1 to 10, as displayed in Fig. 1(c), indicat-
ing that larger reaction rate caused decrease of reactant concentra-
tion near the center of the particles. For this case, dimensionless
concentration near the particle surface increased with increasing
Biot number, since increase of internal mass transfer resistance
caused accumulation of reactant near the particle surface, as shown
in Fig. 1(c).

Until now, steady-state concentration inside spherical porous
catalytic particles has been discussed depending on Thiele modu-
lus and Biot number. Transient dimensionless concentration inside
particles can be calculated from Eq. (8) by solving Y* from the fol-
lowing partial differential equation.

(17)

To solve the above equation, the following homogeneous bound-

ary condition can be imposed, assuming that boundary condition
(14) is valid.

(18)

Thus, R() can be obtained as yb(), which was already assumed as
exp(a). The partial differential equation for Y*(x, ) can be deter-
mined in more detail as the following non-homogeneous form with
homogeneous boundary conditions.

(19)

Initial Condition: 
(20) (at =0)

The above partial differential equation can be solved by applying
eigenfunction expansion method, since the boundary conditions
at x=0 and x=1 are homogeneous. The eigenfunction as Kn(x) sat-

isfying differential operator   satisfies the fol-

lowing eigenvalue equation.

(21)

Boundary Conditions:  (at x=0)

 (at x=1) (22)

The eigenfunction Kn(x) satisfying boundary conditions can be
determined as the following function.

(23)

The eigenvalue n can be determined by defining 
from the following nonlinear equation for various values of Thiele
modulus and Biot number.

n=(1Bi)tann (24)

Table 1 summarizes the values of n for various Bi and  obtained
by solving the above nonlinear equation by graphical interpreta-
tion, and Y*(x, ) can be expanded using the following time depen-
dent coefficient an() and eigenfunction as a function of x and
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Table 1. Eigenvalues n according to Biot number in spherical coordinates
Bi 1 2 3 4 5 6 7

0.1 0.542 4.516 7.738 10.913 14.073 17.227 20.376
1.1 1.632 4.734 7.867 11.005 14.144 17.285 20.425
5 2.570 5.354 8.303 11.335 14.408 17.503 20.612

10 2.836 5.717 8.659 11.653 14.687 17.748 20.828
100 3.110 6.220 9.331 12.441 15.552 18.663 21.775
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parameters such as n and .

(25)

To determine an(), the eigenfunction expansion of nonhomoge-
neous term in Eq. (19) is also required using another time-depen-
dent coefficient bn().

(26)

Here, bn() can be determined by taking inner product with Kn(x)
to both sides due to orthogonality condition.

(27)

In the above equation, denominator, <Kn, Kn> can be calculated
from the following definition of inner product in spherical coordi-
nate by multiplying x2 and integration from x=0 to 1.

(28)

For complete determination of bn(), the integration, 

 can be performed to get 

Thus, the time-dependent coefficient, bn() can be obtained as the
following complicated form.

(29)

To obtain a transient solution y(x, ), the following first-order non-
homogeneous equation can be solved to obtain an().

(30)

The initial condition of the above differential equation, an(0) can

be determined from  By

applying inner product with Kn(x), the following initial condition
can be achieved.

(31)

From Eqs. (30) and (31), an() can be obtained as the following
complicated form.

(32)

Now, the transient solution, y(x, ) can be expressed as the follow-
ing eigenfunction expansion form.

(33)

Since only a few important terms contribute to y(x, ) in the above
series solution, we evaluated eigenvalues from n=1 to 7 in Table 1.

Applying transient concentration inside spherical porous parti-
cles in Eq. (33), the concentration profile at initial stage of catalytic
reaction (=0.5) is shown in the graph of Fig. 2(a). The concentra-
tion is drawn as a function of x under fixed value of a=1 and Bi=5
for various values of  such as 0.05, 0.5, 2, and 5. For relatively
small value of Thiele modulus (=0.05 and 0.5), the dimension-
less concentration increased slightly near the central region of the
catalytic particles, since diffusional mass transport to the center of
the particle was fast enough to compensate the decrease of reac-
tant concentration due to irreversible reaction. However, the con-
centration of reactant decreased as x approached to 0 when Thiele
modulus increased to 2 or 5, because reaction rate became fast to
remove reactant molecules, as shown in Fig. 2(a).

Fig. 2(b) contains concentration profile of reactant inside spher-
ical particle for various values of dimensionless time, =0.5, 1.5,
2.5, and 5, when Thiele modulus (), Biot number (Bi), and a were
fixed as 2, 5, and 1, respectively. As dimensionless time increased,
concentration of reactant decreased due to prolonged reaction time.
When  reached 5, concentration of reactant decreased to almost
0 for every position inside the spherical particles.

Fig. 2(c) contains the effect of Biot number on concentration
profile of reactant, when , a, and  were fixed as 5, 5, and 1, respec-
tively. As Biot number increased, concentration near particle sur-
face increased due to the decrease of mass transfer resistance from
bulk fluid phase to the particle. However, dimensionless concen-
tration decreased as dimensionless radial distance x approached to
the center of the spherical particle due to depletion of reactant by
irreversible reaction.

The average concentration inside the spherical catalytic parti-
cles is also important for investigating the effect of various param-
eters on reaction. It can be defined as a function of  in spherical
coordinate in the following manner, and calculation is possible after
integration.

(34)

Fig. 3(a) contains the change of average dimensionless concen-
tration inside the particles as a function of dimensionless reaction
time for various Thiele modulus =0.05, 5, and 75, when a and Bi
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Fig. 2. (a) Concentration profile of reactant inside spherical porous
particle as a function of radial distance from the center of
particle. Dimensionless reaction time () was fixed as 0.5, while
Bi and a were fixed as 5 and 1, respectively.  was adjusted as
0.05, 0.5, 2, and 5 for comparison of the profile. (b) Concen-
tration profile of reactant inside spherical porous particle as
a function of radial distance from the center of particle. Bi,
, and a were fixed as 5, 2, and 1, respectively, when  was
adjusted as 0.5, 1.5, 2.5, and 5, respectively. (c) Concentra-
tion profile of reactant inside spherical porous particle as a
function of radial distance from the center of particle. , ,
and a were fixed as 0.5, 5, and 1, respectively. Bi was adjusted
as 1.5, 5, 15, and 45 for comparison of the profile.

Fig. 3. (a) Average dimensionless concentration  inside spheri-
cal porous particle as a function of dimensionless time  for
a=1 and Bi=5.  was adjusted as 0.05, 5, and 75, respec-
tively. (b) Average dimensionless concentration  inside
spherical porous particle as a function of dimensionless time
 for =0.05 and Bi=5. a was adjusted as 0.01, 0.1, 1, and 3,
respectively. (c) Average dimensionless concentration 
inside spherical porous particle as a function of dimension-
less time  for a=1 and =0.05. Bi was adjusted as 0.1, 1.1, 5,
and 100, respectively.

y  

y  

y  
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are fixed as 1 and 5, respectively. Since the catalytic particles were
initially empty, the average concentration increased from 0 to maxi-
mum value, followed by consistent decrease of the concentration
due to first order irreversible reaction. During initial stage of reac-
tion, the increase of reactant concentration was caused by inward
diffusional flux of reactant from bulk to the particle, whereas the
depletion of the reactant molecule was not sufficient in the early
stage of the reaction. The maximum value of the reactant concen-
tration decreased with increasing reaction rate or Thiele modulus
due to fast removal of reactant inside the particle, and the required
time at maximum concentration (tmax) also decreased with increas-
ing Thiele modulus.

The effect of time constant, 1/a on the concentration in bulk
fluid phase is shown in Fig. 3(b), which was obtained by fixing the
value of Bi and  as 5 and 0.05, respectively. When a was close to
0, the average dimensionless concentration decreased very slowly
after temporary rise, since retardation of the decrease of bulk con-
centration occurred with large time constant. However, decreasing
rate of reactant concentration increased drastically with increasing
value of a, indicating that the decreasing trend of reactant concen-
tration inside catalytic particles followed the decaying aspect of
bulk concentration.

The average dimensionless concentration inside the particles is
also drawn in Fig. 3(c) as a function of dimensionless reaction time,
for various values of Biot number (Bi=0.1, 1.1, 5, and 100) after fix-
ing other parameters such as a and  as 1 and 0.05, respectively. As
Bi increased, maximum average concentration increased, whereas
tmax decreased. Since reactant molecules accumulate near the parti-
cle surface due to large mass transfer resistance inside the catalytic
particles, conversion of the reactant by irreversible first-order reac-
tion is rarely expected, causing large maximum reactant concen-
tration with increasing Biot number.
2. Comparison with the Results from Other Geometries such
as Cylinder or Slab-type Catalytic Particles

In addition to spherical particles, cylindrical catalytic pellets or
slab-type catalyst can be adopted for catalytic reaction. For instance,
cylindrical pellets with infinite length and very small diameter can
be considered as nanowires or nanofibers, which may have cata-
lytic activity depending on their composition [21]. Slab-type cata-
lytic materials can be adopted as the form of film contacting fluid
phase to activate various chemical reactions [22].

In cylindrical coordinates, reaction-diffusion equation can be
derived from material balance as the following dimensionless form
(z=1 in Eq. (2)).

(35)

Here, the definition of Thiele modulus is the same as that in spheri-
cal coordinate. At steady state, the solution u(x) of the above dif-
ferential equation can be obtained from the following ordinary
differential equation subject to proper boundary conditions under
constant bulk concentration.

(36)

u(x) can be easily obtained as the following modified Bessel func-

tion with order 0, affected by two parameters such as Biot num-
ber and Thiele modulus.

(37)
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Fig. 4. (a) Dimensionless concentration of reactant at steady state
inside cylindrical porous particle as a function of Bi for =0.1,
1, 5, and 10. In the inset Fig. 4(a), cylindrical porous parti-
cle is drawn as schematic. (b) Average dimensionless concen-
tration  inside cylindrical porous particle as a function of
dimensionless time  for a=0.1 and =0.35. Bi was adjusted
as 0.1, 1, and infinity, respectively. (c) Average dimensionless
concentration  inside cylindrical porous particle as a
function of dimensionless time  for a=1 and Bi=0.1.  was
adjusted as 0.35, 1.05, 2.02, and 4.12, respectively.
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Fig. 4(a) contains steady-state dimensionless average concentra-
tion of reactant inside cylindrical particles as a function of Biot
number for various values of Thiele modulus, =0.1, 1, 5, and 10,
assuming constant bulk concentration. Similar to spherical parti-
cles, the reactant concentration inside particles increased with in-
creasing Biot number, and saturation behavior was observed when
Biot number was larger than about 20. When the value of Thiele
modulus decreased, average concentration at steady-state was almost
the same as the initial concentration due to negligible reaction rate.

As explained in Supporting Information, transient concentra-
tion y(x, ) inside cylindrical particle can be obtained by Laplace
transform method. The average concentration  in cylindrical
particles can be calculated from the following definition.

(38)

Here, eigenvalue, n, satisfies the transcendental equation, nJ1(n)=
BiJ0(n), and Table 2 summarizes the various n according to vari-
ous Biot numbers, which were calculated by graphical method.

Transient behavior of average dimensionless concentration of
reactant,  is plotted in Fig. 4(b), for Biot numbers such as
Bi=0.1, 1, and , when  and a are fixed as 0.35 and 0.1, respec-
tively. Like spherical particles, the required time to reach maxi-
mum concentration (tmax) became shorter with increasing Biot
number, and the concentration of reactant inside cylindrical parti-
cles decreased to 0 after the reaction proceeded sufficiently. Maxi-
mum concentration increased with increasing Biot number, since
mass transfer resistance from bulk fluid to particles decreased for
larger value of Biot number. When small Biot number (Bi=0.1),
tmax increased significantly, whereas maximum concentration de-
creased, compared to the result at larger Biot number (Bi=1). When
Biot number and a were fixed as 0.1, maximum concentration of
reactant inside cylindrical particles decreased with increasing
Thiele modulus from =0.35 to 4.12 due to depletion of reactant
under higher reaction rate, as shown in Fig. 4(c).

In an experiment, infinitely long cylindrical porous particles can
be prepared as the form of porous fibers by electrospinning using
various precursor materials. In this study, macroporous titania
fibers with uniform thickness (R=0.25m) could be synthesized

using TDIP as precursor and PS nanospheres as templating mate-
rials by electrospinning. As shown in the SEM image of Fig. 5(a),
the micro-structure of the cylindrical porous fibers could be ob-
served, although it is difficult to confirm their inner structure from
the surface image. However, porous morphology could be observed
from inset SEM image containing the cross-section of the fibrous
material, where spherical air cavities formed porous architecture.
Since the polystyrene nanospheres were removed during calcina-
tion at 500 oC, spherical macropores were created as displayed in
the inset SEM image of Fig. 5(a), to form porous titania fibers,
which is advantageous to increase specific surface area.

Since photocatalytic activity can be expected from the macrop-
orous titania fibers, photocatalytic decomposition reaction of meth-
ylene blue was carried out from aqueous medium under UV
illumination using the porous fibers as cylindrical porous catalytic
particles. Although the change of reactant concentration can be
measured experimentally using UV-visible spectrometer during
reaction, as shown in the data of Fig. 5(b) and 5(c), the concentra-
tion of reactant can be calculated from Eq. (38) by assuming Biot
number as Bi=0.1 or . Since apparent rate constant of decompo-
sition reaction, kapp could be estimated as 0.016 min1 from experi-
mental data of reactant concentration from aqueous medium,

Thiele modulus was predicted as  using effective diffu-

sivity inside porous medium. Like the previous paper, the parame-

ter, a in Eq. (38) can be also estimated by  using adsorption

rate constant , which was measured as 0.00165 sec1 by other
groups [15,23]. To apply these parameters for the prediction of reac-
tant concentration inside particles, effective diffusivity, De (=Dp/t)
can be calculated by multiplying the ratio of porosity of porous
particles (p) and tortuosity (t) with diffusion coefficient of meth-
ylene blue, D in aqueous medium, which can be obtained from
other literature as D=4.5×1010 m2/s [24]. In Fig. 5(b), p/t is fixed
as 0.005 and 0.05 for Fig. 5(b) and 5(c), respectively, assuming
very high tortuosity, to calculate average concentration of reactant
inside cylindrical particles. After initial sharp rise of the concentra-
tion, rapid removal of the reactant was predicted inside the parti-
cle due to irreversible firs-order reaction. Though the difference
between the concentration inside and outside of the particle could
be considered as driving force of mass transfer of reactant from bulk
to particles, the effect of Biot number was negligible, since pre-
dicted values of concentration were almost the same for Bi=0.1
and , as shown in Fig. 5(b). However, the concentration of reac-
tant inside cylindrical particles was affected by Biot number, when
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Table 2. Eigenvalues n according to Biot number in cylindrical coordinates
Bi 1 2 3 4 5 6 7

0.1 0.442 3.858 7.030 10.183 13.331 16.477 19.621
1 1.256 4.079 7.156 10.271 13.398 16.531 19.667
5 1.990 4.713 7.618 10.622 13.679 16.763 19.864

10 2.179 5.033 7.957 10.936 13.958 17.010 20.083
100 2.381 5.465 8.568 11.675 14.783 17.893 21.004
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p/t was fixed as 0.05, which is more reasonable value than 0.005.
As shown Fig. 5(c), the decreasing rate of reactant became retarded
when Biot number decreased from  to 0.1, indicating that in-
crease of internal resistance of mass transfer slowed the transport
of reactant through the particles. Since crystalline structure as well
as porous morphology may affect the photocatalytic activity of
titania material, it is important to confirm the microcrystalline struc-
ture of the titania fibers used for experiments. In Fig. 5(d), the crystal-
line structure of titania fibers in Fig. 5(a) is contained as powder
XRD analysis result, which is quite close to anatase crystal struc-
ture in JCPDS card no. 21-1272) [25]. Though further heating of
the sample at 1,000 oC may induce rutile crystal, macroporous
structure of the titania fibers can be deteriorated at higher heating
condition.

In addition to cylindrical porous titania particles, spherical porous
titania particles were also synthesized to apply photocatalytic parti-
cles. As displayed in SEM image of Fig. 6(a), spherical macropo-
rous titania crystallite could be fabricated from emulsion droplets
as micro-reactor. Spherical air cavities could be formed inside the
porous particles after calcination by removal of PS nanospheres as
templates, as displayed in the SEM image. Average particle size

was measured as 1.03m from the size distribution of the parti-
cles in inset histogram of Fig. 6(a). Under UV irradiation, methy-
lene blue was removed using the spherical porous particles as
photocatalyst, and the resulting change of the dimensionless con-
centration of the organic dye was measured as included in experi-
mental data of Fig. 6(b). By assuming the experimental data as the
first-order kinetics, apparent rate constant, kapp, was estimated as
0.0489 min1, which was much larger than that of cylindrical porous
titania particles. Similar to porous cylindrical titania particles, the
necessary parameters such as a and  for calculation of the dye
concentration inside the porous spherical particles could be deter-
mined as 1.8227×105 and 0.003, respectively, by assuming p/t

was fixed as 0.05. When Biot number was fixed as 0.1, the pre-
dicted concentration was plotted as solid line in Fig. 6(b), which is
smaller value than bulk concentration of methylene blue meas-
ured by experiments. Thus, the difference between the concentra-
tion in bulk and inside particles may cause the mass transfer of the
dye molecules from reservoir to particles.

When the shape of the catalytic pellet is slab-type, reaction-dif-
fusion equation becomes a more simple form. When z=0 in Eq.
(2), eigenfunction expansion method can be applied to obtain the

Fig. 5. (a) SEM image of macroporous cylindrical titania fibers used for photocatalytic degradation of methylene blue. Scale bar indicates
1m. Inset SEM image shows magnified cross-sectional SEM image of a macroporous titania fiber, and scale bar is 500 nm. (b) and
(c) The change of the average concentration of reactant inside the macroporous cylindrical titania particles obtained by the calcula-
tion using the analytical solution, when p/t was fixed as 0.005 and 0.05, respectively. The change of the bulk concentration of the
reactant measured during photocatalytic decomposition reaction was also included for comparison. (d) Powder XRD analysis result
of porous titania fibers shown in Fig. 5(a).
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following average dimensionless concentration  of reactant
inside the slab.

(39)
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Fig. 6. (a) SEM image of macroporous spherical titania particles
used for photocatalytic degradation of methylene blue. Scale
bar indicates 5m. Inset histogram shows the size distribu-
tion of the particles. (b) The change of the average concen-
tration of reactant inside the macroporous spherical titania
particles obtained by the calculation using the analytical solu-
tion, when p/t and Biot number were fixed as 0.05 and 0.1,
respectively. The change of the bulk concentration of the reac-
tant measured during photocatalytic decomposition reaction
was also included for comparison.

Table 3. Eigenvalues n according to Biot number in cartesian coordinates
Bi 1 2 3 4 5 6 7

0.1 0.311 3.173 6.299 09.435 12.574 15.714 18.855
1 0.860 3.426 6.437 09.529 12.645 15.711 18.902
5 1.314 4.034 6.910 09.893 12.935 16.011 19.106

10 1.429 4.306 7.228 10.200 13.214 16.259 19.327
100 1.555 4.666 7.776 10.887 13.998 17.109 20.221

Fig. 7. (a) Average dimensionless concentration  inside slap-
type porous particle as a function of dimensionless time 
for a=1 and =0.05. Bi was adjusted as 0.1, 5, and 100,
respectively. Inset figure shows top views of a porous slab-
type particle schematically. (b) Average dimensionless con-
centration  inside slab-type porous particle as a func-
tion of dimensionless time  for a=0.25 and Bi=5.  was
adjusted as 0.05, 0.25, and 0.5, respectively.

y  

y  

Here, n denotes eigenvalue which satisfies n/Bi=cotn. Table 3
contains eigenvalues in Cartesian coordinates obtained graphically
for various value of Biot number.

Fig. 7(a) contains the change of average dimensionless concen-
tration as a function of dimensionless time in slab-type catalytic
particles. When Thiele modulus  and a were fixed as 0.05 and 1,
respectively, transient behavior of the average concentration changed
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significantly depending on Biot number. When Biot number was
a negligible value, the concentration inside the particles was quite
small, since small Biot number resulted in large external resis-
tance of mass transfer from fluid phase to particle surface, causing
almost empty catalytic particles. However, the average concentra-
tion increased to a maximum value and decayed with reaction time
when Biot number was large (Bi=100). Fig. 7(b) contains the tran-
sient behavior of average concentration inside slab-type catalytic
particles when Biot number and a were fixed as 5 and 0.25, respec-
tively. For intermediate value of Biot number, the maximum aver-
age concentration was not affected seriously by increase of Thiele
modulus =0.05 to 0.5. In these cases, the changing trend was
quite similar, since time constant 1/a in bulk concentration was
smaller than that of Fig. 7(a).
3. Approximate Solutions of Transient Concentration in Slurry-
type Batch Photocatalytic Reactor Containing Spherical Porous
Photocatalytic Particles from Coupled Differential Equations

To predict transient bulk concentration of reactant in slurry-
type batch photocatalytic reactor, coupled differential equations on
the concentration of the reactant inside photocatalytic particles
and bulk phase, cp and cb, respectively, should be solved simultane-
ously. The particles can be assumed as spherical morphologies
without inert core. Unlike a conventional catalytic reaction, a pho-
tocatalytic reaction proceeds inside the porous particles and bulk
fluid phase simultaneously, yielding the following governing equa-
tions for spherical particles.

(40)

(41)

In the above equation, V is the volume of reactor, whereas mp and
p are the added amount (weight) and density of catalytic parti-
cles, respectively. p and kf denote porosity of the particles and
mass transfer coefficient between bulk phase and particle surface,
respectively. The first-order rate constant, k was assumed as the
same value inside the particles and bulk fluid phase. Here, (3/R)(1/
V)(mp/p) means total surface area of particle suspension inside
the reactor, which is adjustable by changing the amount of partic-
ulate materials before start-up. Material property of catalytic parti-
cles also affects the value of particle density, diffusivity, and reaction
rate. Eqs. (40) and (41) can be nondimensionalized in the follow-
ing manner by defining characteristic time, tc and Thiele modu-

lus,  as  and , respectively.

(42)

(43)

Laplace transform of Eqs. (42) and (43) results in the following
equation in Laplace domain.

(44)

(45)

Applying symmetric boundary condition, the above coupled ordi-
nary differential equations can be solved to obtain Yp(x, s) and
Yb(s) using undetermined coefficient A(s).

(46)

Since it is very difficult to obtain the inverse Laplace transform for
a general value of Biot number, the result for Bi was only con-
sidered in this article. For this case, the convective boundary con-
dition can be simplified as Yp(1, s)=Yb(s) in Laplace domain,
yielding the following equation of A(s).

(47)

Thus, Yb(s) can be determined completely as the following man-
ner, although the inverse transform may not be easily obtained.

(48)

The right hand side of the above equation can be rearranged to

apply infinite geometric series, since  is

always smaller than 3.

(49)

As approximate solution, the first and second terms of the above
equation can be considered as the most important contributions,

since  is quite small value in slurry-type reactor using dilute

suspension. Since the inverse transform of =

 can be obtained as 
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dt by convolution theorem, the approximate solution of yb()
can be calculated after applying s-shifting theorem [15,26]. The
integral term can be calculated by proper substitution of variable
and integration by part, yielding the following approximate solu-
tion, which can be applied to dilute particulate suspension.

(50)

In the above equation, the complementary error function can be
replacing the following approximate function [27].

(51)

Here, the values of constants such as c1, c2, c3, and c4 are 0.278393,
0.230389, 0.000972, and 0.078108, respectively.

In batch-mode photocatalytic reactor, light illumination is essen-
tial for generation of active components for decomposition of reac-
tant, as shown schematically in Fig. 8(a), and light illumination
time can be considered as reaction time, t, which can be calcu-
lated by multiplying characteristic time, tc with . tc can be deter-
mined based on physicochemical properties summarized in Table
4. Fig. 8(b) contains the transient bulk concentration (yb=Cb/C0) of
reactant as a function of reaction time, t according to various val-
ues of Thiele modulus such as =0.0102, 0.0204, and 0.0408. Since
reaction rate constant increased with increasing Thiele modulus,
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Fig. 8. (a) Schematic figure of batch-mode photocatalytic reactor containing porous catalytic particles. (b) Change of bulk concentration yb()
in slurry-type batch reactor containing spherical porous photocatalytic particles as a function of reaction time.  was adjusted as
0.0102, 0.0204, and 0.0408, respectively. (c) and (d) Change of average concentration inside spherical porous photocatalytic particle
(dotted line) as a function of dimensionless reaction time (), when  was adjusted as 3.5 and 4.5, respectively. yb() is also plotted for
comparison in each graph as solid line.

Table 4. Various parameters for the calculation of bulk concentration and average concentration of reactant inside porous spherical, long
cylindrical, or slab-type photocatalytic particles. The parameters written in bold character were adopted from literature

Shape R De kapp 

Sphere or cylinder 1.34 m 2.2767×1012 m2/s 0.0317 min1 0.0204125
Slab 1.34 m 2.2767×1012 m2/s 0.016 min10 0.0126000
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the decreasing rate of bulk concentration increased drastically, as
shown in Fig. 8(b).

In addition to bulk concentration, the approximate solution of
dimensionless concentration  inside spherical photocatalytic
particles can be also found by integrating the 3x2Yp(x, ) from x=0
to 1.

(52)

When =0, the first two terms from the above series solution can

be adopted for approximation of infinite series, since  is
quite small in diluted suspension.

(53)

In the above equation,  is quite

small, thus enabling additional approximation. By Applying s-shift-
ing theorem for nonzero-valued  and convolution theorem, the
following approximate solution can be obtained after proper inte-
gration.

(54)

Fig. 8(c) contains the transient behavior of bulk concentration,
which is compared to the change of average concentration of reac-
tant inside particles for =3. For prediction, the approximate solu-
tions of Eqs. (50) and (54) were adopted for small values of B=
5.2×105, which is reasonable for a diluted suspension in slurry-
type photocatalytic reactor. During the drastic decrease of the bulk
concentration from yb(0)=1,  increased from 0 to its maxi-
mum concentration due to inward flux of reactant from bulk to
the spherical porous photocatalytic particles, followed by decaying
of the reactant owing to the first-order irreversible reaction. After
the dimensionless reaction progressed sufficiently, the decaying
trend of  and yb() was similar, since depletion of the reac-
tant occurred simultaneously. When Thiele modulus,  increased
from 3 to 4.5, half-life of bulk concentration decreased drastically,
as displayed in Fig. 8(d). Since reaction rate is proportional to ,
maximum average concentration of reactant inside spherical pho-
tocatalytic particles also decreased with increasing value of .

The approximate solutions of transient concentrations are lim-
ited to the cases of large Biot numbers and diluted slurry-type pho-
tocatalytic reactor. Though more accurate solutions can be obtained
numerically, insights on physicochemical phenomena related to
reaction-diffusion can be provided from the solutions as formu-
lated form such as Eqs. (50) and (54).
4. Analytical Solutions of Transient Concentration in Slurry-
type Batch Photocatalytic Reactor Containing Spherical Porous
Photocatalytic Particles from Coupled Differential Equations

When Biot number is very large (Bi), Eqs. (44) and (45) can
be solved as the form of trigonometric functions using imaginary
number in Laplace domain, as shown in the following manner.

(55)

From the boundary condition shown in Eq. (44) at the particle sur-
face, A(s) can be determined in the following form.

(56)

Thus, Yp(x, s) and Yb(s) have the following form.

 and

(57)

Before inverse Laplace transform of Yp(x, s) and Yb(s), poles mak-
ing the denominator of Eq. (57) as 0 should be determined. For
this purpose, the following differential operator as matrix form can
be defined for coupled differential equations to get eigenfunction
Kn(x) and Dn.

(58)

After solving eigenvalue equation,  subject to bound-

ary conditions such as  and Dn=Kn(1), the eigen-

functions can be derived as  and Dn=sin(n). From
Eq. (58), the following equation can be obtained to calculate the
eigenvalues, n, which are defined as n

2=n
22.

(59)

The above transcendental equation can be solved numerically by
Newton-Raphson method or graphically for necessary values of

, which is adjustable for operation of as slurry-type pho-
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carried out from the poles such as  or s=2 to get
the following exact solutions for spherical porous photocatalyst in

n   i s    
2

Table 5. Eigenvalues n for various values of B=  of coupled differential equations of batch-mode photocatalytic reactor in spherical
coordinates

B 1 2 3 4 5 6 7

1.73×105 3.142 6.283 09.425 12.566 15.708 18.850 21.991
0.1 3.232 6.330 09.456 12.590 15.727 18.865 22.005
0.3 3.383 6.420 09.518 12.637 15.765 18.897 22.032

0.519 3.516 6.510 09.583 12.687 15.806 18.931 22.061
0.74 3.624 6.593 09.646 12.737 15.846 18.965 22.091
0.9 3.690 6.649 09.689 12.771 15.875 18.965 22.112
3 4.102 7.105 10.110 13.143 16.201 19.277 22.368

30 4.445 7.641 10.786 13.914 17.036 20.153 23.269
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Fig. 9. (a) Change of average dimensionless concentration of reactant inside spherical porous particle in slurry-type batch reactor as a func-

tion of dimensionless reaction time (), when  is fixed as 1.02. During calculation using exact solution, B=  was adjusted as

1.73×105, 0.519, 3, and 30. (b) Change of dimensionless bulk concentration, yb() in slurry-type batch photocatalytic reactor contain-
ing spherical porous photocatalytic particle as a function of dimensionless reaction time (), when  was fixed as 1.02. During calcula-

tion using exact solution, B=  was adjusted as 1.73×105, 0.519, 3, and 30. (c) and (d) Unsteady effectiveness factor in spherical
porous photocatalytic particle as a function of Thiele modulus () calculated by exact and approximate mathematical solution, respec-

tively. B=  was adjusted as 1.73×105. In inset figure of Fig. 8(d), yb() in spherical porous particle was compared using
approximate and exact solutions.
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tocatalytic batch reactor, as shown in Table 5.
By applying residue theorem, inverse Laplace transform can be
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batch-mode reactor.

(60)

(61)

 is the average concentration inside spherical porous parti-

cle, which is defined as  in spherical coor-

dinate.
Since eigenvalues are not necessary for calculation, approximate

solutions are convenient for prediction of concentration inside spheri-
cal porous particles or bulk transient concentration, though the
mathematical solutions are composed of complicated functions.
However, it is inevitable to accept the accuracy of calculation from

the approximate solutions depending on the value of B= .
Thus, exact solutions in Eqs. (60) and (61) were adopted to inves-
tigate the effect of B on the concentrations, as displayed in Fig. 9.
The maximum concentration of reactant inside spherical particles
decreased drastically with increasing value of B, since concentrated
suspension enhances the catalytic effect for the removal of reac-
tant, as shown in Fig. 9(a). Similarly, transient bulk concentration
also decreased with increasing value of B, since the mass flux from
bulk fluid to particle surface as well as catalytic effect increased for
removal of reactant, as displayed in Fig. 9(b).

In spherical porous particles, unsteady effectiveness factor, 

defined as , is plotted in Fig. 9(c), based on the cal-

culation results of exact mathematical solution in this section. Here,
ri and ri, s denote actual reaction rate inside particles and reaction
rate assuming the particles are filled with reactant with surface con-
centration. The effectiveness factor in spherical porous particles is
plotted in Fig. 9(c) for three different values of dimensionless reac-
tion time, =0.3, 1, and 5. When reaction time was fixed, effective-
ness factor decreased with increasing Thiele modulus (), indicating
that increasing diffusion length caused diffusional resistance inside
pores. As reaction time increased, this trend became more severe
due to depletion of reactant and decreased reaction rate in first-
order irreversible reaction. For comparison, the effectiveness fac-
tor calculated from approximate solution in previous section is
shown in Fig. 9(d) from =0.01 to 0.3. When reaction time increased
to =0.3, the effectiveness factor became larger than 1 for small value
of Thiele modulus (), implying that it is difficult to apply the
approximate solutions in the previous section for small value of .
However, the approximate solution of yb() agreed well with the
exact solution for small value of Thiele modulus (=0.0204), as
compared in inset graph of Fig. 9(d).

Fig. 10 contains the effect of porosity (p) on bulk concentration

inside reactor. Because the change of porosity affects the change of

B= , it is necessary to evaluate eigenvalues, n, depending
on the values of p. For these calculations according to Eq. (59),

 was assumed as 1, while porosity was adjusted from 0.1 to
0.9, and the resulting values of eigenvalues are summarized in Table
5. When Thiele modulus was relatively small (=0.2), decreasing
rate of bulk concentration increased drastically with increasing value
of porosity, as shown in Fig. 10(a). In this case, particles with large
porosity (p=0.9) were much more effective than less porous parti-
cles (p=0.1), since larger surface area for mass transfer to inner
region of particles as well as more space for catalytic reaction inside
particles can be provided from more porous particles. However,
the dependency of bulk concentration became less important, when

yp     
  

2
 exp

1 
mp/p

V
--------------p

--------------------------   
  n

2
     exp

3
2
--

mp/p

V
--------------p 
 

2
  

3
2
--

mp/p

V
--------------p 
    

n
2

6
-----

-------------------------------------------------------------------------

n1





yb     
  

2
 exp

1 
mp/p

V
--------------p

--------------------------   

mp/p

V
--------------p  n

2
    exp

3
2
--

mp/p

V
--------------p 
 

2
  

3
2
--

mp/p

V
--------------p 
    

n
2

6
-----

-------------------------------------------------------------------------

n1





yp  

yp      3 x2yp x,  dx
0

1



mp/p

V
--------------p

   

4r2ridr
0

R



4
3
--R2ri, s

---------------------

mp/p

V
--------------p

mp/p

V
--------------

Fig. 10. (a) and (b) Change of dimensionless bulk concentration,
yb() in slurry-type batch photocatalytic reactor containing
spherical porous photocatalytic particle as a function of
dimensionless reaction time (), when Thiele modulus, 
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using exact solution, porosity (p) was adjusted as 0.1, 0.3,

0.74, and 0.9.  was fixed as 1.
mp/p

V
--------------



Effect of Biot number on unsteady reaction-diffusion phenomena and analytical solutions of coupled governing equations 1851

Korean J. Chem. Eng.(Vol. 37, No. 11)

Thiele modulus increased as relatively larger value (=1.2), as dis-
played in Fig. 10(b). Because highly porous aerogel particles can be
synthesized as titania material, photocatalytic particles with high
porosity can be potentially adopted in purification system [28].
5. Analytical Solutions of Transient Concentration Using Cylin-
drical Porous Photocatalytic Fibers in Slurry-type Batch Pho-
tocatalytic Reactor from Coupled Differential Equations

In addition to spherical porous catalytic particles, cylindrical parti-
cles were also examined to predict transient concentration in bulk
phase and inside the particles from the coupled differential equa-
tions shown in Equations from (40) to (43). In cylindrical coordi-
nates, the following coupled differential equation can be obtained
after non-dimensionalization, assuming infinitely long cylindrical
particles with negligible capping effect.

(62)

(63)

Assuming very large value of Biot number (Bi), the following
Laplace transform can be carried out.

(64)

(65)

The above equations can be solved in Laplace domain using undeter-
mined coefficient A(s) and Bessel functions.

(66)

From the boundary condition shown in Eq. (64) at particle surface,
A(s) can be determined to obtain Yp(x, s) and Yb(s) as the follow-
ing form.

 and

(67)

To apply residue theorem for inverse Laplace transform of Yp(s, x)
and Yb(s), poles should be determined. To this end, the following
operator for coupled differential equations is required to obtain
eigenfunction Kn(x) and Dn.

(68)

The eigenvalue equation,  can be solved assuming

proper boundary conditions such as  and Dn=

Kn(1) to obtain the eigenfunctions as Kn(x)=J0(nx) and Dn=J0(n).
The eigenvalues, n, which are defined as n

2=n
22 can be deter-

mined from Eq. (68) as the following equation.

(69)

The above nonlinear algebraic equation can be solved graphically

after fixing the value of  as operating conditions of slurry-
type photocatalytic batch reactor and plotting the left-hand side of
the equation to find intersection points from horizontal axis. Table
5 contains a list of eigenvalues as an example.

For inverse Laplace transform of Eq. (67), the substitution, n=

 can be adopted to determine the following transient con-
centrations.

(70)

(71)

During derivation of Eq. (70), A slurry-type photocatalytic reactor

using diluted suspension with small value of  was assumed
to obtain an approximate solution. The average concentration inside
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Table 6. Eigenvalues n for various values of B=  of coupled differential equations of batch-mode photocatalytic reactor in cylindri-
cal coordinates

B 1 2 3 4 5 6 7

1.73×105 2.405 5.520 08.654 11.792 14.931 18.071 21.212
0.173 2.537 5.582 08.693 11.821 14.954 18.090 21.228
0.519 2.744 5.697 08.771 11.878 15.000 18.128 21.260

3 3.353 6.248 09.215 12.239 15.300 18.384 21.482
30 3.769 6.902 10.009 13.110 16.209 19.307 22.405
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particles,  was obtained from the definition of average con-

centration in cylindrical coordinates, .

Table 6 contains the eigenvalues, in which  was adjusted

as 1.73×105, which is necessary value to calculate transient con-
centrations of reactant in diluted suspension as a function of reac-

tion time. When the value of  was smaller than 1.73×102,
the eigenvalues were maintained as similar values summarized in
Table 6. Using these eigenvalues and the mathematical solution in
Eq. (71), yb() was plotted assuming that physicochemical proper-
ties of cylindrical porous titania microfibers can be found from
Table 4, except variable Thiele modulus . In Fig. 11(a), the change

of bulk concentration, yb() is plotted as a function of reaction time
for three values of Thiele modulus such as =0.0102, 0.0204, and
0.0408. As Thiele modulus increased, the rate of photocatalytic
decomposition reaction increased, causing rapid reduction of reac-
tant concentration in bulk fluid, as shown in Fig. 11(a). Fig. 11(b)
displays the change of average dimensionless concentration of reac-
tant inside cylindrical porous particles, , which was calcu-
lated from the approximate solution in Eq. (70), as a function of
reaction time for =0.0102, 0.0204, and 0.0408. As Thiele modu-
lus decreased, increasing rate of  to its maximum value be-
came slower due to decreased reaction rate for depletion of reac-
tant. On the contrary, maximum value of  decreased with
increasing value of Thiele modulus, as shown in Fig. 11(b). Regard-
less of the value of the Thiele modulus, the concentration of reac-
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Fig. 11. (a) Change of bulk concentration yb() in slurry-type batch reactor containing cylindrical porous photocatalytic particles as a func-

tion of reaction time.  was adjusted as 0.0102, 0.0204, and 0.0408, respectively. B=  was assumed as small value like

1.73×105 in diluted suspension. (b) Change of average concentration of reactant inside cylindrical porous particles as a function of

dimensionless reaction time.  was adjusted as 1.02, 2.04, and 4.08, respectively. B=  was assumed as small value like

1.73×105 in diluted suspension. (c) Change of average dimensionless concentration of reactant inside cylindrical porous particle as a
function of dimensionless reaction time (dotted line). For comparison, change of bulk concentration, yb() is also plotted in the same

graph as solid line.  was assumed as 2.04 and B=  was fixed as 1.73×105 in diluted suspension. (d) Change of bulk concen-
tration yb() in slurry-type batch reactor containing cylindrical porous photocatalytic particles as a function of reaction time.

B=  was adjusted as 0.173, 0.519, 3, and 30, respectively, while  was fixed as 1.02.

mp/p

V
--------------p

mp/p

V
--------------p

mp/p

V
--------------p

mp/p

V
--------------p



Effect of Biot number on unsteady reaction-diffusion phenomena and analytical solutions of coupled governing equations 1853

Korean J. Chem. Eng.(Vol. 37, No. 11)

tant decreased to zero after the reaction progressed sufficiently. For
comparison, the transient bulk concentration, yb() is plotted with

 in Fig. 11(c). In the initial stage of reaction, mass transfer
between bulk phase to particles occurred due to the concentration
difference between fluid and solid phases. However, reactant con-
centration inside particles decreased after its maximum value,
implying that depletion rate of reactant became dominant over
inward flux of reactant material to the particles.

In addition to Thiele modulus, the bulk concentration of reac-
tant during photocatalytic decomposition reaction can be adjusted

by changing the value of  (noted as B inside the graph),
as displayed in Fig. 11(d). Since the bulk concentration shown in
Eq. (71) is an exact solution, it is applicable to any value of

, if eigenvalues n are known, as shown in Table 6. By in-
creasing the suspended amount of particulate materials inside batch-

mode reactor as increasing value of , the adsorbed amount
of reactant on the surface of the catalytic materials will be in-
creased, causing faster decrease of the bulk concentration of reac-
tant under fixed value of Thiele modulus =1.02 during light illu-
mination time. This affected the concentration decrease in the
early stage of reaction, as displayed in Fig. 11(d).

The approximate solution shown in Eq. (70) is applicable to

diluted suspension ( <<1). For very concentrated suspen-
sion, another approximate solution can be obtained as the following

form, which can be applied to another limiting case, >>1.

(72)

Since the above equation was obtained during residue calculation

by applying >>1, it was applied to predict the transient aver-

age concentration inside particles when B=  was fixed as
30, as shown in the graph of Fig. 12(a). For three different value of
Thiele modulus =0.204, 1.02, and 2.04, the maximum average
concentration was calculated as quite small values, since concen-
trated suspension was used to remove contaminant (reactant) by
first order irreversible reaction.

By matching the approximate solutions in Eqs. (70) and (72),
an exact solution inside porous cylindrical particle can be deduced
in the following manner, which can be confirmed by Laplace trans-
form yielding Eq. (67).

(73)

Fig. 12(b) contains unsteady effectiveness factor, ,

which is defined as the ratio of actual reaction rate inside porous
cylindrical particles to the rate of reaction when reactant concen-
tration is maintained as surface concentration. Here, ri and ri, s

denote the reaction rate of reactant inside particles or particle sur-
face, respectively. As shown in Fig. 12(b), the effectiveness factor
decreased with increasing value of Thiele modulus (), implying
that diffusion resistance inside porous particles became significant.
With increasing reaction time, the decreasing rate of effectiveness
factor became faster, indicating that contribution of the reaction
became less important, since reaction rate is proportional to the
concentration of reactant concentration in first-order reaction, which
decreased with increasing reaction time.
6. Analytical Solutions of Transient Concentration Using Slab-
type Porous Photocatalytic Fibers in Slurry-type Batch Pho-
tocatalytic Reactor from Coupled Differential Equations

In addition to spherical or cylindrical porous particles, analyti-
cal solutions of transient concentration were obtained in rectangu-
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Fig. 12. (a) Change of average dimensionless concentration of reac-
tant inside cylindrical porous particle as a function of dimen-
sionless reaction time.  was adjusted as 0.204, 1.02, and

2.04, respectively. B=  was assumed as large value
like 30 in concentrated suspension. (b) Unsteady effective-
ness factor in cylindrical porous photocatalytic particle as a

function of Thiele modulus (). B=  was assumed

as small value like 1.73×105 in diluted suspension.
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lar-shaped particles as the final topic in this article. In slab-type
porous catalytic particles suspended inside batch photocatalytic reac-
tor, the following governing equations can be derived from mate-
rial balance as coupled differential equation.

(74)

(75)

After Laplace transform of the above equations, concentration inside
slab-type particles and bulk phase can be obtained as the follow-
ing forms in Laplace domain.

 and

(76)

For inverse Laplace transform of the above equations by residue
theorem, the following eigenvalue problems can be defined to obtain
poles.

(77)

The eigenfunctions satisfy the eigenvalue equation, 
can be found as Kn(x)=cos(nx) and Dn=cos(n) by applying bound-

ary conditions such as  and Dn=Kn(1). Thus, eigen-

values, n, defined as n
2=n

22 can be found by solving the fol-
lowing nonlinear equation.

(78)

In Table 7, the value of n for B=  is summarized, since
eigenvalues are necessary to predict transient behavior inside
batch-type photocatalytic reactor. After inverse Laplace transform,
the following mathematical solutions can be obtained for slab-type
photocatalytic particles.

(79)
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Table 7. Eigenvalues n for various values of B=  of coupled differential equations of batch-mode photocatalytic reactor in cartesian
coordinates

B 1 2 3 4 5 6 7

1.73×105 1.571 4.712 7.854 10.996 14.137 17.279 20.420
0.519 1.845 4.820 7.919 11.043 14.174 17.309 20.446
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Fig. 13. (a) Change of average dimensionless concentration of reac-
tant inside porous particle with spherical, cylindrical, and
slab-type morphologies as a function of dimensionless reac-

tion time.  and B=  were fixed as 1.02 and 0.519,
respectively, for three types of particles. (b) Change of dimen-
sionless bulk concentration of reactant in batch-type photo-
catalytic reactor containing porous particle with spherical,
cylindrical, and slab-type morphologies as a function of

dimensionless reaction time.  and B=  were fixed
as 1.02 and 0.519, respectively, for three types of particles.
Inset figure contains the magnified graph for initial stage
of reaction.
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(80)

For comparison, the average concentration of reactant inside porous
catalytic particles with spherical, cylindrical, and slab-type mor-
phologies is plotted in Fig. 13(a). The overall behavior of 
was predicted as highest concentration inside spherical particle,
whereas the lowest concentration was calculated inside slab-type
particle. Since diffusional flux from bulk to particle surface is pro-
portional to surface-to-volume ratio, the largest inward transport
of reactant can be expected in a spherical particle, increasing the
value of reactant concentration, compared to other types of parti-
cles, as shown in Fig. 13(a). On the contrary, rapid decreasing rate
of bulk concentration, yb() in batch reactor containing spherical
porous photocatalytic particles was observed from mathematical
calculation, compared to other types of particles as shown in Fig.
13(b), since diffusion flux from bulk to surface of spherical parti-
cles is faster than that of catalytic particles with different morphol-
ogy. Thus, it can be concluded that spherical porous photocatalytic
particles are the most advantageous for fast removal of reactant in
batch reactor, although the reaction order in bulk phase is the
same for all kinds of particles.
7. Analytical Solutions of Transient Concentration using Slab-
type Porous Photocatalytic Fibers in Slurry-type CSTR Pho-
tocatalytic Reactor from Coupled Differential Equations

Since continuous operation of water treatment system is avail-
able, a CSTR reactor can be more practical compared to batch-
mode photocatalytic reactor. Fig. 14(a) contains a schematic figure
of photocatalytic CSTR reactor. In the outlet stream, a filter for
excluding photocatalytic particles was assumed, whereas pure con-
taminated feed stream was supposed without particulate materi-
als. Photocatalytic particles were considered as suspended only
inside the eactor. Due to inlet and outlet flow surrounding CSTR
reactor, material balance equations become more complicated
than the results from batch reactor, in the following manner. For
convenience, slab-type particles were assumed as photocatalytic
material during derivation of the governing equations.

(81)

(82)

Here, V and F are reactor volume and flow rate of reactant, respec-
tively. V/F is retention time of reactant inside CSTR reactor, which
is also called as space time, s. After non-dimensionalization, the
following coupled differential equations can be derived.
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Fig. 14. (a) Schematic figure of photocatalytic CSTR reactor con-
taining porous catalytic particles. (b) Change of dimension-
less bulk concentration of reactant in slurry-type photo-
catalytic reactor (CSTR) containing slab-type porous parti-
cle as a function of dimensionless reaction time. For com-
parison, the bulk concentration in batch reactor under the
same reaction conditions is also plotted in the same graph

as dotted line. For calculation,  and B=  were fixed

as 0.0126 and 1.73×105, respectively, while space time was
fixed as 120 minutes. (c) Change of steady-state concentra-
tion, yb, s in photocatalytic CSTR reactor containing slab-
type porous particles as a function of space time in photo-
catalytic CSTR reactor.
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(83)

(84)

Sine Eq. (84) is nonhomogeneous, it is convenient to separate the
bulk concentration as the summation of transient and constant
value, yb()=yb

t()+yb, s. If the following ordinary differential equa-
tion is set for yb

t(), it is easy to determine yb, s as 1/(1+ks).

(85)

For convenience, the boundary condition at x=1 in Eq. (83) can
be changed as yp(1, )=yb

t()+yb, s After Laplace transform, the above
coupled differential equations can be solved as the following results
for bulk concentration in Laplace domain.

(86)

To find the inverse transform of Yb(s) by residue theorem, poles such
as sn=n

22 can be found by estimating the roots satisfying the
following transcendental equation, which is the same for s.

(87)

Table 8 contains the numerical values of poles for various values of

space time, s, when B=  was fixed as 1.73×105 in diluted
suspension. When space time changed from 120 to 720 minutes,
the value of 1 changed slightly, whereas other poles remained as
almost the same values.

By applying residue theorem from poles such as sn=n
22 and

s= , the bulk concentration inside CSTR reactor can be

predicted as the following complicated equation after convolution
integration.

(88)

Fig. 14(b) contains the change of bulk concentration of reactant,
yb() in CSTR reactor (solid line), when space time s was fixed as
120 minutes, while B and  were fixed as 1.73×105 and 0.0126,
respectively. Under the same values of B and , change of bulk
concentration of reactant in batch-mode reactor is also plotted as
dotted line in the same graph. Since fresh wastewater contained
dye molecules with constant concentration toward CSTR reactor,
complete removal of reactant was not possible, whereas reaction
conversion reached to almost 100% in batch-mode reactor after
5 hours. Since only limited amount of reactant should be treated
in a batch reactor, complete removal of toxic dyes was possible,
based on the prediction results of coupled differential equations.

To increase reaction conversion from CSTR reactor, three meth-
ods can be adopted. As the first way, photocatalytic particles can
be replaced with other materials having larger photocatalytic activ-
ity. Secondly, the amount of photocatalytic materials can be in-
creased to enhance the decomposition rate of reactant. Finally,
space time can be also extended by decreasing feed rate of reac-
tant, which is equal value with drain rate of treated water flow
from reactor. In this article, the third way was briefly studied by
investigating the effect of space time on steady state value of bulk
concentration in CSTR reactor. In the limit of infinite dimension-
less reaction time () in Eq. (88), the steady-state bulk con-
centration, yb, s, can be determined from the following equation.

(89)
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Table 8. Poles n for various values of space time s of coupled differential equations of CSTR photocatalytic reactor in cartesian coordinates
s ks 1 2 3 4 5 6 7

120 min 01.92 0.00289 1.571 4.712 7.854 10.996 14.137 17.279
240 min 03.84 0.00200 1.571 4.712 7.854 10.996 14.137 17.279
360 min 05.76 0.00170 1.571 4.712 7.854 10.996 14.137 17.279
480 min 07.68 0.00140 1.571 4.712 7.854 10.996 14.137 17.279
600 min 9.6 0.00129 1.571 4.712 7.854 10.996 14.137 17.279
720 min 11.52 0.00121 1.571 4.712 7.854 10.996 14.137 17.279
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The predicted value of steady-state bulk concentration, yb, s inside
CSTR reactor in Fig. 14(b) was about 0.33, which coincided well
with the calculated value from Eq. (89).

Fig. 14(c) contains the change of yb, s, as a function space time s.
By increasing space time from 120 to 720 minutes, the final steady
state concentration of reactant could be reduced from 33 to 7.9%
with respect to concentration of reactant in inlet flow. However,
the start-up period can be prolonged to reach the steady-state con-
centration, when space time is increased to several hours.

For more complicated shapes such as spherical or cylindrical
porous particles, the modeling and calculation for CSTR reactors
are underway for future works. The comparison with the results
from slab-type photocatalytic particles will be treated in the next
paper, including other types of reactors such as packed bed or
recycle reactors.

As remaining issues, our solutions obtained by considering Biot
number for different geometries can be compared with numerical
solutions to investigate the origin of discrepancies. After founda-
tion of the measurement method of Biot number, experimental
results can be also compared with the analytic and numerical solu-
tions to inspect the theoretical treatment of reaction-diffusion equa-
tion. Numerical solutions of the coupled differential equations in
this study can be also compared with our approximate solutions
for various parameters to establish the reliable conditions of the
approximate solutions. Upgraded version of analytical or approxi-
mate solutions can be also found for more complicated systems
with time-dependent rate constant for reflection of catalyst deacti-
vation. All these topics are underway for future researches.

CONCLUSIONS

Unsteady reaction-diffusion equation with irreversible first order
reaction was solved by eigenfunction expansion method for spher-
ical porous catalytic particles subject to convective boundary con-
dition on particle surface, assuming exponentially decaying bulk
concentration. The mathematical solutions are applicable to any
arbitrary values of the Biot number, which can be changed accord-
ing to various situations in experimental systems. The concentra-
tion profile as well as average concentration inside the spherical
porous particles could be obtained as a function of position inside
particle or reaction time, respectively, by adjusting several parame-
ters such as Thiele modulus and Biot number. Laplace transform
could be also applied to solve the reaction-diffusion equation in
cylindrical coordinates to predict the concentration profile or aver-
age concentration inside infinitely long cylindrical porous cata-
lytic particles. Since the solution was also applicable to any value of
Biot number, the general solution was more advantageous com-
pared to our previous researches. With increasing value of Biot
number, the concentration inside cylindrical particles increased
due to the decrease of external mass transfer resistance, which en-
hanced mass transfer from bulk fluid phase to the particles. Simi-
lar results could be obtained from mathematical solution of slab-
type porous catalytic particles subject to exponentially decaying
bulk concentration of reactant, which was obtained by eigenfunc-
tion expansion method. As an application, the cylindrical porous
particles were synthesized as macroporous titania fibers, and methy-

lene blue was removed from aqueous medium by photocatalytic
decomposition mechanism. The measured values of reactant con-
centration in water were compared with average concentration
inside the cylindrical particles and by assuming different values of
Biot number and porosity to tortuosity ratio of the particles.

In addition to reactant concentration inside particles, the tran-
sient behavior of bulk concentration could be also calculated by
solving coupled differential equations, which are adequate to slurry-
type photocatalytic reactor operated as batch mode. Laplace trans-
form could be applied to approximate solutions of bulk concentra-
tion in batch reactor containing spherical, cylindrical, or slab-type
porous catalytic particles. Factors affecting transient bulk concen-
tration were also elucidated by adjusting reaction parameters such
as Thiele modulus and the concentration of catalytic particles or
volume of reactor. Reactant concentration inside catalytic particles
as well as unsteady effectiveness factor could be also predicted as
approximate manner during inverse Laplace transform to compare
the transient behavior with change of bulk concentration. The
reactant in bulk phase and inside the catalytic particles could be
removed effectively by increasing Thiele modulus and the concentra-
tion of catalytic particles in batch-mode photocatalytic reactor. Since
surface-to-volume ratio of spherical porous particle is the largest
among three kinds of particle morphologies in this study, the most
rapid reduction rate of bulk concentration of reactant was observed
from the mathematical solutions under the same reaction condi-
tions, due to enhanced diffusional flux the of reactant to the parti-
cle surface. Effect of porosity of photocatalytic particles on removal
of reactant in batch photocatalytic reactor was also studied, indi-
cating that removal rate became more faster with increasing porosity.

Although the mathematical solutions in this study can be applied
to wastewater treatment system in dye factory for removal of toxic
dye molecules by photocatalytic decomposition, it is useful to use
a CSTR reactor rather than batch mode reactor. In this study, the
bulk concentration in CSTR reactor containing slab-type photo-
catalytic particles was predicted by solving coupled differential
equation using inverse Laplace transform. According to the calcu-
lated formula of steady-state concentration of reactant, it could be
concluded that the increase of space time in CSTR reactor resulted
in the removal of reactant effectively.
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Derivation of Concentration inside Cylindrical Particles Sub-
ject to Exponentially Decaying Boundary Condition at Parti-
cle Surface

After applying the same initial and boundary conditions of spher-
ical particles to unsteady reaction-diffusion equation in cylindrical
coordinate, Laplace transform method can be applied to get tran-
sient solution, since it may not be complicated compared to eigen-
function expansion method. Since the catalytic particles are initially
empty, y(x, 0) vanishes from the following transform result.

(1)

Boundary condition at particle center and surface can be also trans-
formed to yield the following conditions in Laplace domain.

(2)

Here,  is the Laplace transform of time-dependent bulk con-
centration, yb(). Ordinary differential Eq. (1) in Laplace domain
subject to boundary conditions (2) can be solved to yield the fol-
lowing solution.

(3)

By applying residue theorem, the following transient solution in
cylindrical coordinate can be obtained from inverse transform of
the above equation [1].

(4)

To avoid imaginary number during calculation, the denominator

of the first term in the above equation should be 

, when 2 is smaller than a. Here, eigenvalue, n

satisfies the following transcendental equation.

nJ1(n)=BiJ0(n) (5)
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