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Abstract—This study investigated the problem of radiation effects on the flow heat and mass transfer of magnetohy-
drodynamic steady laminar Marangoni convection in the boundary layer over a disk in the presence of a linear heat
source and first-order chemical reactions. The governing partial differential equations of the disk model were estab-
lished and transformed to a series of ordinary differential equations via suitable self-similar transformations, which
were solved numerically by the shooting technique coupled with Runge-Kutta scheme and Newtons method. The
Marangoni number related to temperature and concentration was derived, the effects of the magnetic Hartmann num-
ber, Marangoni number, radiation number, heat source number and chemical reaction number related to velocity, tem-
perature, and concentration profiles were analyzed. The results demonstrate that the Hartmann number and
Marangoni number have significant impacts on the heat and mass transfer of the Marangoni boundary layer flow. The
temperature tends to increase with heat generation and decrease with heat absorption, and it exhibits a delay phenome-
non for significant heat generation cases. Negative/positive chemical reactions tended to increase/decrease the concen-
tration, similar to the effect of heat generation/absorption on the temperature.
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INTRODUCTION

Marangoni convection appears owing to variations in surface
tension on liquid-liquid or liquid-gas interfaces. The ubiquity of
Marangoni convection is easily recognized in various fields of sci-
entific research and engineering processes, such as growth and melt-
ing of semiconductor crystals, transmission of thin-liquid film, nu-
cleation process of bubbles, liquid bridging, laser surface remelting,
and material welding processing. For example, for liquid bridging,
surface tension on the liquid-gas interface makes the liquid surface
behave similarly to a thin elastic film, such that the surface mor-
phology of the liquid bridge can be maintained without collapse.
Arafune and Hirata [1] compared the interface velocities of ther-
mal Marangoni boundary layer and solutal Marangoni boundary
layer and concluded that the surface velocity of solutal Marangoni
convection (50-200 mmy/s) was about 3-5 times higher than that of
thermal Marangoni convection (20-40 mm/s). Cazabat et al. [2] pre-
sented the fingering instability of spreading of thin-liquid films in
the presence of Marangoni surface stress due to the temperature
gradient. In addition, the Marangoni effect exists in both micrograv-
ity and earth gravity, which has been well reflected in space-based
crystal growth experiments. Straub [3] also reported this finding
through boiling tests under microgravity. During the nucleation
process of bubbles, interface temperature and concentration along
the bubble surface will change, thus causing Marangoni convection
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around bubbles [4,5]. Parra et al. [6] used bifurcation techniques to
illustrate the effect of the Marangoni force on liquid bridging and
determined an analytical relationship between parameters, through
which variations of the maximum stable length could be predicted.
Studies have demonstrated that Marangoni flow plays a very im-
portant role during laser surface remelting [7,8]. In general, the flow
dynamics of a molten pool is driven by Marangoni force as well as
buoyancy. The difference is that the former is caused by inhomo-
geneous heating along the interface, whereas the latter is caused by
internal heat change [9]. Kim and Basu [10] investigated fluid flow
and thermal behavior of a weld-pool under four driving forces.
Their results revealed that electromagnetism and surface tension
along with droplets had important effects on transfer behaviors of
the weld-pool.

Liquid-gas or liquid-liquid interfaces can generate a dissipative
layer, known as the Marangoni boundary layer. Recently, the fun-
damental mechanism of the Marangoni boundary layer has been
broadly examined [11-13]. Christopher and Wang [4,5] first pre-
sented an estimated result of Marangoni convection around a vapor
bubble. Similarity solutions of velocity field and the temperature
field of Marangoni boundary layer flow caused by various imposed
temperatures were given numerically. Pop and coworkers [14-19]
investigated a series of characteristics of Marangoni boundary lay-
ers. Pop et al. [14] investigated the interaction between the thermal
Marangoni convection and solute concentration Marangoni con-
vection which can form along the surface. Chamkha et al. [15]
explored coupled Marangoni mixed convection of two immiscible
fluids in the presence of buoyancy effects as well as Marangoni
effects. Saleem et al. [16] further investigated the Marangoni con-



38 Y. Lin and M. Yang

vection problem by extending it to an open-ended cavity when
the energy of heated fluid was taken into account. Arifin et al. [17]
considered thermal Marangoni convection of immiscible nanoflu-
ids with three different nanoparticles under the assumption of a
strongly nonlinear power-law temperature gradient. Similarity trans-
formation techniques and the shooting method were applied to get
multiple (dual) solutions for the problem of Marangoni flow Navier-
Stokes (N-S) equation, when the flow is induced due to a tempera-
ture gradient along the interface. They further investigated the prob-
lem considering radiation and suction/injection parameters [18].
Sheremet and Pop [19] numerically investigated the steady Maran-
goni natural convection process of a nanofluid within a heated cubi-
cal enclosure, considering that Brownian diffusion and thermo-
phoresis were for the major slip mechanisms of nanoparticles.
Mudhaf and Chamkha [20] reported on the numerical solution of
thermosolutal Marangoni convection fluid flow. Based on the work
of Christopher and Wang [4,5], both thermal and solutal Maran-
goni parameters were applied and uniform Loren magnetic force
and linear chemical reaction process were considered. Later, they
obtained exact parsing solutions for the Marangoni problem with
Cardanos equations and Kummer’s confluent hypergeometric func-
tion [21,22]. Zhang et al. [23,24] developed the double-parameter
transformation perturbation expansion technique to scrutinize the
approximate analytical expansions for the magnetohydrodynamic
(MHD) thermosolutal Marangoni convection problem, in which
the assumptions of the uniform Lorenz magnetic effect and linear
chemical reaction process were held. Lin et al. [25-27] adopted the
shooting method adopted for numerical solutions of the thermo-
capillary Marangoni convection fluid flow problem. The fluid flow
of MHD non-Newtonian power law fluids driven by nonlinear tem-
perature gradient was explored [25]. Later; pseudo-plastic non-New-
tonian nanofluids with modified Fouriers heat transport process
driven by radiation were examined [26]. The influence of copper
water nanofluid particle shape on the Marangoni problem forced
by a classical exponential decline temperature was explored [27].
Jiao et al. [28,29] applied the homotopy analysis method (HAM)
to probe thermocapillary Marangoni flow and non-Fourier’s heat
transport of strongly non-Newtonian power law fluids. Using the
same method, Sheikholeslami and Ganji [30,31] analytically pre-
sented the influence of the Lorentz force on Marangoni convection
act of a copper-water nanofluid. Later, Sheikholeslami and Cham-
kha [32] examined the same problem in which the constitutive rela-
tionship of nanofluids was expressed by Buongiornos model. Aly
and Ebaid [33] obtained exact solutions for MHD Marangoni nano-
fluid flow driven by radiation effect using Laplace transformation.
Hayat et al. [34] scrutinized the impact of SWCNT (single-wall-
carbon-nano-tube) and MWCNT (multi-wall-carbon-nano-tube)
on the Marangoni boundary layer problem of viscous non-Newto-
nian fluid considering the radiation effect in the energy expression.
The mathematical model of fractional Maxwell fluid was estab-
lished to study unsteady Marangoni convection fluid flow and non-
Fourier heat transport by Zhao et al. [35] and a special fractional
Marangoni boundary condition was adopted.

Recently, Lin and Zheng [36] showed the velocity distribution
and temperature distribution for the Marangoni problem of cop-
per-water (Cu) nanofluid at the interface of a porous medium infinite
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disk by using the cylindrical polar coordinate system and the gen-
eralized von Karman transformation. They provided both analyti-
cal and numerical solutions. Later, Mahanthesh and coworkers
[37-39] explored the thermal transport behaviors of Marangoni
flow within nanofluids or Casson fluids. Mahanthesh and cowork-
ers [37] showed the influence of solar radiation on the Marangoni
problem across a flat interface utilizing a dusty nanoliquid driven
by classical exponential space-dependent heat generation and ab-
sorption using a two-phase dusty fluid model. They also analyzed
two-dimensional incompressible laminar Marangoni fluid flow of
Cu/water nanoliquid over an infinite disk [38]. Thereafter, they pre-
sented exponential space dependent heat source (ESHS) and cross
diffusion effects on MHD Marangoni boundary layer flow of a
non-Newtonian Casson fluid on an infinite disk, considering Joule
heating, viscous dissipation, and solar radiation.

Inspired by the aforementioned [36,38,39], we investigated the
heat and mass transfer of MHD steady laminar Marangoni bound-
ary layer fluid flow over a self-infinite disk. The thermal radiation
term, a linear first-order chemical reaction process, and linear heat
generation/absorption are considered. A series of suitable general-
ized Kdrmén transformations are applied to transform nonlinear
governing partial differential equations (PDEs) to a series of ordi-
nary differential equations (ODEs). Some important physical param-
eters, such as the radiation parameter and heat generation/absorption
parameter, the two important Marangoni parameters, are given
and discussed.

PHYSICAL MODELING AND SIMILARITY
TRANSFORMATIONS

Consider the steady, laminar, two-dimensional, MHD Maran-
goni driven fluid flow transport process of an incompressible, elec-
trically conducting fluid on a self-infinite disk. The fluid flow is
motivated by surface tension due to the temperature gradient as
well as concentration gradient. A linear heat source, a linear first-
order chemical reaction and a uniform magnetic field normal to
the interface disk are applied and the Hall effect is neglected [31,32].
Initially, the study fluid is stationary on the disk and the influence
of the gravity also is neglected. A physical schematic with cylindri-
cal polar coordinate system is established (Fig. 1). The Marangoni
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Fig. 1. Schematic of the physical system.
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interface effect is considered as a boundary condition in the fluid
flow modeling, which is different from the Boussinesq effect on the
flow. According to the above hypotheses, the governing equations
of the Marangoni boundary layer flow transport process can be
given by [23,36,38,39]
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along with the following boundary conditions:
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Here, U is the R-direction velocity and W is the Z-direction veloc-
ity. pand y represent fluid density and kinematic viscosity, respec-
tively. O represents electrical conductivity and B represents magnetic
induction. T is fluid temperature, C is concentration, & means the
thermal diffusivity, Q, denotes the linear heating generation/absorp-
tion coefficient, T,, denotes temperature of fluid within potential
flow area, which is a constant, and ¢, is the specific heat. D denotes
mass diffusivity, G, denotes chemical reaction process coefficient
(G>0 is the positive chemical reaction, ie., consumption of reac-
tants, Gy<O0 is the negative chemical reaction, ie., generation of
products) and C, denotes the concentration of fluid within the

potential flow area, which is also a constant. A and A" are constants.
st
3k 0Z

q, is radiative heat flux and it can be simplified as q,=—

by applying the Rosseland approximation. Here, k' and §" denote
the mean absorption coefficient and the Stefan-Boltzmann con-
stant. Under assumption of small temperature difference, the higher-
order terms are neglected and T* can be approximated as T'~4T.T—
3T [26,40]. We obtain the relationship between surface force and
temperature/concentration by the following assumed expression
[20-23]
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where, oy, 7 and 7y, are positive constants.
Introducing dimensionless variables:
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where, U, is unit velocity, R, is unit length, Re denotes Reynolds
number, y is the kinematic viscosity, and Sc and Pr denote the
Schmidt and Prandtl numbers. Substituting Egs. (8)-(11) into gov-

erning Egs. (1)-(4), the dimensionless equations are obtained.
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The boundary conditions (5)-(6) are converted into Egs. (16)-(17)
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Introducing the dimensionless generalized Karman similarity
variable and dimensionless number as
1
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where, Ha is Hartmann number, Nr is the radiation parameter, G
denotes the chemical reaction parameter, and Q denotes the heat
generation/absorption parameter. Ma; and Ma represent the ther-
mal Marangoni number and solutal Marangoni number, respec-
tively. Ma denotes the Marangoni number. Then, Eqs. (12)-(15) are
converted into Egs. (22)-(25):

2F(H)+H'(H=0, (22)
F'(H)=F (&) +H(OF()+HaF(9), @)
0'(H)= lf;r[zF(:) AH+H(HO(H)- QA1 (24)
#'()=Sc[2E(HHE) +H(HP(H+GH . (25)

The boundary conditions (16)-(17) are reduced as:
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Ma; M
F/(0)=— (P—arT + S—acc) ——Ma, H(0)=0, F(+0)=0, (26)
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Using the above dimensionless variables and generalized dimen-
sionless Karman similarity variable, the velocity, shear stress, tem-
perature, and concentration can be given as (assuming that (R,
Z,4) is any point in the flow field over the disk)

Zreul UARA Zreul
= 2
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Here, the dimensionless radial velocity and the dimensionless ver-
tical velocity are expressed by F(¢&) and H(&), respectively. F(¢)
denotes the dimensionless shear force. The dimensionless fluid tem-
perature and dimensionless concentration are defined by ¢(¢) and

A &), respectively.

NUMERICAL CALCULATION PROCESS

1. Simplification of Equations

The shooting technique combined with the Runge-Kutta method
and Newtons iteration scheme is used to achieve the goal of ob-
taining solutions of the simplified Egs. (22)-(25) together with the
corresponding boundary conditions (26)-(27). Therefore, the dimen-
sionless simplified ODEs are first transformed into a one-order
ODE boundary-value problem. Redefine F, &, and ¢"as [, ], and
L as follows:

H(H=-2F(&), F(H=1(9), T(H=F(&+H(HL(H)+HaF(&), (32)

0(&=19. ) (=1 ()
#()=L(), L()=Sc[2F(H A+ H(HL(H+GA )] (34
which satisfy the following new boundary conditions:
F(0)=—Ma, H(0)=0, F(c0)=0, (35)
A0)=1, &(x)=0, (36)
#0)=1, ¢()=0. (37)
Introducing the shooting parameters i, j, and / as
1(0)=1,J(0)=j, L(0) =L (38)

Table 1. Comparison of values of F(0), H(c), —

Egs. (32)-(36) are converted into Eqs. (39)-(44)
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2. Programming Approach

The boundary-value problem (25)-(28) can be solved numeri-
cally by the shooting technique combined with the Runge-Kutta
method and Newtons iteration scheme. The detailed process is as
follows:

(1) Provide initial values for the shooting parameters 1(0)=i,
J(0)=jo and L(0)=},

(2) Utilize the classical 4th-order Runge-Kutta technique to solve
problems (32)-(37) and denote the results as {H', F', I', &', J', &,
L.

(3) Present the test results as |F(0)| <5 |Ao0)|<& and |#w0)|<&
where ¢ represents the iteration accuracy. The iteration loop is
over as long as the calculated solutions of the step two satisfy the
test results, and {H', F', T', 8', ], ¢, L'} is the solution of the equa-
tions. If not, step three will be executed.

(4) Apply Newtons iteration scheme to modify the initial values:

Gy . . JGY) L(lY)
b=k Frya T B5G a T T BTy al,

(45)

Egs. (39)-(44) are used to obtain the items 0I(i)/0l, J(J,)/0ji, and
OL()/0), in fixed Eq. (45). Until the modified solutions of the step
two satisfy the test results, the steps one to three will be repeated.

6'(0) and — ¢'(0) for Ma=0.2, Pr=7.0, Sc=0.6, and Ha=Nr=Q=G=0

Ref. [36] (HAM) Ref. [36] (Numerical) RKF-45 [39] Present results
F(0) 0.307593 0.3073370 0.3074672 0.3073401
—H() 0.835982 0.8316574 0.8335362 0.8318683
-60) 242527 2428746 2.427856 2428761
- ¢'0) \ \ 0.5812643 0.5816996
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Table 2. Values of F(0), — #(0) and — ¢(0) for different values of Ha when Ma=5, Pr=0.78, Sc=0.6, and Nr=Q=G=0

Ha=0 Ha=1 Ha=2 Ha=3 Ha=4
F(0) 2.627829 2.411974 2.229207 2.074461 1.942790
-6'0) 2.015047 1.868791 1.734875 1.613323 1.503524
—$'0) 1.697931 1.566191 1.445839 1.337058 1.239492
Table 3. Values of F(0), — 8(0) and — ¢'(0) for different values of Ma 27- -
when Ha=0, Pr=0.78, Sc=0.6, and Nr=Q=G=0 \ Ma=35 Pr=078 5c=06
244\ Nr=0 Q=0 G=0
Ma=2 Ma=4 Ma=6 Ma=8 |\
F(0) 1.426633 2. 264629 2.967505 3.594877
-60) 1.485052 1.871173 2.142064 2.357737
—¢$'0) 1.253701 1.580705 1.810382 1.993387
L@.
ke,
RESULTS AND DISCUSSION

This work presents an MHD Marangoni driven fluid flow trans-
port problem over a disk with radiation effects, linear heat genera-
tion/absorption, and linear first-order chemical reaction. To verify
the accuracy and effectiveness of the present method, the results
for degradation (Ma=0.2, Ha=0, Nr=0, Pr=7.0, Q=0, Sc=0.6,
G=0) are presented with those in Refs. [36,39] in Table 1. A series
of tables and graphs were generated to illustrate the impacts of
various parameters on the Marangoni fluid flow problem.

Influences of Hartmann number and Marangoni number on
F(0), — 6(0), and — ¢(0) are shown in Tables 2 and 3, respectively,
when other physical parameters are fixed. Using the similarity trans-
formations and Egs. (29)-(31), we can get

U(O) = —}%Rn’ulF(O)’
Ry
_ _R, (GD _
NuX__TW—Tw 3 Z:O——Q(O),

RA (a_c
va_caoa Z=0

ShX:_ :—¢'(0),

where, F(0) is the dimensionless interface radial velocity, — &0) is
the local Nusselt number, and — ¢(0) is the local Sherwood num-
ber. From these tables, we can observe that F(0) decreases, while
—&0) and —¢(0) increase with increasing Hartmann number. How-
ever, F(0) increases, while — 80) and — ¢'(0) decrease with increas-
ing Marangoni number.

Figs. 2-6 show impacts of the Hartmann number Ha on vari-
ous dimensionless functions, such as radial velocity F(&), vertical
velocity H(), shear stress F(&), temperature &&), and concentra-
tion K& for Ma=5, Pr=0.78, Sc=0.6, and Nr=Q=G=0. In the
physical model, the existence of a magnetic field vertical to the
disk interface caused a drag-like force, which we call the Lorentz
force. The results indicate that the force typically slows down fluid
flow along the interface and increases fluid temperature and con-
centration simultaneously [20-22]. These figures show that as the
Hartmann number increases, the radial velocity, vertical velocity,
and shear stress decrease with increasing temperature and concen-

Fig. 2. Effects of the Hartmann number on F(&).
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Ma=5 Pr=0.78 Sc=06
Nr=0 Q=0 G=0
=254
20+ \> //f/’" -
-’.‘.\( o~ -
o [IX
15 \
X 1/
/?_(/}ﬂ/ \
04 W/ - )
ng Ha=0 1 2 3 4
'0.5_
wt+——r"—7——7T—7T—T 7T T T 7

Fig. 3. Effects of the Hartmann number on H(¢).

tration. These tendencies are in agreement with the role of the
magnetic field. Furthermore, the increase of the magnetic field
intensity leads to increases in temperature and concentration bound-
ary layers but a decrease in hydrodynamic velocity boundary layer.
These trends of the disk and previous conclusions for a flat sur-
face are similar (Mudhaf and Chamkha [20]).

Figs. 7-11 present influences of the Marangoni number Ma on
the above dimensionless function for Ha=0, Pr=0.78, Sc=0.6 and
Nr=Q=G=0. In the Marangoni driven boundary layer problem, the
Marangoni interface effect serves as a boundary-condition in fluid
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Fig. 5. Effects of the Hartmann number on &¢&).
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Fig. 6. Effects of the Hartmann number on ¢(&).
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Fig. 10. Effects of the Marangoni number on &¢).
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Fig. 11. Effects of the Marangoni number on ¢(&).

flow model PDEs. Marangoni flow over the disk is driven by a com-
bination of the interface temperature and concentration gradients.

Thus, the Marangoni number was derived as Ma= ST (Sec-

tion 2). Thus, the Marangoni number represents the interface
Marangoni driving force. Figs. 7-9 show that the location similarity
variable £ increases when the radial velocity as well as the shear
stress decrease. Furthermore, the values of the vertical velocity H(¢)
and shear stress F(&) are non-positive. The characteristics of the
Marangoni boundary layer problem are in good agreement with
these trends. In addition, it is significant that the vertical velocity
increases as the Marangoni number increases, which is contrary to
the trend of temperature and concentration. Furthermore, shear
stress and radial velocity in the outer part of the boundary layer
appear to decrease, whereas interface velocity and interface shear
stress increase as the Marangoni number increases. Accordingly,
the hydrodynamics, temperature, and concentration boundary
layer decrease with increasing Marangoni number. Furthermore,

10
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o.a-h\\
\
0.7 4 1\'\
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Fig. 12. Effects of the radiation parameter on &¢).
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Fig. 13. Effects of the heat source parameter (heat generation) on

9.

Fig. 7 shows that the range around &=0.7-1.1 can lead to intersec-
tions of F(¢&) in the near-surface region for the specified parameters.
Fig. 9 also shows that these intersections of F(&) can still occur
within the range around &~1.0-1.8 for the specified parameters.
Figs. 12-14 present influences of the radiation parameter Nr and
heat generation/absorption parameter Q on {¢) for Ma=8, Pr=
0.78, Sc=0.6, Ha=Q=G=0, and Ha=Nr=G=0, respectively. As the
radiation parameter increases, the dimensionless fluid tempera-
ture increases. In addition, the fluid temperature and temperature
boundary-layer increase as heat generation/absorption increases.
In the case of heat absorption (Q<0), the fluid temperature quickly
decreases from 1 to 0 and the rate of decline increases with enhanced
heat absorption. So, the decrease in fluid temperature is affected
by heat absorption. For heat generation (Q>0), the temperature
also generally decreases from 1 to 0 and the rate of decline de-
creases with enhanced heat generation, so the heat generation case
has an impulse to raise temperature. Furthermore, the temperature
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Fig. 15. Effects of the chemical reaction parameter (positive chemi-
cal reaction) on ¢(&).

distribution shows a delay phenomenon for cases of significant
heat generation. The temperature of the fluid initially increases with
& and then gradually decreases to zero after reaching a maximum.
The higher the value of heat generation/absorption, the higher the
maximum temperature.

Figs. 15-16 present the influence of the chemical reaction parame-
ter G on the dimensionless concentration ¢(&) for Ma=2, Pr=0.78,
Sc=0.6, and Ha=Nr=Q=0. Both concentration and thickness of
the concentration boundary-layer appear to increase with decreas-
ing chemical reaction. For the positive chemical reaction (G>0),
the concentration rapidly declines from 1 to 0 and the rate of decline
increases with enhanced positive chemical reaction. The positive
chemical reaction thus tends to reduce the fluid concentration. For
the negative chemical reaction (G<0), the concentration also gen-
erally declines from 1 to 0 and the rate of decline decreases with
enhanced negative chemical reaction: The negative chemical reac-
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Fig. 16. Effects of the chemical reaction parameter (negative chemi-
cal reaction) on ¢(&).

tion thus tends to increase the fluid concentration. Furthermore,
the concentration shows a delay phenomenon for cases of signifi-
cant negative chemical reaction. As £ increases, the concentration
of the fluid initially increases to its maximum value and then slowly
decreases to zero. The higher the value of chemical reaction, the
higher the maximum concentration.

CONCLUSIONS

This research presents radiation effects on the heat and mass
transfer of MHD Marangoni boundary layer flow over a disk. To
this end, thermal radiation effects, a linear heat source and a linear
first-order chemical reaction process were considered. A complex
problem was created and the N-S and thermal/solutal equations
were converted into an ordinary differential equations boundary-
value problem using suitable self-similar transformations. Further-
more, the Marangoni number related to temperature and concen-
tration was derived. The following conclusions can be drawn:

(a) As the Hartmann number increases, the velocity and shear
stress decrease, while temperature and concentration increase.

(b) As the Marangoni number increases, the interface radial
velocity and interface shear driven force increase, while tempera-
ture and concentration decrease.

(c) As the radiation effect increases, the temperature of the fluid
increases.

(d) Heat generation has a tendency to increase fluid temperature,
whereas heat absorption has the opposite tendency. Temperature
shows a delay phenomenon for cases of significant heat generation.

(e) Negative chemical reaction has a tendency to increase fluid
concentration, whereas positive chemical reaction reduces it. Con-
centration shows a delay phenomenon for cases with significant
negative chemical reaction.
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