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AbstractThis work presents an advanced and systematic approach to analytically design the optimal parameters of a
two parameter second-order internal model control (IMC) filter that satisfies operational constraints on the output pro-
cess, the manipulated variable as well as rate of change of the manipulated variable, for a first-order plus dead time
(FOPDT) process. The IMC parameters are designed to minimize a control objective function composed of the weighted
sum of the error between the process variable and the set point, and the rate of change of the manipulated variable, and to
satisfy the desired constraints. The feasible region of the constrained IMC control parameters was graphically analyzed, as
the process parameters and the constraints varied. The resulting constrained IMC control parameters were also used to
find the corresponding industrial proportional-integral controller parameters of a Smith predictor structure.
Keywords: Optimal IMC Control, Operational Constraints, Constrained Optimization, Analytical Design Approach,

Constraint Handling

INTRODUCTION

Robust control design has been of great interest in many research
fields, including chemical engineering, where processes are inher-
ently doomed to uncertainties [1,2]. Most chemical manufacturing
processes are controlled by proportional-integral-derivative (PID)
controllers. Although PID control is the most used control algorithm
in industry, the tuning of optimal PID parameters can sometimes
be a daunting challenge. The stability analysis of a classical PID con-
troller is even more demanding for a system with time delay. To over-
come this challenge, many researchers have developed other control
methods for time delay systems, based on the performance of a de-
sired closed-loop response. The direct synthesis (DS) method [3]
and the internal model control-PID (IMC-PID) tuning methods [4-
8] are two examples of such tuning method. The IMC-PID method
mainly focuses on the tuning of the PID parameters rather than the
design of the IMC parameters itself [9]. Its most attractive feature
is that it usually has only one tuning parameter instead of three for
the classical PID controller. The relation between the IMC parameter
and the PID controllers has largely been discussed in the above-
mentioned references, either for set point tracking or disturbance
rejection. However, little has been done when it comes to the choice
of the optimal IMC filter parameters. Unlike previous papers that
mainly focused on the design of the IMC-PID, we focus on the
design of the optimal parameters of a second-order internal model

control (IMC) filter that satisfies operational constraints on the out-
put process, the manipulated variable and the rate of change of the
manipulated variable, for the first-order plus dead time (FOPDT)
process. The choice of FOPDT system is motivated by the fact that,
for the sake of control system design, higher-order processes can be
successfully reduced to a standard FOPDT system that captures
most of the dynamics of industrial plants. For the simplification of
design of the IMC parameter, previous research about the IMC usu-
ally prefers to tune only one parameter. The guideline for choosing
this adjustable IMC parameter is usually roughly given in terms of
the process time constant and time delay, or selection of the parame-
ter is based on the desired level of robustness, measured by the peak
of the maximum sensitivity Ms [4]. Ghousiya et al. [10] graphically
presented the relation between the maximum sensitivity and the
filter parameter, for various type of systems. Zhao et al. proposed a
clear designing and parameter tuning approach of IMC-PID con-
troller for the first-order plus time-delay (FOPTD) process and the
second-order plus time-delay (SOPTD) process and used an ana-
lytically designed the filter parameter based on the maximum sen-
sitivity of the system [9]. One of the few papers based on the optimal
control of IMC parameter based on the integral square error per-
formance index is that of Kang Liu et al. [11]. The authors designed
the IMC parameter based on a performance index defined as the
integral square error (ISE) and the maximum of the complementary
sensitivity function. The performance index was graphically plot-
ted in terms of the filter parameter and the minimum of the perfor-
mance index was graphically found. The drawback in their method
is that the performance index did not include the variation of the
control law (manipulated variable), and also, graphical methods are
good for offline control computation, but for online control design,
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analytical method are highly desired.
It is also well-known that the tuning of a single IMC parameter

results in the inherent trade-off between small value of the param-
eter (faster response) and large value of the parameter (sluggish but
robust response), whereas a two parameter second-order IMC fil-
ter may bring about more design flexibility. In fact, the only benefit
of using a single parameter IMC instead of multi parameters is that
dealing with only one control variable is simpler than that having
multiple tuning variables. However, on the other hand, for control
robustness, having multiple control variables brings more degree
of freedom, hence, more flexibility to the control design and helps
reducing the unavoidable inherent tradeoff issue that exists in con-
trol system design. The single parameter IMC controller was long
preferred for its design simplicity. The present paper brings a new
contribution by removing the design complexity of a two parame-
ter IMC filter, by clearly addressing the design of the two optimal
filter control parameters, in a closed-form, getting rid of the time-
consuming burden brought about by the trial and error steps, and
with the additional benefit of satisfying all the operational constraints
imposed to the system. In the current paper, a two parameter sec-
ond-order IMC filter is designed based on the ISE performance
index, comprising the weighted sum of the error between set point
and process variable and the rate of change of the manipulated vari-
able subjected to operational constraints: maximum allowable pro-
cess variable, maximum allowable manipulate variable and maxi-
mum allowable rate of change in the manipulate variable. In this
way, two resulting IMC parameters will satisfy the minimization
of the process variable and manipulated variable, while satisfying
the system constraints.

PRINCIPLE OF THE IMC CONTROL

As stated by Riviera et al., the objective of the IMC controller is
to benefit from the ease and simplicity of an open loop controller
design, while retaining the benefits of a feedback system [4]. The
close loop transfer function of the system is shown in Fig. 1

(1)

(2)

where Y is the process variable, G the process transfer function, 
the plant model, q the IMC controller transfer function, Ysp the set

point, and D the output disturbance.
For servo system (D=0) and perfect model ( ), Eq. (1) is

reduced to

(3)

The objective of IMC for ideal tracking is to achieve Y=Ysp. To this
end, the product  in Eq. (3) should be equal to unity. So, the IMC
controller q should be the inverse of the plant model, . However,
we need to make sure that the controller is not only causal (i.e.,
proper), but also stable. Thus, the model needs to be factored as [4]

(4)

where PA contains all non-minimal (maximum) phase elements
of the plant model: any time delays and right-half plane zeros.
Besides, the steady state gain of PA, PA(0) should be equal to one, to
ensure no steady state for step reference or disturbance change. PM

contains all minimal phase elements of the plant model, the inverted
part of the model. The controller is chosen as

(5)

where f is the filter, designed to make the controller proper. Plug-
ging Eqs. (4) and (5) into the expression of Y and U in Eq. (3) yields

(6)

For an FOPDT with perfect model,

(7)

The factorization of Eq. (7) as suggested by Eq. (4) yields

(8)

The closed-loop transfer functions in Eq. (6) become

(9)

For design simplicity, it is a common practice to choose only one
single tuning filter parameter. However, for more design flexibility,

Y  
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----------------------------Ysp  
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Fig. 1. IMC structure for a general stable dynamic system with output disturbance.
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a general form of the filter f, for unstable processes, is usually under
the form [12],

(10)

where the m zeros of the filter, i are designed to cancel the m unsta-
ble poles of the process, while r is chosen large enough to make
the controller q=PM

1f proper/causal.  and  are the time constant
and the damping ratio of the filter, respectively. For simplification
purpose and focus on the designing of the constraint optimal con-
troller, the second-order filter selected in this study is as follows:

(11)

where 1>0 and 2>0 are two independent parameters. For the
sake of having some meaningful physical interpretation, the gen-
eral second-order filter in Eq. (11) can be converted into the fol-
lowing standard second order system:

(12)

where c is the filter time constant and  the filter damping ratio.
Eqs. (11) and (12) yield the following relations:

(13)

The objective of the paper is to design to coefficients 1 and 2 or
c and , such as that the control system is not only optimal, but also
satisfies all the constraints requirement on ymax, umax and u'max. Sub-
stituting the value of the filter in Eq. (12) into Eq. (9) yields

(14)

Since the delay term es that appears in Eq. (14) is in the numera-
tor, the control system can be designed using only the free part of
the system, and then the actual system including dead-time is same
as the dead-time free system, with a time shift that amounts to the
value of the dead-time. Let’s define the dead-time free system as,

(15)

For simplicity, the star (*) will be dropped on y in the remainder of
this paper, and the notation y will be considered as the dead-time
free part of the system.

PROBLEM FORMULATION

1. Formulation of Constrained IMC Optimal Control
After introducing the principle of the IMC controller in the

previous section, this section provides the formulation of the main

contribution of this paper. The main idea of the IMC parameters
design in this paper is to improve the previous design that where
roughly giving the filter parameter in terms of the plant parame-
ters and the dead-time of the system, based on the desired level of
robustness, measured by the peak of the maximum sensitivity Ms
[4]. In this paper, the IMC filter parameters are designed such that
the following performance index is minimized

(16)

subject to

(17-1)
(17-2)
(17-3)

where

(18)

To be able to analytically solve the optimum solution of the prob-
lem defined in Eqs. (16) to (18), the analytical solutions of the y(t),
u(t) and u'(t) are first derived and given in Appendix (A1) to (A3).
Eq. (17-1) is satisfied for every value of time if the peak value of
y(t), ypeak, is less or equivalent to maximum allowable value of the
process variable, ymax. Likewise, Eq. (17-2) is satisfied for every value
of time if the peak value of u(t), upeak, is less or equal to the maximum
allowable value of the manipulated variable, umax. The same reason-
ing can be made for Eq. (17-3). Therefore, Eqs. (17-1) to (17-3) can
yield the following constraints:

(19-1)
(19-2)
(19-3)

where

(20)

The functions g(), f(, c) and h(, c) are given in Appendices (B3),
(B6) and (B12), respectively. The exact solution of the performance
index (objective function) in Eq. (16) can be found as,

(21)

with

(22)

2. Constrained Optimal IMC Design
With the constraints on the process variable, manipulated vari-

able and the rate of the manipulated variable expressed in Eq. (19),
the objective function of the constrained optimal control problem
can be defined as follows:

L(c, , 1, 2, 3, 1, 2, 3)=+1(hh(, c)1
2) (23)

+2(gg()2
2)+3(f f(, c)3

2)

where 1>0, 2>0, 3>0 are the Lagrange multipliers and 1, 2,
3 are slack variables. The conditions essential for optimum results

f  
i1
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


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
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  c

2

2c
3

--------------

y
  
yYsp

2

4
-----------------; u'

u'Ysp
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are as follows:

(24)

(25)

(26)

(27)

(28)

(29)

Case A (1=2=3=0): The maximum point, ( †, c
†) is the global

optimum in this case, and is situated in the feasible region. By solv-
ing Eqs. (24) and (25), it can be obtained as,

(30)

The optimal values of the IMC parameters can be elaborated in terms
of 1 and 2 as follows:

(31)

Case B (1=2=3=0): The global optimum, ( *h, c
*h), is on the

active constraint, hh(, c). For h(, c)=  as defined in Eq. (B12-

1) in appendix, the optimal solution in this case can be obtained as,

(32)

Case C (2=1=3=0): The global optimum, ( *g, c
*g), is located

on the active constraint, gg()=0. Since the function g only de-
pends on , and g is a constant, the solution of gg()=0 is the min-
imum allowable damping ratio min of the IMC filter. ( *g, c

*g) can
be found by solving the following system of equations:

(33)

The minus sign in the expression of min in Eq. (33) means that, for
min to be a positive value, the argument of the logarithmic function
should be less than one, so the logarithm function becomes negative.

(34)

Substituting the expression of g in Eq. (20) into Eq. (34), Eq. (34)
yields the following condition:

(35)

The condition in Eq. (35) is a well-known condition: the peak of
the process variable is greater than the set point change and less
than two-times the amplitude of the set point change. This guar-
antees that min will always be a positive value.

Case D (1=2=3=0): The global optimum, ( gh, c
gh), is on

the peak point delimited by gg()=0 and hh(, c)=0. Solving
the following equations will provide the optimum solutions:

(36)

For h(, c)=  as defined in Eq. (B12-1) in the appendix, the opti-

mal solution in this case can be obtained as,

(37)

Case E (1=2=3=0): The global optimum, ( *f, c
*f), is placed

on the active constraint ff(, c). Solving the following equations
will provide the optimum solutions:

(38)

Case F (1=2=3=0): The global optimum, ( gf, c
gf), is on the ver-

tex point delimited by gg()=0 and f f(, c)=0. Solving the
following equations will provide the optimum solutions:

(39)

Case G (1=3=2=0): The global optimum, ( fh, c
fh), is on the

acme point delimited by hh(, c)=0 and f f(, c)=0. Solving
the following equations will provide the optimum solutions:

(40)

Remark: Since integrating systems could be considered as a subset
of FOPDT systems where both the process gain K and the process
time constant  with infinite values, the integrating system results can
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be easily derived from the results presented in this paper, by setting
both K and  to sufficiently large values.

RELATIONSHIP BETWEEN THE IMC STRUCTURE 
AND TYPE-C PI CONTROL STRUCTURE

A type-C PI controller, also known as I-P controller, is a modi-
fied type of PID controller in which the set point is removed from
the proportional term in order to avoid the initial quick on the
manipulated variable for a step change in the set point. A typical I-
P controller is represented in Fig. 2. This controller is integrated in
the Smith predictor structure and represented in Fig. 3.

The closed loop transfer function of the system in Fig. 1 can be
given as [13]

(41)

With

(42)

To find the relationship between the type-C PI controller and the
IMC parameters, their transfer function (closed loop) should be
equal as given below:

(43)

Eq. (43) yields

(44)

Eqs. (42) and (44) yield,

(45)

With the relation in Eq. (45), the Smith predictor diagram in Fig. 3
is equivalent to the IMC diagram in Fig. 1.

SIMULATION STUDY

Without loss of generality, the simulation in this paper was ob-
tained for the following FOPDT process:

(46)

Fig. 4 shows the seven feasible cases of the constraints or restric-
tion specifications. Depending on the constraint requirements in
Table 1, the site of the global optimum can be inside the favorable
region delimited by three restrictions (case A), on one active restric-
tion (cases B, C, or E), or on the intersection of two restrictions (cases
D, F, or G).
1. Time Responses Constraint Satisfaction

Figs. 5 and 6 display the feedback of the process variable, y(t),
the manipulated variable u(t) and rate of change u'(t), for the seven
possible cases listed in Table 1, for y=u'=0.5. As shown in the fig-
ures, the proposed IMC filter parameters not only yield the opti-
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Fig. 2. Feedback diagram of a servo type-C PI controller for a first-
order process.

Fig. 3. Smith Predictor plus type-C PI controller.
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mal responses, but strictly satisfy the ymax, umax and u'max constraint
specifications. Also, the Smith predictor parameters obtained from
the IMC parameters lead to the same responses as that of the IMC,
which proves the equivalency between the two structures, for the
FOPDT process.
2. Effect of the Constraint Specifications on the Feasible Region

For a given constrained optimization problem, it is necessary to
check the feasibility of a solution for any given constraint set before
attempting to actually solve the optimal control problem. Eq. (35)
show that the maximum allowable process variable, ymax, should
be greater than Ysp and less than 2Ysp. Eq. (A2) in the appendix
shows that the maximum feasible/desirable value of the manipu-
lated variable, umax should not be less than the steady state value of
the manipulated variable, Ysp/K, whereas Eq. (A3) shows that the
maximum feasible/desirable value of the rate of change of the manip-

ulated variable, u'max, can be chosen as smaller as possible, as long
as it is a positive value. Fig. 7 shows the trend of the restrictions
and viable region as the constraints specifications decrease. The con-
straints imposed by ymax in Eq. (19-1) lay a vertical line, the con-
straint imposed by u'max in Eq. (19-3) lay a horizontal line, whereas
the constraint imposed by umax in Eq. (19-2) is a curve shape in (, c)
space. As the ymax, umax and u'max specifications decrease, although
the feasible region delimited through these constraints narrows
down, the existence of feasible region is guaranteed, as long as the
basic constraint requirements are met: Ysp<ymax<2Ysp, umax>(Ysp/
K), and u'max>0.
3. Effect of the Process Parameters on the Extreme Point and
Feasible Region

The shape along with the location of the constraints in (, c)
space has an impact on the size of the feasible region with the vari-

Fig. 4. Contours of the objective function and constraints for the seven possible optimal cases.

Table 1. Constraint specifications and resulting optimal IMC and PI parameters

Example Case
Constraint specification IMC parameters PI parameters

ymax umax u'max  c Kc I

1 A 1.30 0.50 1.2 0.7246 0.3162 0.3583 0.3583
2 B 1.30 0.20 0.4 0.5477 0.5000 0.1191 0.2977
3 C 1.01 0.50 1.2 0.8261 0.3017 0.4476 0.4075
4 D 1.09 0.50 0.2 0.6083 0.7071 0.0721 0.3603
5 E 1.30 0.15 1.2 0.9948 0.3181 0.5254  0.5317
6 F 1.05 0.15 1.2 0.6900 0.4575 0.2016 0.4220
7 G 1.30 0.16 0.5 0.6310 0.4472 0.1822 0.3644
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Fig. 5. Time response of the process, manipulated and rate of change of the manipulated variable for case A to case D.

Fig. 6. Time response of the process, manipulated and rate of change of the manipulated variable for case E to case G.
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ation of the process operating parameters. Fig. 8 shows the varia-
tion of the extreme point and constraint curves with the process

gain, while Figs. 9 and 10 show the same curves as the time con-
stant varies. As per increment in process gain, K, the global opti-
mum of the IMC filter moves to a reduced left place in (, c)
space, the constraint by umax shifts to a lower position while stretch-
ing out, and the constraint by u'max slowly shifts down. The con-
straint by u'max also relatively alters from minimum to maximum
position with respect to the constraint by umax, as K increases. There-
fore, for small values of the process gain, the optimal response is
likely to be on the constraint imposed by umax; that is, case E, then,
as K increases, the optimal response is likely to shift from case E to
case C (constrained by ymax) or case B (constrained by u'max). In
contrast, as shown by Figs. 9 and 10, shows the shifting of the
maxima to a upper position and the two constraints move to a
upper position in (, c) space, as the time constant,  increases. In
Fig. 9, K was set to 10, while in Fig. 10, K was decreased ten times
and set to K=1. The main difference between the two figures is tha
as  increases, the optimum values of the IMC parameters shift up
and almost vertically in Fig. 9, meaning that the optimal value of 
is almost constant for K=10 and as  increases, whereas in Fig. 10,
for K=1, the optimal value of  decreases while the optimum value
of c increases. The other observation is that, as shown in Fig. 10,
for smaller values of K and , one branch of the constraint set by
umax approaches the minimum value of , min, delimited by the
vertical constraint imposed by ymax and never cross that vertical,
while the other branch of the constraint set by umax is horizontal.
This means that for smaller values of K and , the feasible region
will be delimitated by the constraint by umax and that by u'max, and
as  increases by the constraint by umax alone, as shown in Fig. 10.
Therefore, the optimal response is possible to be constrained by
u'max initially, and further by ymax and/or umax as  increases further
in case of Fig. 9, or constrained by u'max and then only by umax as 
increases further in case of Fig. 10. Note that the constraint by ymax

does not depend on the process parameters.
4. Controller Robustness: Effect of Process Mismatch on the
Control Design

To analyze the robustness of the system to external disturbances
and/or plant-model mismatch, the worst-case plant-model mismatch

Fig. 7. Effect of the decrease of constraint specifications on the fea-
sible region.

Fig. 8. Effect of the process gain on the trajectories of the extreme
and the size of the feasible region.

Fig. 9. Effect of the process time constant on the trajectories of the
extreme and the size of the feasible region, for K=10.

Fig. 10. Effect of the process time constant on the trajectories of the
extreme and the size of the feasible region, for K=1.
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scenario was simulated, where a percentage of perturbation was simul-
taneously introduced in the process gain parameters, the process time
constant, and the dead-time. The optimal IMC controllers showed
a good robustness against plant-model mismatch up to about 10%;

thereafter, the process responses started to violate the constraints in
some cases. Figs. 11 and 12 show the results of simulation for the
model mismatch, when the percentage of the perturbation is 30%. As
shown in these figures, the controller still strives to keep the con-

Fig. 11. Time response of the process, manipulated and rate of change of the manipulated variable for the plant-model mismatch of 30% for
case A to case D.

Fig. 12. Time response of the process, manipulated and rate of change of the manipulated variable for the plant-model mismatch of 30% for
case E to case G.
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straints in some cases, like case B, where all the constraints on the
process variable, the manipulated variable, and the rate of change of
the manipulated variable are satisfied. In other cases, the controller
failed to satisfy the constraints due to high level of plant mismatch.

CONCLUSIONS

An analytical design of a constrained optimal IMC controller
was proposed. The proposed IMC controller successfully handled
the control performance (minimization of the performance index)
and satisfied the operational constraints. The proposed exact opti-
mal IMC control parameters are directly connected to the plant
parameters, which results in no trial and error required for the con-
troller design. The feasible region of the constrained optimal prob-
lem could be graphically provided. The resulting constrained IMC
control parameters were used to find the corresponding industrial
constrained PI control parameters of a Smith predictor structure,
and the results confirmed the equality between the IMC and the
Smith predictor structure.
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APPENDICES

Appendix A: Time Function y(t), u(t), u'(t)

(A1)

(A2)

(A3)

where

(A4)

Appendix B: Peak Value of y(t), u(t), u'(t)
The peak value of the process variable can be derived by solv-

ing peak time typeak for which y'(t)=0 and substituting typeak in y(t).
After some mathematical manipulations and reductions, the peak
time of the process variable is found as

(B1)

And the peak value of the process variable is found as

(B2)

with
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(B3)

The peak value of the manipulated variable can be derived by
solving peak time tupeak for which u'(t)=0 and substituting tupeak in
u(t). After some mathematical manipulations and reductions, the
peak time of the manipulated variable can be found as

(B4)

The peak value of the manipulated variable can be found as

(B5)

with

f(, c)=

(B6)

The peak value of the rate of change of the manipulated variable
can be derived by solving peak time tu'peak for which u''(t)=0 and
substituting tu'peak in u'(t). After some mathematical manipulations
and reductions, the theoretical peak time of the rate of change of
the manipulated variable can be found as

tu'peak=

(B7)

with

(B8)

The theoretical peak value of the rate of change of the manipu-
lated variable can be found as

(B9)

where the theoretical values of h(, c) are given as

h(, c)=
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  2c  2

c
2

------------------------------------e
1

x
--tan1 x c2 
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2
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2

  2c  2

c
2
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x
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2
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c
2
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x
-- tan1 x c2 
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-------------------------------- 

 
 
 

 for 1
2
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
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To have the actual peak |u'peak| of the rate of change of the manipu-
lated variable, the theoretical peak |u'peak 0| in Eq. (B9), and the ini-
tial value of the rate of change of the manipulated variable, |u'(0)|,
should be compared. If |u'peak 0|<|u'(0)| then |u'(0)| is the actual peak
of |u'(t)| since the theoretical peak in this case is not the actual
peak. If |u'peak 0||u'(0)| then |u'peak 0| is the actual peak of |u'(t)|. The
actual peak value of the rate of change of the manipulated vari-
able can be found as

(B11)

with

(B12-1)

under the following conditions

(B12-2)

or

(B12-3)

under the following conditions

(B12-4)

with c1 and c2 are given in Eq. (B8)

u'peak   
Ysp

K
-----------h , c 

h , c    

c

2
----

0  1
2
------ and c 2 or

0  1
2
------ and c 2 and h0 , c c

2  or

1
2
------  1 and 0 c c2

 or c c1
  and h0 , c c

2  or  

1
2
------  1 and c2

c   c1
 or

 1 and c

h , c    h0 , c   
c

2
  2c  2

c
2

------------------------------------e
1

x
--tan1 x c2 

c 221 
--------------------------------

for 0  1
2
------ and  c 2  and h0 , c c

2 

for 1
2
------  1   and 0 c c2

 or c c1
  and h0 , c c

2 
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