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Abstract−The kinetic rate equation (KRE) model, unlike the population balance equation model, can describe
growth, nucleation, and even Ostwald ripening simultaneously. However, the KRE model cannot be applied in cooling
crystallization systems. In this work, we propose a modified KRE model to describe cooling crystallization. The modi-
fied KRE model can successfully describe crystal growth and nucleation in cooling crystallization systems. In addition,
the metastable zone width was simulated using the modified KRE model and compared with the experimental data in
references. The results revealed that the modified KRE model could express the effect of overheating prior to cooling
on the metastable zone width. As the extent of overheating increases, the metastable zone width becomes wider, which
phenomenon can be clearly simulated by the modified KRE model. This modeling capability is attributed to the behav-
ior of particle clusters that are sized less than the size of sub-nuclei. Because the population balance equation model
cannot describe the metastable zone width, the modified KRE model has certain competitive advantages in its applica-
tion to various crystallization systems.
Keywords: Modeling, Crystallization, Population Balance, Metastable Zone Width, Cooling Crystallization

INTRODUCTION

Crystallization has been utilized to separate the solute from the
solvent. Beginning with sodium chloride production, it has been
used in various industries including pharmaceutical, petroleum,
and fine chemicals [1-6]. To provide a theoretical background, mul-
tiple attempts have been made to describe crystallization using a
mathematical model [7-16].

The population balance model is one of the most widely and
frequently used models in both academic and industrial fields [17-
24]. Proposed by Hulburt and Randolph as early as 1960s, the pop-
ularity of the model has increased steadily [17,25,26]. The applica-
tions of the population balance model are not limited to chemical
engineering, but extend to astrophysics, biology, telecommunication,
and transportation [17]. However, the population balance model
lacks in the description of particle clusters smaller than the nucleus,
as it is assumed that particles move from their suspended liquid form
into a nucleus form at a certain degree of supersaturation [27-29].

To overcome such limitations, a master equation model had been
proposed which accounts for the movements due to the attach-
ment and detachment of individual particle clusters [30]. The kinetic
treatment of nucleation in terms of the cluster approach was initi-
ated by Szilard and Farkas [31], and further developed by Kaischew,
Stranski, Becker, Doring, and Zeldovich [32,33]. Beginning with
monomers, the master equation model counted the numbers of
particle clusters at each size and expressed growth and dissolution
in terms of attachment and detachment of the particle clusters,

respectively. However, the population balance equation model de-
scribes nucleation as a boundary condition of the differential equa-
tions. Nucleation size is determined arbitrarily, as there is no descrip-
tive equation for particle clusters smaller than the predetermined
nuclei. Therefore, unlike the population balance model, the master
equation model can describe particle clusters that are smaller than
crystal nuclei.

The description of sub-nucleus sized clusters can lead to further
investigations of the effect of pre-history on the temperature pro-
file. Even though two solutions with same temperature are cooled
for crystallization, the crystal size distributions from the two solu-
tions can be different due to the difference of pre-history on the
temperature profile. Multiple studies have shown that the prehistory
associated with the temperature profile affects the induction time
[34-36]. Further dissolution of subnucleus sized particle clusters sub-
jected to overheated pre-history temperatures may explain the ex-
tended induction time. However, the dissolution of sub-nucleus sized
particle clusters is not expressible by the population balance model.
Therefore, the master equation model is required.

Despite these advantages of the master equation model, it has not
been used widely enough to reflect its potential because of the large
number of calculations required to apply it. Recently, a novel approach
to the obstacle was suggested by Vetter et al. [27]. Named the kinetic
rate equation (KRE) model, the model was simplified by utilizing
the Cooper-Chang algorithm and making several assumptions.

While the development of the KRE model can extend the appli-
cability of the master equation model to crystallization processes,
one of its assumptions imposes a limitation on the utilization of the
KRE model in an actual industrial process [37,38]. The KRE model
developed by Vetter et al. assumes that the system was under an iso-
thermal condition, and supersaturation was assumed as an initial
condition [27]. Such an assumption in actual industry would indi-
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cate a large instantaneous decrease in temperature. In reality, such
decreases in temperature are never experienced; therefore, the
model should be modified to reflect the occurrence of supersatura-
tion caused by a temperature decrease to describe the actual crystalli-
zation processes.

In this study, we propose a modified version of the KRE model
to improve the applicability of the KRE model for the cooling crys-
tallization system. The modified KRE model accounts for the occur-
rence of supersaturation through a gradual temperature decrease.
Simultaneously, the model describes the formation of crystals and
their growth. Fully extended, the model may estimate resulting crys-
tal distribution and induction time from cooling crystallization under
various temperature profiles. The model was validated by compar-
ing the final crystal distribution and induction time resulting from
its application with those of experiments from previous literatures.
From this study, the applicability of the KRE model can be extended
to the cooling crystallization system, and the potential of the KRE
model can be widely utilized in various crystallization systems.

DEVELOPING THE KRE MODEL

The KRE model classifies particle behavior into two groups: at-
tachment and detachment. Every type of crystal growth and disso-
lution can be expressed by the following pseudo-equation:

(1)

where Pn stands for the number of particles consisting of n mole-
cules, and gn, m and hn+m, n denote the attachment (n molecules and
m molecules are attached to become n+m molecules) and detach-
ment (n+m molecules are split into n molecules and m molecules)
rates of particles, respectively. Utilizing the pseudo-equation above,
four main particle behaviors in crystallization can be expressed:
growth, agglomeration, dissolution, and breakage. The attachment
rate gn, m can be accounted for by growth and agglomeration, while
the detachment rate hn+m, n can be accounted for by dissolution and
breakage. Following Kashchiev’s work, the attachment rate and de-
tachment rate can be expressed as [30]:

gn=k·na (2)

hn=k·na·P1
*(n), (3)

where k and a are the kinetic parameters dependent on each mate-
rial. In this study, the values k=6.86×10−18 (m3/s) and a=1/3 by Kash-
chiev were used [30]. P1

*(n) denotes the solubility of n-sized crystal.
This indicates that every particle behavior can be expressed in a

single, continuous model, which may prove helpful in crystalliza-
tion studies regarding agglomeration and breakage. However, the
purpose of this study was to modify the KRE model for describ-
ing nucleation and growth under non-isothermal conditions. There-
fore, agglomeration and breakage have not been considered in this
model for the sake of simplicity.

As mentioned in the introduction, the population balance equa-
tion model expresses nucleation through a boundary condition.
Therefore, the subnuclei-sized particle clusters cannot be described
in the population balance equation model. In addition, crystalliza-
tion behavior in the metastable zone width should be described

with a factitious structure in the nucleation rate equation. However,
the KRE model can describe the subnuclei-sized particle behavior
clearly. The KRE model is based on molecular interaction, hence
the crystallization characteristics such as a metastable zone and the
induction time described by the KRE model have a strong theo-
retical background. Thus, modeling them by the KRE model does
not need support from an artificial structure in the model equations.
Despite these advantages, the KRE model is very complex and
requires burdensome calculations. Thus, the simplification of the
KRE model is very important before it can be applied successfully.
1. Simplification of the KRE Model

From Eq. (1), the change in the number of n-sized particles (Pn)
in time can be described by the Fig. 1.

Particle attachment and detachment can now be expressed by
the following ordinary differential equation:

(4)

(5)

for n≥2

where every possible attachment and detachment combination
is included in the system. Each term on the right-hand side in Eq.
(5) describes molecular movements, which are arranged in numer-
ical order in Fig. 1.

However, to decrease the calculation complexity of the model,
Vetter et al. considered only monomer attachment and detachment
[27]. Therefore, Eq. (5) can be changed into the following form:

(6)

Even with the assumption that only monomers undergo attach-
ment and detachment, the set of ordinary differential equations
still has a large calculation complexity. Vetter et al. further simpli-
fied the model by transforming the model into a continuous form
by utilizing Kashchiev’s work [27,30]. The resulting Fokker-Planck
equation is:

(7)

In Eq. (7), discrete particle size n and the number of particles P are

Pn +  Pm               Pn+m,
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Fig. 1. Schematic diagram of KRE model. Each arrow represents
attachments and detachments of particle clusters.
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replaced by their counterparts  and . Newly added variable v and
H represent the growth rate and effective dispersion, respectively.

The transformation from the discrete model to the continuous
model resulted in a model in the form of the Fokker-Planck equa-
tion. Vetter et al. utilized the Cooper-Chang algorithm to numeri-
cally solve the ordinary differential equation [27]. The Cooper-
Chang algorithm provides a practical finite difference scheme for
the initial value problems of the Fokker-Planck equation while sat-
isfying the intrinsic properties of the equation [39]. The algorithm
allows for a variable mesh size, significantly reducing the number
of mesh points and the amount of calculations [39].

The Cooper-Chang algorithm begins by obtaining a quasi-equi-
librium solution of . Starting from the Fokker-Planck equation,
quasi-equilibrium solutions of continuous forms of the number of
particles  are obtained from the equation below,

(8)

where A and B are the drift velocity and the dispersion coefficient,
respectively. They can be expressed as

(9)

(10)

In Eq. (8), terms inside the parenthesis represent the total flux j
at position  and t. Utilizing the total flux term transforms Eq. (8)
into the following form.

(11)

The unique trait of the Cooper-Chang algorithm is that instead
of the centered difference scheme, a variable differencing scheme
is adopted to prevent negative values for . Therefore,  and j can
be expressed as

(12)

(13)

where δm is a value between 0 and 1/2, which indicates the type of
the difference scheme. δm having a value of 0 implies the use of the
forward difference scheme whereas δm having a value of 1/2 implies
the use of the centered difference scheme.

As we formulate the value of , the difference between the parti-
cle numbers of two adjacent mesh points can be described as below:

(14)

(15)

(16)

To simplify Eqs. (14)-(16), a new quantity w is introduced. It can
be formulated as

(17)

Combining Eqs. (14), (16), and (17) leads to

(18)

(19)

Solving Eq. (19) for δm yields

(20)

which is the second objective in the Cooper-Chang algorithm.
Finally, the expression for the intermediate flux jm+1/2 is achieved

by substituting δm in Eq. (13) with Eq. (20).

(21)

(22)

For the sake of further simplification, a new term W is introduced.

(23)

By substituting Eqs. (22) and (23) into Eq. (8), the final equation
in the Cooper-Chang algorithm is obtained.

(24)

(25)

From Eq. (25), the implicit difference equation can be solved by
applying the back-substitution algorithm.
2. Modifications in the Original KRE Model

To extend the original KRE model explained in Vetter et al. to
also consider the isothermal condition, the modeling was repeated
several hundred times, with each iteration running for only a short
duration of time. The temperature changed on a small scale from
one iteration of the model to the next, reflecting only a gradual
change in temperature. Each run of the model inherited the final
crystal distribution from the previous run, setting it to be the new
run’s initial crystal distribution. Therefore, each model picked up
from where the previous model left off, thus, smoothly integrating
the entire simulation into a whole, with minimum discrepancy be-
tween each simulation of the model. While the temperature differ-
ence between consecutive models and the time taken in each run
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∂ñ
-------⋅

B = 
1
2
-- H⋅

ñ
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dỸm

dτ
---------- = 

1
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differ from one simulation to another, the temperature difference
and time taken in each model do not exceed 0.1 oC and 1 second,
respectively, to secure sufficient smoothness between the consecu-
tive models.

Next, the temperature-dependency of each variable should be
considered. Solubility is the most important variable in the cool-
ing crystallization process, and the solubility should be expressed
as a function of solution temperature. The solubility functions used
in the following sections of this study are summarized in Table 1.

Finally, some of the equations in the original KRE model should
be modified to describe the crystallization behavior in cooling crys-
tallization. In the original KRE model by Vetter et al., it is known
that the critical radius of a crystallization system depends on the
degree of supersaturation.

(26)

where α is capillary length of the crystal and S is the degree of super-
saturation expressed as below [27].

(27)

where c* is the concentration of solute at each condition and c is
the bulk solubility.

In this modified simulation considering cooling crystallization,
the degree of supersaturation is not only changed by the inflow
and outflow of particles by growth and dissolution, but also by the
change in temperature. Under a cooling crystallization system, the
degree of supersaturation increases as the crystallization tempera-
ture decreases. The increased supersaturation reduces the critical
radius until it reaches the particle cluster distribution size inside the
suspended liquid. This behavior has been graphically described in
Fig. 2.

At the saturated solubility of the solution (S=1), the critical size
is located at the solid line (a) in Fig. 2. Solubility is usually depen-
dent on each particle size [40], so the bulk solubility and the solu-
bility of small-sized particles are different. Because the critical radius
is larger than the particle cluster size in the suspended liquid, the
solubility of small-sized particle clusters is treated as undersaturated,
while the bulk solubility is regarded as supersaturated. Therefore,
no nucleation occurs in this situation. When the solution tempera-
ture is decreased by cooling to increase the degree of supersatura-
tion, the critical radius is also decreased as described in Eq. (26).
When the critical radius reaches the location noted by the dotted
line (b) in Fig. 2, it will be smaller than some of the particle clus-
ters inside the suspended liquid. From that point on, the particle
clusters larger than the critical radius will start to grow as mono-
mers are attached to them, because these particle clusters are treated
as supersaturated. Using this mechanism, nucleation and the metasta-
ble zone width can be simulated by the KRE model.

However, the original KRE model by Vetter et al. may require
an excessive degree of supersaturation to describe nucleation. Un-
seeded simulations did not show any sign of nucleation up to the
degree of supersaturation of 2.25 [27]. While the simulations proved
that the original KRE model can describe nucleation at an unseeded
solution with varying degrees of supersaturation, the resulting induc-
tion time was not compatible with those of experiments from pre-
vious literature at this high degree of supersaturation [41,42].

Therefore, the growth rate and effective dispersion rate had to
be modified. Newly added variable v and H in Eq. (7) are the growth
rate and effective dispersion rate, respectively, given by

(28)

(29)

Substituting Eq. (2) and (3) to (28) and (29) results in

(30)

(31)

In the original KRE model, nucleation occurs as the varying
critical radius decreases until it reaches the size of largest particle
inside the suspended liquid. Therefore, the lack of nucleation indi-
cates that the originally allocated value of growth and dispersion
rate had to be modified to fit the resulting induction time into the
experimental data.

Thus, the equation for the estimation of critical radius was modi-
fied, which in turn was reflected in the kinetic parameter on the
detachment rate parameter, hn. Eq. (3) is therefore modified by the
following equation.

Critical Radius = 
α

S( )ln
------------

3

S = 
c*
c
----

v ñ( ) =  gñ P1−  hñ⋅

H ñ( )  = gñ P1+  hñ⋅

v ñ( ) =  k ña P1−  k ña P1, ∞
α

ñ1/3
--------
⎝ ⎠
⎛ ⎞exp⋅ ⋅ ⋅ ⋅ ⋅

H ñ( )  = k ña P1+ k ña P1, ∞
α

ñ1/3
--------
⎝ ⎠
⎛ ⎞exp⋅ ⋅ ⋅ ⋅ ⋅

Table 1. Solubilities of each solution considered in this study
Solubility

Ammonium sulfate aqueous solution 1.60×10−4×T2+1.87×10−2×T+7.09 [g/1 L H2O]
Dodecanol - decanol binary system 1.88×10−1×T+10.47 [g/1 L Dodecanol]
Potassium chloride aqueous solution 2.38×T+284.74 [g/1 L H2O]
Ethyl vanillin aqueous solution 1.22×10−5×T2+1.16×10−4×T+7.92×10−3 [g/1 L H2O]

Fig. 2. Movement of critical radius due to supersaturation. Solid line
(a) indicates the size of critical radius at S=1, while the dotted
line (b) indicates the decreased size of critical radius at S>1.
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hn=k*·na·Y1
*(n) (32)

for k*=α·k (33)

While the empirical value α varies due to properties of solute, it
is set between 1/2 and 1/3.

Finally, as Eq. (33) is substituted into Eq. (30) and Eq. (31), Eq.
(30) and Eq. (31) become

(34)

(35)

RESULTS AND DISCUSSION

1. Validation of the Modified KRE Model
In this section, the crystal growth of ammonium sulfate was

examined to validate the modified KRE model that was devel-
oped. Experimental data of a similar crystal growth work from Hu
et al. was utilized for the validation [43]. The initial seed distribu-
tion had a mean size of 255µm as shown in Fig. 3(b). The tem-
perature was decreased in accordance with the cooling profile in
Fig. 3(a). The cooling profile is the same as that in the experiment
(experiment #2) detailed in the previous work by Hu et al. [43].
The change in solubility with temperature was reflected using Eq.
(27). The molecular weight and crystal density of ammonium sul-
fate were fixed as 132.14 g/mol and 1,770 kg/m3, respectively.

From Fig. 3(b), it can be seen that the seed supplied at a mean
size of 255µm grew to 713µm, which is reasonably similar to the
experimental results from previous literature (from 255µm to 700

v ñ( ) =  k ña P1−  k* ña P1, ∞
α

ñ1/3
--------
⎝ ⎠
⎛ ⎞exp⋅ ⋅ ⋅ ⋅ ⋅

H ñ( )  =  k ña P1+ k* ña P1, ∞
α

ñ1/3
--------
⎝ ⎠
⎛ ⎞exp⋅ ⋅ ⋅ ⋅ ⋅

Fig. 3. Crystal growth simulation with a seeded crystallization. (a) Temperature cooling profile, and (b) crystal size distribution at initial and
final operation time. In (b), the blue bar graph indicates the initial seed distribution and the red bar graph represents the final crystal
distribution.

Table 2. Metastable zone width measurement in previous study [47] and estimation by the modified KRE model at same condition
Saturation

temperature [oC]
Cooling rate

[oC/min]
Maximum subcooling ΔT [oC]

(experimental results)
Maximum subcooling ΔT [oC]

(simulation results by modified KRE model)
23 1.0 1.7 1.5
23 0.1 1.3 1.3

µm) [43]. In the previous literature, the population balance equa-
tion was employed to follow up the crystal growth of seeded crys-
tallization [43]. From the results in this study, the crystal growth
movement of the actual experimental data can be simulated by the
modified KRE model successfully. Further, the performance of the
modified KRE model for simulating crystal growth is comparable
with the performance of the conventional population balance model.
2. Metastable Zone width Estimation

The metastable zone width is defined as the maximum degree
of supersaturation where crystal growth can be measured during
which time no nucleation can be found at a constant cooling con-
dition. The metastable zone width should be artificially incorpo-
rated into the population balance equation model by modifying the
growth and nucleation rate equations [44-46]. However, the modi-
fied KRE model can simulate the metastable zone width without
any modification in the model. To investigate the applicability of
the model for the estimation of metastable zone width, a compar-
ative analysis between the experimental data of the dodecanol-
decanol crystallization system by Kim and Mersmann and the simu-
lation results from the modified KRE model was conducted [47].
The results are shown in Table 2.

In the modified KRE model, the metastable zone width was
determined at the degree of supersaturation where the critical radius
became smaller than the size of particle clusters inside the suspended
liquid. Nucleation commences at the end of the metastable zone,
because the particle clusters larger than the critical radius would
begin to grow. Therefore, the maximum subcooling can be calcu-
lated from the metastable zone width.

As can be seen in Table 2, the simulation results using the mod-
ified KRE model match well with the experimental metastable zone
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width. As the cooling rate is decreased, the maximum subcooling
temperature difference is also decreased. This trend is matched by
the experimental observations, and it agrees with the generally ac-
cepted characteristic about the metastable zone. Therefore, it can
be concluded that the modified KRE model can be applied for simu-
lation of the crystallization system with the metastable zone.
3. Effect of Pre-history in Temperature Profile

In this section, the effect of pre-history in the temperature pro-
file on the crystallization system was investigated. Because many
previous studies have demonstrated that the pre-history in the tem-
perature profile during cooling crystallization influences the parti-
cle size distribution, induction time, and metastable zone width,
the effect of pre-history in the temperature profile should be con-
sidered in the crystallization model [35,36,48,49]. However, the con-
ventional population balance equation cannot describe the behavior
of sub-nuclei, hence it cannot consider the effect of pre-history in
the temperature profile. Therefore, by clarifying the applicability of
the modified KRE model in estimating the effect of pre-history in
the temperature profile, it can be proven that the modified KRE
model is superior in describing the crystallization behavior more
precisely. Two cases (potassium chloride and ethyl vanillin) were
selected for comparison between the experimental data and the
simulation results from the modified KRE model.
3-1. Potassium Chloride

According to the work by Sugimoto et al., the metastable zone
width is influenced depending on the pre-history of overheating
before the crystallization begins [36]. This behavior can be expressed
by the modified KRE model.

At higher temperatures, the Gibbs free energy of the particles
increases, thus preferring the formation of smaller particle clusters
over larger particle clusters. Therefore, with an overheating condi-
tion before crystallization, the particle cluster distribution would
be shifted to smaller particle clusters while having a smaller num-
ber of larger particle clusters.

In the modified KRE model, nucleation begins when the de-
creasing critical radius meets the particle clusters below a detect-
able size of the nuclei as described in Fig. 2. With a smaller num-
ber of larger particle clusters, the critical radius should be decreased
further to induce nucleation, requiring a larger degree of supersat-
uration as described in Eq. (26). Therefore, the main hypothesis of
this simulation is that the overheating condition before crystalliza-
tion would result in a shift towards a smaller size of particle clus-
ter distribution inside the suspended liquid, and thus, would create
a wider metastable zone width.

To confirm the hypothesis, overheating simulation was conducted
and compared with the initial condition. The subject concentration
for this simulation was 30 oC saturated potassium chloride aque-
ous solution. As the initial condition, it was assumed that the par-
ticle size distribution of the solution in sub-nuclei size follows the
Gaussian distribution with a mean size of 5×10−4

µm. Next, the
solution was heated to 60 oC from 30 oC. The difference in num-
ber density of the particle clusters caused by heating the solution
can be calculated by subtracting the number density at 60 oC from
that at 30 oC. The results are shown in Fig. 4.

In Fig. 4, it is clearly revealed that the heated solution contained
more of smaller-sized particle clusters, while there was a decrease

in the number of larger-sized particle clusters. Thus, the hypothe-
sis above was well matched with the simulation results. Note that
the particle cluster behavior observed in this simulation is in the
region of sub-nuclei size. Because the population balance equation
cannot describe these sub-nuclei clusters, this behavior can only be
expressed by the modified KRE model.

Next, we examined how accurately the modified KRE model
can simulate the actual metastable zone width. Three different cases
of 60 oC, 50 oC, and 40 oC saturated potassium chloride aqueous
solution were selected. Initially, all cases were heated to above 30 oC
from its saturated temperature. Next, the solution temperature was
returned to its saturated temperature. After reaching steady-state,
cooling crystallization simulation was conducted in each case. The
cooling rate was set as 7 oC per minute, as experimented by Sugimoto
et al. [36]. In this simulation, the nucleation was defined as a point
where a particle cluster larger than 1µm appeared. In such a case,
the metastable zone width can be defined as the temperature dif-
ference between the initial temperature and final temperature where
nuclei larger than 1µm would appear. The simulate results and exper-
imental data by Sugimoto et al. are displayed in Fig. 5.

Fig. 5 shows the difference in the metastable zone width between
heated and unheated solutions obtained both experimentally and
via simulation with the modified KRE model. The simulation results
from the modified KRE model can successfully describe the phe-
nomenon wherein the metastable region width increases when the
solution was overheated prior to cooling. This validates the hypoth-
esis that a pre-history of overheating induces a larger metastable
zone width by shifting the particle cluster distribution towards a
smaller size.
3-2. Ethyl Vanillin

Ethyl vanillin was reported to have a larger metastable zone width
due to an increased extent of overheating prior to cooling [34]. In
this section, we investigated the extent to which overheated tem-
peratures influenced the metastable zone width of ethyl vanillin
aqueous solution by using the modified KRE model.

Fig. 4. The difference in number density of particle clusters between
the heated solution (60 oC) and the unheated solution (30 oC).
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To replicate the work by Hussain et al., three simulations regard-
ing ethyl vanillin aqueous solution were prepared. From the satu-
rated solution with an initial temperature of 30 oC, the solutions
were (1) immediately cooled, (2) heated to 40 oC and cooled, and
(3) heated to 60 oC and cooled, respectively. The cooling rate of
the system in all three simulations was set as 3 oC per hour, as
indicated in the previous study [34]. If nuclei (larger than 1µm of
particle cluster) in the ethyl vanillin aqueous solution appeared,
the simulation was stopped, and the metastable zone width was
checked in each simulation condition.

Experimental and simulation results by changing the overheated
temperature are shown in Fig. 6. The simulation results are well
matched with the experimental data. As the overheated tempera-
ture increases, the metastable zone width is enlarged. The modi-
fied KRE model can successfully describe the experimental data of
the metastable zone width. As well as the metastable zone width
simulation caused by pre-heating, the modified KRE model can
simulate the change in metastable zone width due to changing

overheating temperature. Considering that this type of applicabil-
ity of the model cannot be found in the population balance equa-
tion model, the competitiveness of the modified KRE model was
clearly clarified.

To analyze the actual reason for the enlarged metastable zone
width in the modified KRE model, the difference of particle num-
ber density was compared as in the Section 3.3.1. Fig. 7 shows the
difference in the particle cluster number density between the heated
and unheated solutions before cooling begins. As hypothesized in
Section 3.3.1, the number of smaller particle clusters increased, while
the number of larger particles decreased due to overheating. This
indicates that the critical radius must decrease further to reach the
particle cluster size distribution, requiring a larger degree of super-
saturation. Therefore, the metastable zone width would be enlarged
to reach the required degree of supersaturation for nucleation. In
addition, by increasing the pre-heated temperature as shown in Fig.
6(b), the particle size distribution was shifted towards a smaller
size. In that case, the metastable zone width is increased further.

Fig. 5. Difference in metastable zone width between heated and unheated solutions. (a) the difference in the metastable region among the
simulation works, and (b) the difference in metastable region among experimental works by Sugimoto et al. [36]. Three cases (initial
temperature=60 oC, 50 oC, and 40 oC) were simulated with same cooling rate, and numbered as 1,2,3 on x-axis in this figure, respectively.

Fig. 6. Metastable zone width of ethyl vanillin aqueous solution by changing overheated temperature. (a) experimental data from Hussain et
al. [34], and (b) simulation data from the modified KRE model.
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From the analysis results, the main reason for the change in the
metastable zone width is clearly identified as the increased over-
heated temperature in the modified KRE model. This result fur-
ther validates our hypothesis by discovering the connection between
the change in particle cluster distribution size and metastable region
width.

CONCLUSIONS

We developed a novel modified KRE model to apply to cool-
ing crystallization by expanding its original assumption of isother-
mal condition, enabling the KRE model to investigate the crystal
growth and metastable region width in cooling crystallization. There-
fore, the modified KRE model can extend its applicability to include
cooling crystallization, thus overcoming the limitation of the origi-
nal KRE model.

The performance of the modified KRE model was compared
with experimental data from the previous literature. The crystal size
growth and the metastable region width through the modified
KRE model was validated by comparison with the experimental
data from previous literature.

Investigation on the effect of pre-heating before cooling revealed
two facts. First, the particle cluster distributions were shifted towards
the smaller size when the solutions were heated prior to cooling
regardless of the initial temperature, leading to the extended meta-
stable region width. The result validates the main assumption of
the modified KRE model that the critical radius varies and nucle-
ation begins when the decreasing critical radius reaches the parti-
cle cluster distribution size inside the suspended liquid. Second,
the higher the heated temperature, the smaller the particle size dis-
tribution seen in the solution. In turn, smaller particle cluster dis-
tributions result in greater increments of the metastable region
width. These results point out that the shift in the particle cluster
distribution inside the solution before cooling may be the result of
the extended metastable region width. Because this simulation
capability cannot be obtained in the population balance equation
model, the results in this study clearly indicate that the modified
KRE model has wider applicability in the modeling of crystallization.

Overall, the modified KRE model has certain advantages that
lend it a competitive edge in describing crystallization behavior in
various situations. Our study has clarified that the original KRE
model can be extended to apply to various crystallization systems
by modifying the basic structure and assumptions in the original
KRE model. The modified KRE model can be applied to model
cooling crystallization that is unlike the original KRE model. It is
also used in describing the metastable zone width behavior that is
unlike the behavior in the population balance equation model.
Therefore, the modified KRE model has the potential to be em-
ployed in the description of various crystallization processes such
as those seen in antisolvents, evaporation, and melt crystallization.
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