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Abstract−We propose a model based on non-equilibrium lattice fluid (NELF) theory and corrected fractional free
volume of polymers to effectively and accurately predict the solubility of gases in different polymers. The method to
achieve this purpose is based on the utilization of NELF model infinite dilution solubility coefficient (S0) as the base of
predictive calculations. To account for the isolated pore in the polymer matrix in density estimation, a fractional free
volume correction factor (β) was introduced in NELF model. The modified NELF model was successfully applied for
prediction of solubility of C3H8 and CO2 in polyethylene oxide (PEO) and CO2 in polyethylene terephthalate (PET),
isotactic polypropylene (i-PP), polyetherimide (PEI), polymethyl methacrylate (PMMA) and polyethyl methacrylate
(PEMA) with adjustments in β value and depth of diffusion of gases in polymer matrix (ζ) at different pressures and
temperatures. This work involves multi-objective optimization using genetic algorithm of MATLAB toolbox with
adjusted settings. It applies to find the optimum temperature at which the minimum standard deviation of β for differ-
ent gas-polymer systems is obtained. β showed the same trend of change with temperature as the constrained pressure
imposed on the amorphous phase in semi-crystalline polymers. A cubic correlation for standard deviation for β versus
temperature was obtained which was able to anticipate the changing trend of β at different temperatures. The chi-
square test results verified that compared with original NELF model, a more accurate model for prediction of gas solu-
bilities in polymers has been proposed.
Keywords: NELF Model, Solubility Prediction, Infinite Dilution Solubility, Fractional Free Volume Correction Factor,

Chi-square Test

INTRODUCTION

Most membrane gas separation industrial applications are con-
ducted with the aid of polymeric membranes, which are flexible,
accessible, and cheap with acceptable gas separation performance
[1]. The transport of gases in polymeric membranes mainly follows
a well-established solution-diffusion mechanism which defines the
permeability of gas in membrane based on its solubility and diffu-
sivity [2,3]. Therefore, information about the diffusivity and solu-
bility of gases in polymers is of great importance for membranologists.
The modeling of diffusion of gases in dense polymers is rather
straightforward and mostly follows Fick’s first law, conversely for
prediction of solubility of gases in polymers; several different ap-
proaches have been applied by researchers such as investigation of
volume of fluid [2,3], entropy generation analysis [4], Information
Gap Decision Theory [5], field synergy analysis [6-8], utilization of
committee machine intelligent system [9], modified van’t Hoff-
Arrhenius model [10], molecular dynamics simulation and free
volume theory [11], modified Flory-Huggins model [12] and model
based on non-equilibrium thermodynamics of glassy polymers [13].

Among these models, the thermodynamic models based on lattice
fluid theory have attracted attention in recent years, especially for
the prediction of solubility of gases in glassy polymers [14,15]. Due
to the non-equilibrium nature of glassy polymers, non-equilibrium
thermodynamics based models have been proposed for solubility
prediction of gases in these polymers. Models such as the non-equi-
librium models such as non-equilibrium lattice fluid (NELF) model
[16], and the non-equilibrium statistical-associating-fluid theory
(NE-SAFT) [17]. The NELF model, which is based on lattice fluid
theory originating from the Sanchez and Lacombe equation of state,
can also be applied to rubbery polymers [18]. The prediction ability
of NELF model was improved by Doghieri and Sarti [19] for the
nonequilibrium state of the glassy polymers. In their modified model
the density of polymer was considered as an order parameter to
evaluate the departure from equilibrium, and the solubility of gas
in the polymer was calculated from the equivalency of chemical
potentials of gas phase with dissolved gas in polymer matrix in a
presumed pseudo-equilibrium condition. The fact that only initial
polymer density was the criterion for distance from equilibrium was
the main advantage of NELF, which makes it a powerful tool for
precise prediction of solubility of gases in polymers. Hence, the
research work on the modification of this model thrived in the last
decade. De Angelis et al. [20] derived an expression for infinite dilu-
tion solubility based on the NELF model, for prediction of solubility
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of different gases in polysulfone, polycarbonate, polymethyl meth-
acrylate, etc. Minelli and De Angelis [21] proposed a Sanchez-
Lacombe equation of state base model for gas solubility prediction
in polymers with a constraint pressure parameter for describing the
effect of crystal portions in considered semi-crystalline polymers.
The combination of NELF model with the Sanchez Lacombe equa-
tion of state was used by Minelli [22] as a new approach to predict
the solubility of CO2 in polyethylene terephthalate (PET). Galizia et
al. [23] predicted the solubility of H2 and He in glassy and rubbery
polymer based on LF and NELF models utilizing infinite dilution
solubility coefficient with only one adjustment parameter, and good
agreement between experimental data and the applied model has
been observed at the range of pressure and temperature investi-
gated in their work. Minelli and Doghieri [24] proposed a predic-
tive model based on the improvement of NELF model by a model
proposed for sorption induced volume dilation in glassy polymers.
This modified version of NELF model was able to predict the sol-
ubility of different gases in glassy polymers at high pressure with
non-ignorable volume dilation of the polymer. In many gas-poly-
mer systems considered for determination of NELF model param-
eter, the sorption of CO2 was one the mostly investigated subjects.
It was due to the fact that the exigency of the capture of CO2 and
accordingly the knowledge about the sorption behavior of this gas
in different polymers is thoroughly perceived, since CO2 is the ori-
gin of many industrial problems such as heat value reduction, hydrate
formation, pipeline corrosion and environmental issues such as
global warming and ocean acidification [25,26].

The optimization of the thermodynamic models with evolution-
ary algorithms to find the optimum parameters and conditions of
the model was applied by researchers in recent years [27,28]. Genetic
algorithm (GA) is one of these evolutionary algorithms used in
optimization in computer programs such as MATLAB. Using this
method has several advantages over conventional optimization
methods and algorithms. This method offers practical benefits to
the researcher facing difficult optimization problems. These bene-
fits are multifaceted, including the simplicity of the approach, its
robust response to different circumstance and its flexibility. GA also
offers a set of procedures that may be usefully applied to problems
that have diverged by common traditional techniques. For instance,
in the current work with the modified NELF models, due to the
diversity of gas-polymer solubility data which makes it difficult for
the conventional optimization algorithm to converge to an accept-
able solution, utilization of GA seems an effective approach in find-
ing an optimized solution.

In most of the works on modification of the NELF model, one
or two adjustable parameters are defined to aid the model to fit
the experimental data based on the thermodynamic properties of
considered gas-polymer systems [29]. In this work, as the first novel
approach, the fractional free volume (f) of the polymers, which is
a very important factor in determination of infinite dilution solu-
bility coefficient, is proposed. A correction factor (β) for consider-
ation of isolated pores in the measurement of free volume of
polymers was introduced in the calculation of solubility coeffi-
cient (S) from infinite dilution solubility coefficient (S0). Different
gas-polymer systems were selected for prediction of solubility of
gases in different polymers.

As the second novel approach, for optimization of the results
obtained in modeling part of this study, the genetic algorithm multi-
objective optimization with customized setting was applied to find
the optimum condition for prediction of solubility of gases in dif-
ferent polymers followed by derivation of a relationship for antici-
pation of fractional free volume correction factor with temperature
from the result of accomplished multi-objective optimization.

THEORETICAL BACKGROUND

The NELF model can be applied to polymers at temperatures
above their Tg or in fact to amorphous equilibrium phases as well
as at room temperature in which the glassy polymers are at non-
equilibrium state. The characteristic parameters of LF theory (P*,
T*, ρ*) and the mixing rules for defining the behavior of the pure
components are also valid for NELF model. Considering that the
sorption of CO2 and C3H8 generally causes plasticization or swell-
ing in polymers with high affinity for these gases, the polymer den-
sity varies significantly with increase in sorption of these gases,
mainly due to the increased flexibility of polymeric chains which
leads to the increase in free volume of the polymer. Therefore, the
polymer density only can be estimated accurately at low pressures
where the infinite dilution can be assumed. At these low pressures
the NELF model shows remarkable predictive behavior as stated
by De Angelis et al. [20]; therefore, a relationship for infinite dilu-
tion solubility coefficient (S0) can be derived based on Helmholtz
free energy of the non-equilibrium glassy phase.

The dimensionless Helmholtz free energy of gas mixture based
on lattice fluid theory can be expressed by the following equation
[21,30,31]:

(1)

Eq. (2) can be used to calculate the chemical potential per unit mass
of gas molecule i dissolved in polymeric phase by the following rela-
tionship [30]:

(2)

Therefore, the resulting non-equilibrium chemical potential μi
NE

can be calculated as follows [21,30,31]:

(3)

Under low pressures where gas is hardly dissolved in a glassy poly-
mer, Eq. (4) is applied for determining the infinite dilution solubil-
ity coefficient [32]:

(4)

where C1 is a measure of solute concentration in the polymeric
mixture. In this state, the gas-polymer density reduces to the den-
sity of polymer. Therefore, since swelling does not occur at infinite
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dilution pressure, the solubility coefficient can be expressed as fol-
lows for glassy polymers under non-equilibrium conditions [20,32]:

(5)

where subscript 1 is related to the properties of gaseous penetrant
and subscript 2 is representative of polymer properties. vi

*, ρi
*, pi

*

and Ti
* are characteristic parameters of either gas or polymer,

which are volume, density, pressure, and temperature in respective
order. TSTP and PSTP are the standard temperature and pressure,
respectively, and Ψ is the binary interaction parameter. In the absence
of reliable data for this parameter, it is reasonable to assume Ψ=1
[28]. ρ2

0 is the density of polymer under very low pressures. This
parameter is nearly the same as the pure polymer density because
at low pressures the gas sorption in the polymer is not significant.
Therefore, the swelling or plasticization phenomena do not affect
the density of the polymer. The value of pure polymer density for
various polymers can be found in the literature [16-18]. In infinite
dilution state, the volume fraction of polymer (ϕ2) approaches unity
and the volume fraction of dissolved gas approaches a negligible
value which is equal to the molecular diffusion of gas in polymer
[33]. Hence the solubility coefficient can be written as:

(6)

Assuming that the ideal gas law is valid for infinite dilution state,
which is a reasonable assumption considering the very low pres-
sure applied, the molecular diffusion of gas into the polymer can
be expressed by the Fick first law of diffusion:

(7)

where C1 is the concentration of gas in polymer, z is the direction
of diffusion and D12 is the diffusivity of gas in polymer which is
calculated based on the following formula [34]:

(8)

where T is temperature (K), r12 is the molecular separation at colli-
sion in (nm), M is the molecular weight (kg mol−1), k is Boltz-
mann’s constant, f is collision function and ε12 shows the energy of
molecular attraction (kg m−2 s−2).

The ϕ1 is defined by the characteristic parameter of gas and
fractional free volume by the following equation:

(9)

And ϕ2 is defined by the characteristic parameter of polymer and
fractional free volume by the following equation:

(10)

The following relationship based on fractional free volume was
applied for definition of ρ*:

(11)

MODELING AND OPTIMIZATION

To account for the isolated and inaccessible pores in the poly-
mer structure, a correction factor (β) for estimation of fractional
free volume as the first adjustable parameter was defined as follows:

(12)

The depth of diffusion in infinite dilution solubility was considered
the depth in the matrix of polymer in which the applied pressure
approaches zero; this parameter (ζ), as it was previously introduced,
was regarded as the second adjustable parameter.

A multi-objective optimization by the genetic algorithm was uti-
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Fig. 1. The cascade flowchart of applied genetic algorithm multi-
objective optimization.
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lized to determine the optimum temperature at which there is an
excellent agreement between experimental and modeling data.

The genetic algorithm multi-objective function optimizers try
to minimize the difference between model and experimental data
considering the following constraints:

0≤β≤1
ζ ≥0 (13)
273≤T≤573

The flowchart representing the algorithm that was followed in this
study in optimization based on elitist non-dominated sorting genetic
algorithm (NSGA-II) is presented in Fig. 1. This most widely used
algorithm, which applies the elitism concept in the non-dominated
sorting algorithm, is able to solve constrained and non-constrained
multi-objective optimization problems due to its enhanced con-
vergence properties. In the first step of the algorithm the initial
population is generated, then the most important part of optimi-
zation, which is the definition of the fitness function for minimi-
zation, is performed. The fitness function was defined based on
the relationship obtained for β values with temperature for each
gas-polymer case at different temperatures investigated. The fit-
ness function was defined as a matrix with different columns in
which each column was assigned to each temperature-dependent
β value obtained from different solubility isotherms for each gas-
polymer system considered. Afterwards, the individual selection in
the population was performed based on ranking and crowding
distance. The NSGA-II algorithm uses crossover and mutation
genetic operators in order to create a new population. The next step
is the combination of a newly generated population with the older
one then individual selection is performed based on elitism and
crowding distance. Finally, if the results satisfy the stopping condi-
tions, the loop ends and the result of optimization are produced,
otherwise the loop goes back to the selection step and next popu-
lation is generated. The single stopping criterion for the case of this
study was if the maximum number of generations (100) is exceeded.

While there are many good genetic algorithm packages such as
Python, none of them provides a domain that is compatible with
the existing tools of optimization. MATLAB, on the other hand, has
the advantage of being compatible with different control and opti-

mization software. Hence, MATLAB global optimization toolbox
was used for multi-objective optimization using a genetic algorithm.
The settings for optimization using ‘gamultiobj’ solver are presented
in Table 1.

RESULTS AND DISCUSSION

1. Modeling
The lattice fluid characteristic parameters of considered gases

(T1
*, p1

* and ρ1
*) and the investigated polymers (T2

*, p2
* and ρ2

*) were
extracted from different sources and presented in Table 2. The cal-
culated infinite solubilities at 30 oC by Eq. (5) for each pair of the
polymer-gas system are presented in Table 3.

The values of infinite dilution solubilities calculated for pro-
pane are higher than that of carbon dioxide. The phase of heavier
hydrocarbons tends to change from the gas phase to liquid, and
the solubility of liquid in polymers is significantly higher than the
solubility of gases. This is because propane has a tendency to con-
vert from vapor to liquid phase during sorption in polymers. Since
the solubility of the condensed phase is higher in polymers com-
pared with vapors, the infinite dilution solubility of C3H8 shows
significantly higher values compared with that of CO2.
1-1. Solubility of Gases in PEO

The solubility isotherms of C3H8 in molten PEO can be observed
at three different temperatures in Fig. 2(a).

PEO is a versatile polymer that has shown potential in many
applications from gas separation membrane to PEM fuel cells and
from cosmetics to petrochemicals. The low melting point of this
semi-crystalline polymer provides the possibility of utilization of its
full amorphous properties at relatively low temperatures (T>50 oC).
The polyether group in PEO shows high affinity for light hydro-
carbon sorption, hence numerous reports regarding application of
this polymer as hydrocarbon separation membrane can be found
in literature in recent years. The experimental data for solubility of

Table 1. The genetic algorithm multi-objective optimization prefer-
ences in global optimization toolbox of MATLAB software

Variables Values
Population size 15
Creation function Constraint dependent
Initial population 20
Selection function Tournament
Tournament size 10
Crossover fraction 0.9
Mutation function Constraint dependent
Crossover function Intermediate
Crossover ratio 1
Pareto front population fraction 0.4
Number of generations 100

Table 2. The characteristic parameters of NELF model for the gases
and polymers considered

Gas/Polymer T* (K) p* (MPa) ρ* (g/cm3) Reference
C3H8 375 320 0.690 [21]
CO2 300 630 1.515 [21]
PEO 590 620 1.209 [21]
PET 735 780 1.425 [22]
PMMA 695 560 1.270 [33]
PEMA 602 567 1.221 [35]
PEI 820 610 1.384 [24]
i-PP 692 298 0.883 [21]

Table 3. The calculated infinite solubility coefficients for investi-
gated gas-polymer systems

Polymer
PEO PET PMMA PEMA PEI i-PP

Gas
CO2 007.98 006.67 003.85 003.96 007.72 003.75
C3H8 269.30 224.90 142.12 159.32 217.62 150.28
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C3H8 in PEO were extracted from Wiesmet et al. [36]. Their experi-
mental work was focused on low molecular weight PEOs (PEG4000
and PEG8000). It is observed that at low concentration of solute in
PEO, the effect of chain length of PEO in sorption of gas vanishes.
Therefore, the solubility under 10 wt% of C3H8 is not dependent
on the type of PEO examined.

As can be observed, there is very good agreement between model
and experimental data. This is because of the corrected (reduced)
FFV of semi-crystalline polymers which were considered in mod-
eling of sorption behavior of gases. The effect of correction factor
of fractional free volume is similar to the effect of hypothetical con-
straint pressure that was taken into the account in some previous
studies on the solubility of gases in these polymer [21]. The hypo-
thetical constraint pressure imposed on amorphous phase from a
crystalline portion of the polymer causes the reduction of FFV of
semicrystalline polymers; hence the introduction of the corrected
coefficient of FFV (β) prevents the model from the overestimation
of solubility of C3H8 in PEO. The dependency of β on the depth of
diffusion and temperature is presented in Fig. 2(b). As can be

seen, the value of β decreases with increase in depth of diffusion
and rise in temperature; this is because as the depth of diffusion
increases, the diffusion of gas molecule in the matrix of polymer
faces more difficulties due to the increased interaction with poly-
mer chains [37]; thus its effect is similar to the reduction of FFV
of polymer. On the other hand, with an increase in temperature,
as can be seen in Fig. 2(a), at most of the investigated pressures the
sorption capacity of PEO increases, which means the reduction of
hypothetical imposed constraint pressure on the PEO matrix [21]
and thereafter increases in FFV of a polymer leading to a reduc-
tion in correction factor β with temperature.

For the case of CO2 sorption in molten PEO, as can be seen in
Fig. 3(a) and (b), the model was properly fitted to the experimen-
tal data and compared with C3H8 sorption in the PEO case. Almost
the same trend of change of β with ζ and T can be observed for
CO2 sorption. This is most probably because the depth of diffusion
in PEO has almost the same effect on both of these gases, consid-
ering the similar molar mass of these gases. As it is clear according
to Graham’s law of diffusion, as the molecular weight of a penetrat-

Fig. 2. (a) The predictions of solubility isotherms for C3H8 in PEO: experimental data by Wiesmet et al. [36] (b) The calculated values for
adjustable parameters β with ζ and temperature.

Fig. 3. (a) The predictions of solubility isotherms for CO2 in PEO: experimental data by Wiesmet et al. [36] (b) The calculated values for
adjustable parameters β with ζ and temperature.
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ing gas increases its diffusion rate decreases in diffusion medium
and vice versa. Therefore, it is expected that the molecules with
the same molecular weight have been affected similarly by diffu-
sion medium structure. On the other hand, a similar effect of tem-
perature on β in both CO2 and C3H8 sorption cases can be explained
by the Stokes-Einstein equation and Thran et al. [38] correlation
of fractional free volume in terms of diffusivity of gas in polymer.
According to the Stokes-Einstein equation, the diffusivity in poly-
mer is proportional to the temperature at which the diffusion occurs
and based on Thran et al. correlation, the inverse of the fractional
free volume is exponentially related to the diffusivity of gas in poly-
mer. Therefore the diffusivity of gas in polymer is affected by tem-
perature and the fractional free volume is affected by diffusivity of
gas in polymer. Because the diffusion of CO2 and C3H8 in PEO is
almost similar due to the as-explained reasons, the effect of tem-
perature on fractional free volume of PEO is almost similar in
both sorption cases investigated.
1-2. Solubility of CO2 in PET

Fig. 4(a) presents the solubility isotherms of CO2 along with the
predicted solubility curves in PET at low temperatures.

The CO2 solubility isotherms below Tg show downward curva-
tures for all of the investigated temperatures, due to excess of the
free volume of the polymer in the glassy state [22]. As can be seen
in these isotherms with increase in temperature, the curvature of
the isotherms is reduced with pressure and the isotherms become
more linear. This is because of the reduced distance from glass
transition temperature, which leads to the occurrence of the sec-
ond-order glass-rubber transition at lower CO2 pressures, this results
in nearly linear isotherms at lower pressures for isotherms at higher
temperatures [39-41]. This partially affects the predictive perfor-
mance of the modified NELF model. As can be seen the effect of
second-order glass-rubber transition at lower temperatures (25 oC
and 45 oC) on density or in fact the free volume of PET at inter-
mediate applied pressure (≈1 MPa) leads to the transition of the
predictive performance of the model from underestimating to over-
estimating. In fact, the experimental data were subjected to abrupt
change in fractional free volume at second-order glass-rubber transi-

tion temperature, which was not considered in the model; how-
ever, at higher pressure the model approaches the experimental data
because the effect of second-order glass-rubber transition van-
ishes. In Fig. 4(b), the β value decreases with increase in tempera-
ture; the reason is related to the fact that the increase in temperature
because of the exothermic nature of the sorption of CO2 in PET,
the rise in temperature leads to a reduction in sorption capacity of
PET. In the modified NELF model, this behavior is described by
means of a decrease in density and an increase in FFV of the poly-
mer. The increase in FFV results in rising in the diffusion of gas
molecules; this rise in diffusion causes the solubility to overesti-
mate experimental data based on Eq. (6) if the correction factor of
FFV was not involved. Hence, it was observed that β decreases
with rising temperature.

The CO2 solubility in PET at temperatures above Tg (95, 105 and
115 oC) is shown in Fig. 5(a), which presents the typical behavior
for gases in rubbery polymers, well described by Henry’s law. There-
fore, nearly linear predicted sorption isotherms are observed in
this figure.

The slopes of these linear isotherms are slightly different from
each other; this means that minor changes in density and FFV of
membranes occurred within the temperature range considered.
Hence, as can be seen in Fig. 5(b), a linear drop in β values with
temperature is also observed. A rise in β can be observed with the
depth of diffusion in PET, which is an opposite trend of change
when compared with PEO and other cases. The reason can be
related to the low affinity of PET for CO2 sorption. As the depth
of diffusion increase the CO2 sorption becomes more difficult in
PET; however, when CO2 sorption reached a certain value in the
depth it penetrated, the amorphous PET matrix started to crystal-
lize and at the same time the mobility of PET chains increased due
to the partial plasticization occurrence as a side effect of dissolved
CO2. It is well-known that the crystal portion of polymer is unwill-
ing to dissolve CO2 [43]; hence the formed crystals excluded CO2

out of PET matrix, which leads to lower dissolved CO2 concentra-
tion. This phenomenon cannot be observed in other CO2 sorption
systems investigated, and this can be the reason for unique trend

Fig. 4. (a) The predictions of solubility isotherms for CO2 in PET at low temperatures: experimental data by Koros et al. [39-42] (b) The cal-
culated values for adjustable parameters β with ζ and temperature.
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of change of β with depth of diffusion in the matrix of PET.
1-3. Solubility of CO2 in i-PP

Isotactic polypropylene (i-PP) is one of the polyolefins of great
interest in many practical applications. Fig. 6(a) shows the iso-
therms of CO2 sorption in i-PP at different temperatures below
melting point of this polymer extracted from works by Li et al.
[44] and Lei et al. [45]. As can be seen, the modified NELF model
was able to successfully predict the solubility of CO2 in i-PP. This
is because the crystallinity degree of this polymer is high at investi-
gated temperatures; hence the hypothetical constrained pressure
imposed on amorphous parts of polymer structure must be high
for model to comply with experimental data [21], and there is a
decreasing trend of change of constrained pressure with tempera-
ture due to the reduction of crystallinity degree of polymer and
increase in its amorphous phase. This means that the FFV of poly-
mer increases with temperature; hence similar to the CO2 sorption
in PEO, the correction factor of FFV must decrease with tempera-

ture to prevent the model from overestimating the experimental
data point, as can be seen in Fig. 6(b). Another noteworthy point
in Fig. 6(b) is that the values of β are relatively far from unity even
at its maximum; the reason for this result is that the sorption data
of CO2 in i-PP are reported at very high pressures. This high applied
pressure has significant effect on density and FFV of polymer
examined leading to the overestimation of FFVs by NELF model
in higher pressures as it was observed by Minelli et al. [31] for sol-
ubility of CO2 in PEO case; hence, smaller correction factors of FFV
must be applied to the model.

The experimental solubility isotherms of CO2 in molten i-PP
along with the predicted solubilities with modified NELF model
can be observed in Fig. 7(a).

As can be seen, the model was able to accurately describe the
CO2 sorption isotherms which were extracted from two separate
works by Li et al. [46] and Chen et al. [47] in molten i-PP. Even at
high pressures, the model is properly fitted to experimental data

Fig. 5. (a) The predictions of solubility isotherms for CO2 in PET at high temperatures: experimental data by Koros et al. [39-42] (b) The cal-
culated values for adjustable parameters β with ζ and temperature.

Fig. 6. (a) The predictions of solubility isotherms for CO2 in i-PP at low temperatures: experimental data by Li et al. [44] and Lei et al. [45]
(b) The calculated values for adjustable parameters β with ζ and temperature.
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points that were not observed in Minelli and Di Angelis [21] at
180 oC who calculated a constant binary interaction parameter in
different temperatures investigated. In this work, because of the
high pressure applied in sorption experiments by Li et al. [46] and
Chen et al. [47], it is believed that FFV is significantly affected by
pressure; therefore, the depth of diffusion becomes shorter and
accessing the matrix of bulk of i-PP is more difficult for CO2 mol-
ecules. Hence as can be observed in Fig. 7(b), there can be seen
very low values for β with increase in ζ values from 10 to 100μm.
1-4. Solubility of CO2 in PEI

Polyetherimide (PEI) is a renowned membrane of the polyim-
ide family. This polymer, which has high glass transition tempera-
ture (≈217 oC), is widely used as membrane material for gas, especially
CO2 separation purposes. Fig. 8(a) presents different CO2 solubil-
ity isotherms extracted from Lopez-Gonzalez et al. [48] at 20, 30
and 45 oC in the pressure range up to about 2 MPa in glassy PEI.

As can be observed in Fig. 8(a), the model does not show a

very accurate estimation of CO2 solubilities in PEI, and there are
deviations at both high and low pressures from experimental data
points. The reason can be related to the fact that for PEI Henry’s
law is not valid. The sorption of CO2 in PET can be described more
accurately by the dual-mode sorption model, demonstrating that
CO2 molecules do not only dissolve in the polymer matrix, but can
also be present in the excess free volume of PEI [49]. Hence, there
exists a hysteresis for the sorption of CO2 in PEI. Desorption val-
ues are in higher then sorption values, especially at higher pressure
due to the enhanced sorption of CO2 in PEI. During desorption,
the collapse of the free volume takes more time than the desorp-
tion of CO2 [50]. Consequently, a higher amount of free volume is
available during desorption, resulting in higher CO2 concentra-
tions. Therefore, it can be said that the model predicts the solubility
of CO2 in PEI more accurately at high pressures based on desorp-
tion data points if it was available.

Fig. 8(b) shows that there is almost a constant value for β at dif-

Fig. 7. (a) The predictions of solubility isotherms for CO2 in i-PP at high temperatures: experimental data by Li et al. [46] and Chen et al.
[47] (b) The calculated values for adjustable parameters β with ζ and temperature.

Fig. 8. (a) The predictions of solubility isotherms for CO2 in PEI: experimental data by Lopez-Gonzalez et al. [48] (b) The calculated values
for adjustable parameters β with ζ and temperature.
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found that the binary interaction parameter between CO2 and
PMMA was constant and independent of temperature. In this
work, although the correction factor of FFV is dependent on tem-
perature as it can be observed in Fig. 9(b), the range of change of
β is very limited (about 2%) at each diffusion depth considered.
This result is in very good agreement with the results of Minelli
and Doghieri [24], demonstrating an almost temperature-indepen-
dent interaction between CO2 and PMMA. This is related to the
fact that some rheological properties of PMMA remain constant
with the variation of temperature. As it is observed in several dif-
ferent studies, the steady-state recoverable compliance of PMMA,
which shows the ability of PMMA to recover its original structure
after bearing mechanical stress, is independent of temperature [52,
53]. Because the solubility of gas in polymer is affected by change
in rheological properties of polymer, the temperature independency

ferent ζ. According to Simons et al. [49] the thickness of PEI film
does not have a significant effect on the CO2 sorption capacity of
PEI. This implicitly demonstrates that the depth of diffusion of
CO2 in the matrix of PET does not have a significant effect on the
solubility of CO2 in PEI. 
1-5. Solubility of CO2 in PMMA and PEMA

Polymethyl methacrylate (PMMA) and polyethyl methacrylate
(PEMA) are methacrylate resins. Both of these polymers have
been investigated for CO2 sorption and separation in numerous
research works due to their high affinity for CO2. Fig. 9(a) demon-
strates three different CO2 solubility isotherms in PMMA extracted
from Koros et al. [51] along with the prediction by modified NELF
model in the pressure range up to about 2.5 MPa in PMMA. As
can be seen, the model was able to successfully predict the solubil-
ity of CO2 in PMMA similar to Minelli and Doghieri [24], who

Fig. 9. (a) The predictions of solubility isotherms for CO2 in PMMA: experimental data by Koros et al. [51] (b) The calculated values for
adjustable parameters β with ζ and temperature.

Fig. 10. (a) The predictions of solubility isotherms for CO2 in PEMA: experimental data by Koros et al. [51] (b) The calculated values for
adjustable parameters β with ζ and temperature.
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of steady-state recoverable compliance of PMMA leads to nearly
temperature independency of solubility of CO2 in PMMA.

Fig. 10(a) demonstrates three different CO2 solubility isotherms
in PEMA extracted from Koros et al. [51] along with the predic-
tion by modified NELF model.

As can be seen, similar to the CO2/PMMA system, the model
was able to accurately predict the solubility of CO2 in PEMA at
temperatures below its Tg. Fig. 10(b) is also very similar to Fig. 9(b),
which means the mechanism of sorption of CO2 in PEMA and
PMMA is almost the same. This is mainly because of the similar
chemical structure and physical properties of these two methacry-
late-based polymers. The sorption enthalpies of these two poly-
mers are in a very close range (2-4 kcal mol−1) based on Koros et
al. [51], meaning that the solubility of CO2 in these polymers is
similar from a thermodynamics point of view.
2. Optimization

A summary of the correlations for β in terms of temperature at
different values of ζ for different gas/polymer systems is presented

in Table 4.
The quadratic form of the temperature-dependent equation

was fitted to the calculated β values at different ζ and the constant
of the equation is presented in Table 4. As can be seen, the value
of constant ‘a’ for almost all of the considered systems is very small
compared to values of ‘b’ and ‘c’. This demonstrates that the regres-
sion curves are almost linear with a mild curvature. In fact, some
of the ‘a’ values in the table approach zero. This suggests that the
dependency of β at different depth of diffusion can be expressed
by a simple quadratic or linear equation. Hence, values of β at
excluded temperatures can be easily estimated with a high level of
confidence.

A fitness function in MATLAB environment was defined includ-
ing all of the equations presented in Table 4 with temperature as
input and β values as output in 27 vectors. Then, genetic algorithm
multi-objective optimization with global optimization toolbox of
MATLAB software was applied to find the optimum temperature
in which β values of different investigated cases have the least

Table 4. Summary of the constants of correlations for β parameter obtained from the results of modified NELF model for different gas-poly-
mer systems

Polymer/Gas
β=a T2+b T+c

ζ=10µm ζ=30µm ζ=100µm
a b c a b c a b c

PEO/C3H8 −1×10−4 0.0706 −11.65100 2×10−5
−0.0226 5.6602 3×10−5

−0.0217 5.2472
PEO/CO2 5×10−5

−0.0380 7.18169 3×10−5
−0.0191 4.2056 −2×10−5 0.0129 −1.2787

l-PET/CO2 9×10−5
−0.0625 11.79300 0 −0.0076 3.1778 −6×10−5 0.0333 −3.4671

h-PET/CO2 −1×10−4 0.1109 −19.94800 −5×10−4 0.3660 −66.2060 −2×10−4 0.1805 −31.718
l-i-PP/CO2 1×10−5

−0.0103 2.56300 1×10−6
−0.0024 1.0552 −4×10−6 0.0016 0.2224

h-i-PP/CO2 4×10−5
−0.0372 9.61760 −2×10−5 0.0211 4.0507 −2×10−5 0.0221 4.5837

PEI/CO2 1×10−4
−0.0656 11.01600 7×10−5

−0.0407 7.1616 1×10−5
−0.0089 2.4267

PMMA/CO2 0 −0.0004 0.93590 0 −0.0004 0.9259 −9×10−6 0.0057 −0.1480
PEMA/CO2 −3×10−5 0.0164 −1.77900 1×10−5

−0.0092 2.3175 0 −0.0012 1.0776

Table 5. The result of multiobjective optimization with genetic algorithm and standard deviation on β values

Index T (K) C3H8/PEO CO2/PEO CO2/PET
Low T

CO2/PET
High T

CO2/i-PP
Low T

CO2/i-PP
High T CO2/PMMA CO2/PEMA Standard

deviation (SD)
01 273.0 0.534 0.496 0.616 0.981 0.475 0.684 0.361 0.743 0.180
02 273.3 0.531 0.495 0.615 0.978 0.474 0.683 0.361 0.743 0.180
03 290.8 0.359 0.413 0.556 0.873 0.442 0.649 0.349 0.720 0.177
04 316.6 0.163 0.304 0.495 0.641 0.396 0.603 0.328 0.688 0.173
05 328.2 0.536 0.260 0.478 0.541 0.375 0.585 0.317 0.673 0.133
06 336.1 0.506 0.231 0.470 0.474 0.362 0.573 0.308 0.663 0.133
07 347.3 0.479 0.192 0.463 0.381 0.342 0.558 0.296 0.650 0.138
08 361.9 0.962 0.145 0.464 0.264 0.318 0.539 0.278 0.632 0.244
09 380.7 --- 0.091 0.479 0.284 0.286 0.519 0.252 0.609 0.167
10 445.5 0.176 0.984 0.758 --- 0.185 0.476 0.141 0.532 0.299
11 451.4 0.216 0.976 0.755 --- 0.176 0.474 0.130 0.525 0.294
12 461.0 0.290 0.969 0.751 --- 0.161 0.472 0.110 0.513 0.290
13 515.4 0.879 --- 0.730 --- 0.084 0.476 --- 0.451 0.272
14 527.7 --- --- 0.725 --- 0.067 0.481 --- 0.438 0.235
15 533.0 --- --- 0.727 --- 0.070 0.465 --- 0.459 0.235
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standard deviation. Note that during optimization with settings
presented in Table 1, unacceptable β values were also reported by
the software which all were excluded in standard deviation calcu-
lations. The raw optimization results MAT file generated by MAT-
LAB software can be found in the supplementary material.

From the optimization toolbox of MATLAB, ‘gamultiobj’ solver
was selected; the fitness function was addressed to the toolbox
with one variable (T) and in the constraint entry the lower bond
(273 K) and upper bond (533 K) for temperatures consideration in
optimization were defined. The results of multi-objective optimi-
zation are presented in Table 5.

As can be seen, the least standard deviation between β values is
related to temperatures of 328.2 and 336.1 K. Thus, in this tempera-
ture, the β values are less disperse and closer to each other and these
temperatures can be suggested as optimum temperatures at which
the proposed model can predict the solubilities of gases in poly-
mers more accurately. The trend of change of standard deviations
shows that at lower temperatures, there are smaller deviations be-
tween determined kT values. A data fitting for standard deviation
of β values versus temperature is presented in Fig. 11.

As can be seen, there is good agreement (R2=0.8367) between
fitted polynomial with data points from GA. The fitted cubic func-
tion of temperature has a minimum at 317 K, and at this tempera-
ture the minimum value of standard deviation is 0.148. Based on
the correlation obtained, at 317 K the model predicts the solubili-
ties of gases in polymers with its highest accuracy if one unified β
value has to be selected for solubility estimations.

To evaluate the solubility prediction power of the proposed modi-
fied NELF model and compare it with the performance of the
NELF model, the chi-square test was applied to each gas/polymer
system considered in this work. The calculation of the solubility
coefficient of the NELF model was performed using method pro-
posed by Shoghl et al. [33].

The chi-square test statistic is fundamentally the sum of the
squares of the differences between the experimental data and data
extracted from models, with each square difference divided by the
corresponding data obtained by calculating from models. It is math-
ematically defined as:

(14)

where n is the number of solubility coefficient data points, Sei is
the ith experimental solubility coefficient at determined pressure
and temperature, and Smi is the ith solubility coefficient extracted
from the prediction by NELF model and by the proposed modi-
fied NELF model at the same determined pressure and tempera-
ture which Sei was reported. If there will be a great agreement
between experimental data and model predictions, the χ2 value
will be a small number (ideally near zero); however, as the devia-
tion of the model from experimental data increases, the χ2 value
becomes larger. Hence, it is necessary to analyze the data set on
the chi-square test to confirm the best-fit model for prediction of
gas solubility in different polymers.

The calculated chi-square values of NELF and modified NELF
model for investigated gas/polymer pairs are presented in Table 6.
Note that the chi-values for each gas/polymer pair in this table
were calculated based on the whole experimental and related mod-
eling data points reported at different pressures and temperatures
and presented in Figs. 2-10.

As can be seen, although the calculated values of χ2 for both
NELF and modified NELF model are small numbers, the χ2 val-
ues related to the modified NELF model in all of the investigated
cases are smaller than those related to NELF model. This demon-
strates that the solubility prediction ability of modified NELF
model is superior to the NELF, at least for the gas/polymer system
involved in this study. Thus, the introduction of a correction fac-
tor of fractional free volume in the calculation of solubility of gases
in polymers by NELF model leads to enhancement in the predic-
tion power of this model.

CONCLUSION

For improved prediction of C3H8 and CO2 solubilities in differ-
ent polymers, a novel NELF modified model based on introduc-
tion of fractional free volume correction factor (β) and depth of
diffusion (ζ) in the calculation of solubility coefficient (S) from
infinite dilution solubility coefficient (S0) was proposed. In all of the
investigated gas/polymer systems, the value of β decreased with
temperature due to increased sorption capacity of polymers as a

χ
2

 = 
Sei −  Smi( )2

Smi
------------------------

i=1

n
∑

Fig. 11. The cubic polynomial fitting for standard deviations of β
versus temperature.

Table 6. The calculated chi-square values of NELF and modified
NELF model for different gas/polymer systems

Gas/Polymer system
χ

2

NELF model Modified NELF model
C3H8/PEO 0.00820 0.00258
CO2/PEO 0.03734 0.01571
CO2/PET (high T) 0.00178 0.00021
CO2/PET (low T) 0.05195 0.01106
CO2/i-PP (high T) 0.00573 0.00221
CO2/i-PP (low T) 0.03531 0.00265
CO2/PEI 0.05884 0.02263
CO2/PMMA 0.01241 0.00278
CO2/PEMA 0.06552 0.01335
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result of the decrease in imposed hypothetical pressure on polymer
chain and increase in fractional free volume of polymers. In most
of the investigated gas/polymer systems, the value of β also decreased
or remained constant with increase in ζ except for the CO2/PET
case which experienced the opposite trend of change due to the
initiation of crystallization of amorphous phase of PET, which results
if there is formation of a phase with reduced high affinity for CO2

sorption. The results of multi-objective optimization with genetic
algorithm showed that at 328.2 and 336.1 K the fractional free vol-
ume correction factor less disperses more close to each other for
all gas/polymer pairs investigated. The correlation of standard devia-
tions of fractional free volume correction factors with temperature
revealed that 317K was the optimum temperature at which the high-
est accuracy of solubility prediction is possible. The comparison of
the performance of the NELF model and modified NELF model
of this work by the aid of chi-square test showed the supremacy of
the proposed NELF model in this work with considerably smaller
χ2 values.

This work successfully modified the NELF model based on two
adjustable parameters, β and ζ. The β value can be easily calcu-
lated based on experimental and modeling data available in the lit-
erature; however, reports regarding the systematic calculation of
depth of diffusion of penetrant in polymers are rare, hence this
parameter was considered as an independent variable in determi-
nation of β. It would be very useful to derive an expression in
future works for depth of diffusion based on rheological parame-
ters of polymer, operational conditions and physical and thermo-
dynamic properties of penetrant to try to reduce the number of
adjustable parameters in modified NELF model and generalize the
application of this model for wide variety of gas/polymer systems.
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NOMENCLATURE

English Letters
A : total Helmholtz free energy [J]
aNE : Helmholtz free energy density at nonequilibrium state [J

mol−1]
N : numbers of moles of penetrants
R : Universal gas constant [J mol−1 K−1]
T* : characteristic temperature of the mixture of gases [K]
Ti

* : characteristic temperature of pure component i [K]
: dimensionless temperature

r : molar average number of lattice sites occupied by a mole-
cule in the mixture

ri : molar number of lattice sites occupied in the mixture by
molecules of species i

ri
0 : number of lattice sites occupied by a mole of pure compo-

nent i
vi
* : volume occupied by a mole of lattice sites of pure substance

[m3 mol−1]
S0 : infinite dilution solubility coefficient [m3(STP) m−3 Pa]

pi
* : characteristic pressure of pure component i [Pa]
Δp*

i, j : pressure binary interaction parameter between penetrants i
and j [Pa]

C1 : concentration of penetrant in matrix of polymer [mol m−3]
Mi : molecular weight of penetrant (i=1) or polymer (i=2) [kg

mol−1]
j1 : molecular flux of penetrant in polymer [mol m−2 s−1]
D12 : diffusion coefficient of penetrant in polymer [m2 s−1]
S : diffusion coefficient of solute in polymer [kgsolute·kgpolymer

−1]
r12 : molecular separation at collision [nm]
k : Boltzmann constant
f : fractional free volume [FFV]
z : the direction of diffusion [μm]

Greek Letters
: dimensionless density [kg m−3]

ρ* : lattice fluid characteristic density [kg m−3]
ρi
* : characteristic density of pure component i [kg m−3]

ρ2
0 : density of polymer in very low pressures [kg m−3]

ρi : density of penetrant molecule (i=1), density of polymer (i=2)
[kg m−3]

φi : volume fraction of component i
μi

NE : non-equilibrium chemical potential of component i [J mol−1]
Ψ : binary adjustable parameter
ε12 : energy of molecular attraction [kg m−2 s−2]
β : fractional free volume correction factor
ζ : depth of diffusion of penetrant in polymer matrix [μm]
χ2 : chi-square value
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