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AbstractWe developed equations for nano-sized titanium dioxide (TiO2) particles self preserving time (SPT) lag that
combines with agglomerate key parameters such as primary particle size (PPS), geometric standard deviation (GSD)
and mass fractal dimension (MFD). A statistical formula has been developed that relies on SPT lag as the key parame-
ter of agglomerates. Finally, this research presents the first analytical solution by integrating these key parameters into
one formula, which can be utilized as a handy tool to calculate the time for reaching the asymptotic state.
Keywords: Mass Fractal Dimension, Self Preserving Time, Agglomerate, Nanoparticle, Primary Particle Size, Geometric

Standard Deviation

INTRODUCTION

Coagulation is one of the common processes that can be easily
found in many advanced materials in diverse industry fields [1-4].
Particles are formed by gas-to-particle conversion under high tem-
perature condition followed by coagulation which is composed of
nanoparticle chains agglomerates [1,5]. Many studies have been
conducted to figure out the synthesis process and the properties of
particles, and many applications of nanoparticles are pouring out
[2-4].

Experiments have been attempted to grasp Brownian coagula-
tion with agglomerations. For instance, Matsoukas and Friedlander
[6] showed that the rate of coagulation in the production of metal
oxide particles increased with decreasing mass primary particle
size (PPS) and fractal dimension. One example is that the PPS of
commercially available TiO2 (Degussa AG, TI 1234) agglomerates
is between few nm to 20 nm in flame and diffusion reactors [1].
In a recent study, non-spherical titania agglomerates enlarged much
faster than spherical agglomerates [7]. Then, non-spherical titania
agglomerates moved to an asymptotic mass fractal dimension (MFD)
while oxidation proceeded in high temperature [7]. Furthermore,
the morphological transition of agglomerates was evaluated using
Monte-Carlo simulations in many processes including diffusion
[8], sintering and coagulation [9]. One study performed a stochas-
tic simulation algorithm wherein the primary particle was observed
in order to find its movement and determine the role of determin-
istic and stochastic forces on the particle [10]. Another study pro-
vided simulation results of agglomeration using computational
algorithm [11]. Morphology of agglomerates was classified as reac-
tion-limited and diffusion-limited with the proposed mechanism

[12].
Aerosol dynamics models are another ones developed in order

to figure out how the morphological structure affects the behavior
of aerosol agglomerates. A variety of aerosol models are accessible
to explain aerosol dynamics on the basis of mathematical delinea-
tion of particle size distribution, such as moment [13-15] and sec-
tional models [16,17]. The evolving agglomerates were simulated
starting from individual spherical particles, which assumed power
law distribution and evaluated the influences of fractal dimension
and PPS [18]. Self-preserving time (SPT) lag was provided by
Vemury et al. [19] to calculate the time to reach the asymptotic
size distribution. A correlation equation of the two was devised for
SPT in the free molecular as well as continuum regimes in terms
of initial geometric standard deviation (GSD). The simulations
were conducted with a discrete sectional model. In a later study,
MFD was integrated into the model and its effects were investi-
gated [20].

The first analytical solution was proposed in order to trace the
evolving size distribution of spherical aerosols regarding lognor-
mal distribution and undergoing Brownian coagulation in the free
molecular regime [21]. The analytical solution was extended later
to include fractal agglomerates with a focus on changes of the SPT
lag as a function of MFD. In addition, the sectional model [17]
and analytical solution [22] were compared to predict the shape of
the asymptotic agglomerate size distribution. The sectional method
was used to calculate the asymptotic values of 1.46, 1.52, and 1.61
for Df of 3.0, 2.5, and 2.0, respectively. In contrast, Park and Lee [22]
obtained the asymptotic values by analytical solutions, resulting in
1.36, 1.39, and 1.48, respectively. However, what was overlooked in
both studies is that they did not address the effect of PPS. It has
been identified that the size of primary particles is an important
variable from previous experimental studies. Ulrich and Subrama-
nian [23] also emphasize the importance of PPS by describing the
physical properties and behavior of agglomerates generated from
the gas phase at high temperature. The properties immensely rely on
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the agglomerate size and the number and size of primary particles.
The time to reach asymptotic distribution has much to do with

nanoparticle synthesis as noted in previous studies. Thus, the aim
of this study was to develop equations for nano-sized TiO2 parti-
cles SPT lag incorporating all important parameters of agglomerates
such as PPS, GSD, and fractal dimension. We especially focused
on the effect of primary particle diameter (PPD), which has been
shown to influence coagulation rate. Moreover, we demonstrated
the effectiveness of the other two parameters on PPS.

METHOD

1. Model Development
Eq. (1) describes the particle size distribution by Brownian coag-

ulation using an integro-differential equation.

(1)

where n(vj, t) refers the particle size distribution as a function of
time t and the two particles collision kernel which is for two parti-
cles having volume vi and vj, respectively [24]. The collision kernel
in the regime of free molecular is expressed in Eq. (2).

(2)

where (dai+daj)2 refers the agglomerates of collision cross section

and  refers the average relative velocity between

colliding agglomerates. Eq. (3) expresses the number of primary
particles in the agglomerate Npp expressed by the relationship be-
tween PPD (dp) and the radius of gyration of the agglomerate (Rg).

(3)

where 0 refers the primary particle volume, k refers the structure
prefactor, and Df refers the fractal aggregate with a fractal dimen-
sion [18,25].

If Df is between 2 and 3, the agglomerate cross sections can be
expressed by

(4)

The cross section of the new agglomerate without the limitation of
Df may have a result greater than sum of the individual agglomer-
ates’ counterparts. Hence, Df larger than was recommended. Fur-
thermore, the assumption of computer simulation provided Df is a
constant value [24]. k is assigned to 1 in the incorporation of Eqs.
(2) and (3). The collision kernel of agglomerates is described in
Eq. (5). The kinetic gas theory for rigid spherical particles with Df

larger than 2 in the free molecular regime is described as

(5)

where, , kb refers to the Boltzmann

constant,  means the particle density, and T is the absolute tem-
perature [6].

The coagulation phenomena have been explained by the mo-
ment method because of the efficient structure and low computa-
tional [26,27]. Eq. (6) explains the particle size distribution at the
kth moment.

(6)

In this research, we assumed that the moment model is lognor-
mal size distribution. The function of lognormal size distribution
is provided as

(7)

where g(t) refers the GSD, N(t) refers the total number concen-
tration, and g(t) refers the geometric number mean volume of par-
ticles. Various moment equations can be derived by incorporating
Eq. (1) with (6) and (7). The specific details of the moment equa-
tion development are provided elsewhere [28]. For the moments,
we used the differential equations calculated by a Runge-Kutta 4th

order method and for comparison purposes only (Table S1). The
key parameters of size distribution including GSD and geometric
mean diameter can be decided for each time step. Park and Lee
[22] provided various assumptions to derive the analytical solution.
Once these equations are numerically solved, the assumptions are
no longer needed.
2. Simulation Conditions

We estimated the impact of agglomerate size distribution on
coagulation rate by altering PPS, MFD, and initial GSD, which
parameters conditions are provided in Table 1. We determined the
time to reach the asymptotic state, i.e., SPT lag of fractal agglomer-
ates, f by tracking the development of g. Landgrebe and Prat-
sinis [17] and Vermury and Pratsinis [19] defined that f is the time
takes for g close to the asymptotic value within 1%. The simula-
tion conditions of set 1 were equal to those in prior studies [19,
22], which indicate our results are comparable to results in prior
studies. dp and g0 in sets 2 and 3 were varied to evaluate the depen-
dence of f.

RESULTS AND DISCUSSION

1. Effects of dp and Df to Coagulation Rate
The effects of dp and Df to the growth of agglomerates were evalu-
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Table 1. Simulation conditions

Set 0 MFD Particle number
concentration (# cm3) PPS (nm)

1 1 2
2 1 2.0/2.5/3.0 1016 1-20
3 1-3 1-20
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ated before performing the simulation. It was carried out by inves-
tigating the relationship between spherical particles (s) and the
collision kernels of agglomerates (a) in the same particle volume.
In contrast to non-spherical particle a in Eq. (5), the spherical par-
ticles s is expressed in Eq. (8) by setting Df =3.

(8)

Dividing Eq. (5) by Eq. (8), the ratio can be derived as

(9)

The ratio of the collision kernels is described in Eq. (10). We assume
monodisperse (u=) and extreme size ratio (>>u).

(10)

where  following Eq. (3) where k is set to 1. As

shown in Eq. (10), higher collision rates were achieved from agglom-
erates with a smaller PPS and a smaller MFD.
2. Effect of Df to the Asymptotic GSD (g)

Several researchers reported that g applies to asymptotic value
if coagulation is the main mechanism [18,20,22]. We used the ana-
lytical calculation provided by Park and Lee [22] to evaluate the
asymptotic g (Fig. 1). The fractal agglomerates are almost the
same as the analytical results (symbols overlapped) reported by previ-
ous research [22]. The self-preserved GSD for Df =3.0, 2.5 and 2.0
was 1.36, 1.40 and 1.48 respectively. The influences of assumptions
used in the previous study [22] are insignificant by confirming the
similarity. Similar results were published using the discrete-sectional
methods elsewhere [20,18]. Differences between the sectional and
moment models result from the presumed size distribution. Thus,
those asymptotic values must differ accordingly. Differences between
the number and volume based model originate from the finite sec-
tional spacing, which leads to numerical diffusion [17,18].

3. Effect of dp to  f and g as a Function of Df
We conducted simulation for dp to evaluate the influence of dp

on f and g. With all the other parameters remaining constant, we
applied 1 nm, 10 nm, and 20 nm of dp values. g as a function of Df

is shown in Fig. 2(a) for 3 PPS and the effect of dp is insignificant.
On the other hand, dp has a large effect to f as shown in Fig. 2(b).
f was calculated using Eq. (11).

(11)

where t was obtained by the simulation runs [20].
When dp=2 nm, f does not change much along different Df. In

addition, they are very similar to those of the sectional method even
though g are different [20]. However, the impact on f becomes
dominant as dp and Df increase. 20nm is around 15 times larger than
2 nm (Df =3) despite the same asymptotic g value for both (Fig.
2(a)).

Small primary particles in the agglomerates are likely to have
larger drag forces so that their coagulation speed is faster than large
particles. Therefore, smaller primary particles can reach the asymp-
totic value faster. Then, we investigated a statistical formula for f

as a function of Df where the PPS was 2 nm. Eq. (12) shows a one-
way non-linear regression model with an exponential relationship:
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Fig. 1. Asymptotic as a function of Df [18,20,29].

Fig. 2. dp Effect as a function of Df on: (a) GSD; (b) SPT lag [20].
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(12)

We adopted the exponent following the ones by Park et al. [30].
When we compared Eq. (12) to prior research [20], the results be-
tween two methods (discrete-sectional and moment) were very simi-
lar for dp=2 nm (Fig. 2(b)).
4. Combined Effect; dp and Df on f

We statistically evaluated the dependence of f on both dp and
Df using nonlinear regression 2-way ANOVA test (=5%). Nor-
malized SPT lag (n) was used in this study to facilitate the analysis
as the ratio of SPT lag of agglomerates consist of any PPS larger than
2nm with the same Df of 2nm (Eq. (13)).

(13)

Then, Eq. (14) shows the dependence of n on dp and Df.

(14)

The real time lag of agglomerates comprised of given dp and Df can
be obtained by incorporating Eqs. (13) and (14), and it becomes
Eq. (15).

(15)

Fig. 3 shows the SPT lag for diverse Df as a function of dp, and it
shows that dp does not seem to have significant effect with a small
Df (e.g. 2). There was no big change in the SPT lag over the entire
range of PPS. In contrast, the influence of dp on n becomes obvi-
ous with increases of Df.
5. Integrated Effect; dp, Df, and g0 on f

We investigated the reliance of f as a function of dp, g0 and Df

using sequential statistical method least nonlinear regression 3-way
ANOVA test (=5%). Fig. 4 describes f of 2 nm agglomerates as a
function of g0 using previous studies [19,21] and this study results.

To predict f, Vemury et al. [19] applied two correlation equations
based on g0 which was smaller than the asymptotic value,

(16)

and for g0 larger than the asymptotic value,

(17)

Note that dp=2 nm and Df =3 were applied for Eqs. (16) and (17).
We statistically obtained that the time lag depends on parameters
for the moment model. The format of Eq. (16) was adopted for
g0 smaller than the asymptotic value even though the parameters
A-C are not constants anymore. Eq. (18) expresses a new formula
for 0 larger than the asymptotic value.

(18)

While variable C is only a function of MFD, it was found that
variables A to F in Eqs. (16) and (18) significantly depend on PPS
and MFD. We evaluated the dependence of f on all these parame-
ters with 3-way ANOVA test (=95%). The 3-way ANOVA test
includes the A-F factors which are listed in supporting information
(SI. 2). The influence of Df and g0 on f is described in Fig. 5. As
the g0 approaches to the asymptotic value, the SPT lag becomes
shorter. The relationship between g0 and  shows an exponential
trend. Moreover, it needs more time for reaching the asymptotic
value once the agglomerates become bigger. f becomes A if the
initial aerosols start from monodisperse (g0=1) shape. Through
these processes, the newly developed equations will play a role in
estimating the time for reaching the asymptotic value.
6. Implication to Nanoparticle Synthesis

The synthesized PPS is usually larger than 2 nm in many indus-
trial applications. For instance, TiO2 is synthesized via flame, and
the primary particle size is roughly 20nm [31], and the primary par-
ticle size of anatase TiO2 nanoparticles synthesized via chemical vapor
deposition (CVD) is between 12 and 23 nm [32]. Prior models used
2 nm for PPS of 2 nm [19,22]. Although the influence of dp for a
small Df (e.g. 2) is negligible, f increases exponentially as dp in-
creases when Df is 3 (Fig. 4). Based upon Eq. (17), 20 nm primary
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Fig. 3. MFD and PPS effects on f in the free molecular regime.

Fig. 4. Comparison of f to obtain the self-preserving distribution
[19,21].
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particles take more time than 2 nm primary particles for reaching
a self-preserving distribution. This is modifiable by the new for-
mula which provides a more accurate estimation in terms of the
effects of important parameters.

CONCLUSION

We investigated the influences of initial GSD and PPS on the
change in SPT lag and GSD of fractal agglomerates with regards to
the free molecular regime. The moment method presents very sim-
ilar results to those of the analytical solution. On the other hand,
the values obtained by sectional methods were not sufficiently close
to the asymptotic values because of the assumptions on the size
distribution applied to these models.

The reliance between g0 and f had an exponential relationship
with the PPS, initial GSD, and MFD. The asymptotic GSD had
nothing to do with PPS. The influence of PPS to the SPT lag was
insignificant in the case of small the MFD (Df=2.0). SPT lag is
reduced as the initial GSD approaches the asymptotic value. A sta-
tistical formula was developed with high R2 values (>0.99) for SPT
lag on initial GSD, PPS, and MFD of agglomerates. The devel-
oped formulae in this study will be used for a convenient method
to evaluate the SPT lag of fractal agglomerates.
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SI. 1. The differential equations calculated by a Runge-Kutta 4th order method

SI. 2. A-F factors in 3-way ANOVA test

A=3.043+1.2×105exp(3.337·Df+0.251·dp)
B=32.1321.8×104exp(3.352·Df+0.238·dp)
C=6.0832.378exp(10·Df

1)
D=42.067+17.139exp(0.204·Df)+4.549·exp(0.033·dp)
E=2.288+18.952exp(0.604·Df0.014·dp)
F=2.043·exp(5.41×105·Df+3.424·dp)+0.207

Table S1. Comparison of M0, M1, and M2 in two different regimes [22]
Moment Continuum regime Free molecular regime

0 0

dM0

dt
----------   K M0

2
  M1/Df

M1/Df
   Kb M0M 2/Df 1/2    2M 1/Df 1/2 M1/Df

  M1/2M2/Df
 

dM1

dt
---------- 

dM2

dt
----------  2K M1

2
  M Df 1 /Df

M Df 1 /Df
  2Kb M1M2/Df 1/2    2M11/Df

M1/Df 1/2    M12/Df
M1/2 
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