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Double diffusive effects on radial fingering in a porous medium or a Hele-Shaw cell
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Abstract—Double diffusive effects on the growth of radial viscous fingering in a porous medium or a Hele-Shaw cell
were analyzed theoretically. Under linear stability theory, the stability equations were derived in a self-similar domain.
The stability equations were transformed using the normal mode analysis and solved analytically and numerically.
Regardless of the diffusivity ratio, Le, the Péclet number, Pe, makes the system unstable, ie., accelerates the growth of
instabilities. The double diffusive effects on the growth of the instabilities were strongly dependent on the viscosity dis-
tribution. If the displaced phase has stable viscosity distribution, as Le increases, the system becomes unstable regard-
less of the magnitude of Pe. However, as Le increases, the growth of the instabilities is suppressed if the displaced phase

has unstable viscosity distribution.
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INTRODUCTION

Miscible viscous fingering, occurring in a porous medium when
a fluid of a given viscosity displaces another miscible more vis-
cous fluid, was first studied experimentally by Hill [1]. This finger-
ing instability has been the focus of numerous works devoted to
studying enhanced oil recovery, pollution spreading in soils or effi-
cient chromatographic column design, and so on [2-7]. Recently,
De Wit et al. [8-12] analyzed the precipitation patterns in a radial
Hele-Shaw cell experimentally. In their precipitation reactions, one
reactant was injected radially into another ambient reactant. If the
injecting solution is less viscous than the ambient displaced one,
miscible viscous fingering can be onset and this fingering motion
can be visualized through the precipitation patterns. In these pre-
cipitation systems, because the viscosity distributions are deter-
mined by the diffusivity ratio and the chemical reaction rate, the
double diffusive effects cannot be avoidable. Brau et al. [13] theo-
retically and experimentally considered the properties of reaction-
diffusion-advection fronts of A+B—C reaction in a radial geome-
try. However, the double diftusive effects on the miscible viscous
fingering in radial flows have been less focused than in rectilinear
systems [14-16].

The viscous fingering occurring in radial source flows has at-
tracted many researchers’ interest (see Tan and Homsy [17], Yort-
sos [18] and the references given therein). Later, Riaz and Meiburg
[19,20] and Riaz et al. [21] extended this problem by considering
various effects such as 3-dimensional disturbances, velocity-induced
dispersion and concentration-dependent diffusion. They solved the
stability problem with linear stability theory and direct numerical
simulation. If the viscosity differences between miscible fluids can
be related to temperature and/or composition changes, the two dif-
ferent components’ diffusion at different rates affects the onset and
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growth of the viscous fingering, and studies of such viscous finger-
ing can be performed by analyzing displacements between two mis-
cible solutions at different temperatures or containing a viscosity
changing solute in variable concentration. Pritchard [22] revisited
this problem by considering double diffusive effects due to the heat
and mass transfer.

We analyzed the effect of two different components diffusion at
different rates on the onset and growth of the viscous fingering the
radial source flow under linear theory. Under the normal mode
analysis, linear stability equations were derived and solved analyti-
cally by using the spectral method and numerically by numerical
shooting method. From the linear stability results, the onset condi-
tions and the growth of the azimuthal instability were predicted.

GOVERNING EQUATIONS AND BASE FIELDS

The two-dimensional flow that results from the injection of fluid

Hp
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mixing zone

Fig. 1. Schematic diagram of system considered here.
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into a horizontal porous layer or a Hele-Shaw cell, whose permea-
bility is K, from a line source at position T =0 with a constant areal
flux Q is considered here. The solute compositions of the injected
and ambient fluids are A, and By, respectively. Fig. 1 illustrates the
present system schematically. By neglecting the mechanical disper-
sion, the dimensionless governing equation in the polar coordinate
can be written as [17,22],
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where the azimuthal coordinate is denoted by & Here, u, v; a and
b are the dimensionless velocities in the (1, 6)-directions, and the
dimensionless concentrations of the solute A and B, respectively.
We introduced /K, K/Q Q/WK, 1, t4Q/K, A, and B, used as
length, time, velocity, viscosity, pressure, concentrations A and con-
centration B scales, respectively, where 4 is the viscosity of the com-
mon solvent. The important parameters to govern the present system
are the Péclet number, Pe, and the Lewis number, Le, defined as
(22]

Pe——DQ—A and Le—gj 6)
where D is the effective diffusivity of the solute i(=A or B), rather
than the molecular diffusivities. Because the diffusivities in a porous
medium are smaller than the molecular diffusivities in a homoge-
neous medium, the effective diffusivities are proposed considering
the average cross-sectional area open to diffusion and the distance
traveled by molecules in a porous medium. The Péclet number
means the ratio of the convective transfer rate and diffusive one. It
is well-known that the diffusive term makes the convective motion
stable, which will be discussed later, and therefore, higher values of
the Péclet number promote instability.

Following the previous studies [14-16,22], the viscosity is assumed
to depend exponentially on the concentrations of A and B as

=1 exp(—R,a—Rgb), 7)
where R, and Rj are defined as
__dlng __dlnu

R,= T and Rp= o 8)

Since viscous fingering is driven by viscosity mismatch which is
quantified by (R,—Rp), the fingering instability can never be ex-
pected for (R,—Rp)=0. However, even though there is a significant
viscosity mismatch, the system can remain stable if there is no flow:

Pe=0. This means that the stability of the present system is con-
trolled by both Pe and (R,—Rp) not Pe or (R,—Rp) alone.

Before the onset of fingering motion, the base concentration field
is governed by

Oa, 10a, 1 1 & 0a
8r+r6r(l_P Peaz’ ©
ob, lab Le\ Led’ b,
il pes R (10
under the following boundary conditions:
a,=1 and by=0 at r=0, (11a)
b,=0 and by=1 as r—>o0. (11b)
The solutions of the above equations are
I1(Pe/2), &)
ay(9)= IPe/2) (122)
_ APe /2, &)
b= "pen2) (12b)

where é=Pe 1°/(41), Pe,=Pe/Le, &=&Le, &=Pe/2 is the displacing
front, and the subscript “0” represents the base quantities. /{s)=

©

[t exp(~t)dt, 1T, X)=Tt3_1exp(— t)dt and s, x)=TtHexp(— t)dt

0

are the gamma function, the upper incomplete gamma function
and the lower incomplete gamma function, respectively.

For the limiting case of Pe—o0, which results in the most un-
stable scenario, the above concentration fields (12) are reduced as

a,(m)=erfc(), (132
by ()= Jerfe(~ ny), (13b)
where 77=(&-Pe/2)/A/Pe, 7,=n/ALe and 7=0is the displacing front.
LINEAR STABILTY ANALYSIS
1. Stability Equations

Under linear theory, the following linear stability equations can
be obtained by perturbing Eqs. (1)-(5) [17,22]:
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—w{ff}
e
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The corresponding boundary conditions are

ru;—0, a,—0 and b,—0 as r—0, (19a)
u;—0, ;—0 and b,—0 as r—>o. (19b)

Here the subscripts ‘0" and ‘I’ mean the base and disturbance quan-
tities, respectively. Eliminating the pressure terms, the linear stabil-
ity Egs. (14)-(16) are reduced as

az(ru1)+ G‘R day o %)6(rul)
r

or’ Aor T Bor) or
2 & & b, 0
10 10a 1
+5=—(ru)=R,5— +R;5—,
r o6 r o6

Using the similarity variable, &=Pe r/(41)), Egs. (17), (18) and
(20) are transformed into
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(23)
Pedef

Since the coefficients of the above equations are independent of
@ under the Fourier mode analysis, the disturbance quantities can
be represented as

[u, ay, bl]:[‘///ll a, bl]eXP(in@, (24)

where n is the azimuthal wavenumber. Eliminating the pressure
terms, the linear stability Eqgs. (21)-(23) reduce to

2 da, _ db, n’ n’
f%—é-’é—’+{ (RAdé(") RBdg)f}gg 4_5(//:_4_§(RA3'1+RBb1)’ (25)

631 62 Pe\| 0 n2 1 dao
75?_[5_52 {5+(1 )}ag 45} mPeEY (26)

b, o PenN]l 6 n? Pe, db,
TE:L{f 7 {é ( )}5—54—4% = ag” (27)

The corresponding boundary conditions are
2,0, b;—>0 and w—0 as £=0 and &—>co. (28)

For the case of large Pe, using 77=(&- Pe/2)/./Pe, the above sta-
bility equations can be approximated as

o ( da, dbo) 2| 2,k *
R,—2 4+ Ry—2 )~k by =— KX (Ra,+ Rib,), ©9)
{577 Ad?] Edp 4 (Rya;+Rgby)
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where k=n/./Pe, k,=k./Le and R*(:RJP—e ). The proper bound-

ary conditions are
—0, 3,0 and b,—0 as 77—>+c0. (32)

2. Solution Methods
2-1. Spectral Analysis
To analyze Eqs. (25)-(28), according to the Sturm-Liouville the-
ory, leta)(7 &) and by (7 &) as
(7, )= 2 A (D, 84, ()
" (33 &b)
and bl(r’ 5): ZOBm(T)ﬂm¢B, m(g)

Here ¢, ,,(&) and ¢ (&) are the eigenfunctions of the following
Sturm-Liouville equations:

LA¢Am _ﬂm¢Amand LB¢Bm j“m% m
d Pe)| d d’
where LA:|:§d_fZ+{§ (1__)}34 B:|:§Ld_é:i+{§L+(l—

%ﬁ)}i}’ and A, are the eigenvalues corresponding to the

(342 &Db)

de;

eigenfunctions @, ,, and ¢ ,, respectively. It is interesting that the
eigenvalues of Eq. (34) are the same if we use £and & in the pres-
ent analysis. The solutions of the above equations are [22]

Gr m(O=exp(— OEL(&) and @y (O (352 & b)
—exp( §L)§Pel/2 Pe,/Z(fL)
and
m:(j‘m_ 1):0> 1> 2> ) (SSC)

where LY(¢) is the associated Laguerre polynomials [23]. The nor-
malization factors ¢, and f3,, are

G, ={ (m+1)/1 (m+Pe/2+1))
and B,={1 (m+1)/T" (m+PeL/2+1)} .

(36a & b)

Therefore, the exact solutions of a,(z &) and b,(7 &) can be writ-
ten as

a,/(z, H=exp(— HE™? i A(Da, L)
"0 (37a &b)

Pe,/2

and b,(7, &)=exp(- fL)ff““ZBm< DB, L (&),

It is assumed that (&) can be expressed as

Uz &)= {RAZA (DY, m §)+RBZB (DB, m(f)} (38)
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Fig. 2. Eigenfunctions for Pe=10: (a) ¢, ,,(&), (b) &3 (&) for Le=0.5, (c) @3 ,,,(&) for Le=2, (d) y () for Le=0.5, R,=3, Rz=—2 and n=4, (¢) ¥, ,,(¢)
for Le=2, R,=3, Ry=—2 and n=3, (f) y3 (%) for Le=0.5, R,=3, Rz;=—2 and n=4, and (g) ¥} ,,(&) for Le=2, R,=3, Rz;=—2 and n=3.
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where ¥, ,, and 4, can be obtained by solving

dy, { da, _ dby\ |dyy , n
5 = (RAd RBd )5} d’m_4_l//A,m
a2 & & &4 %0
__ 4—§CXP( f)éPE/ZLPE/Z(QK)
vy, { da, _ dby) |dyp,, n’
— (RAd +Re 7 )Cf —aE azVem
a2 & ¢ & as s9b)
5exp( ENEL(E).

However, v, ,, and 3 ,,, cannot be expressed in a closed form, and
so must be integrated numerically for each set of parameter val-
ues. For some example cases, the eigenfunctions @y ., @5 W m
and y ,, are summarized in Fig. 2.

By substituting a,(7 &), by(5 &) and (5 &) into Egs. (56) and
(57), and using the orthogonality of LYOs, Egs. (26) and (27) can
be rewritten in the following matrix form:

d€_pc, (40a)
dr
where
C:{A:|and D:{DAA DAB} (40b)
B DBA DBB
A=[Ay A, -+]" and B=[B,, B;, --]" (40c & d)

In principle, D is a matrix of infinite rank; however, in practice, we
calculate an approximation Dy of rank 2N+2 by considering only
the eigenfunctions ¢, ,, and ¢ ,, for m=0, 1, -+, N. A detailed de-
scription for the structure of the matrix D is given in the Appen-
dix. Since matrix D is independent of 7 the growth rate o is the
maximum eigenvalue of the matrix D:

o=max{eig(D)}, (41)

where eig(X) extracts the eigenvalues of the matrix X.
For the case of large Pe and finite R, from Egs. (30) and (31),
a,(z 1) and b,(7 77) can be approximated as

a,(5, )= iOAm(r)am,m(n)
" (422 & b)

and b,(7, 7)= i;OBm(r)MB, ),

where @, ,,(77) and @; (7)) are the eigenfunctions of the following
Sturm-Liouville equations:

2
d ¢A,m+2nd¢A,m:7lm¢A .
2 772 dn 8
, ; (43a &b)
and d———¢Bém+277L (fB === 2105 m-
oy
The solutions of the above equations are
Ban(D=H(exp(=17), o n(1)=H,(11)exp(= 17.) (442,b &)

and m=(4,~2)=0,1,2, -,
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where Hm(é’){: (—l)mexp(é’z)dd—’inexp(— g“z)} is the m-th degree
g

Hermite polynomial [23]. Therefore, the solution of a,(z 7) and
b,(7 77) can be written as

(5 M=exp(- 1) 3 A, (BaryHy ()
" (450 &b)

and by(5, )= 3 B, (D, exp( 1) H, ()

where ¢, and 3, can be determined by using the orthogonality of
H,({'s as

a, =[J7m+1)2"] " and B, = [JTexlm+1)2"] . (46a &b)

Here, we are going to find (7, 7) in the following form:

V' =(5 =R, X A,
" (472 &b)

+Ry 2, Bu( D V(1)
where v, ,, and ¥4, can be obtained by solving

dz‘/’A m R4 2 Rp
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d’ VB, m {RA 2 Rg
sy (- i)+
dni N JLerx

—K; s, mw=Krexp(= ) He(1,)-

dy,
exp(— m)} ";L’" (48b)

For the extreme case where Pe—>0, R<<1 but R}(=R./Pe ) has
finite value, where i=A and B, Eq. (48) is reduced as

dZ
(d‘—z *kz) Vs, m=K'exp(— 1" )H, (1), (492)
n
& 2 p)
= ki | v, w=kiexp(—7)H,,(171), (49b)
dnp
and can be solved analytically as

wA,m=—‘§{exp(kn)Texp(—k§— OH,(9d¢
! (500)
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k « 2
Vim=- f{exp(kma Jexp(-ky -, (DAS
m

(50b)
.
+exp(=ky77;) [ exp(l &~ CZ)Hm(QdC}-

—o0

Recently, Kim [24] solved Eq. (50) analytically and suggested the
following solutions:
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l//A, m:kz( lzyA, m—2+ ¢A, m—Z) and lr//B, m:kz( lr//B, m—2+ ¢B, m—Z)) (5 1a & b)

for n=2, 3,4 ---, with

W o=—" A/7rexp( ){exp(kn)erfc<77+13

+exp(— kn)erfc(— n+ @}

VB o=~ ﬁexp( )[exp(kLnL)erfc(nL k)

(51¢)

N (51d)
+exp(—k; nL)erfc(— n+ é) }

and

Ya, 1= %exp(k{)

eXP(kU){eXP( (77+ lz() - %ﬁerfc(mr I—D} +
exp(= k?]){exp(— (77— 12{)2) + gﬁerfc(— n+ g)}

2,

V1= l‘}exp(l%)

aotfos(-(n5)) o5}
evcinfenl-(n-5)) 4 )

By applying the procedure to obtain Eq. (40), the stability equa-
tions are expressed as

(51e)

. (51f)

AC_gc, (520)
dr
where
C:{A}and F:[F“ FAB} (52b)
B FBA FBB
A:[AO) Ala ”.]Tand B:[BO) Bl) ”']7: (SZC&d)

The detailed description for the structure of the matrix F is given
in the Appendix. Since matrix F is independent of 7 the growth
rate ois the maximum eigenvalue of the matrix F:

o=max{eig(F)}. (53)

2-2. Normal Mode Analysis

As discussed by Tan and Homsy [17] and Pritchard [22], one of
the major differences between the present radial flow system and
the rectilinear one is that the normal mode analysis is possible in
the present radial fingering problem. Since the coefficients of the
above Egs. (26) and (27) are independent of 7 under the normal
mode analysis, the disturbance quantities can be represented as

[y ap, by ]=[7(8), 3,(8), bi(H)] 7%, (54)

where the growth rate o defined as

6X

8 r =oX, (55)

can be used for the stability measure. From here, for the simplicity
we remove bars. By substituting Eq. (54) into Egs. (25)-(27), the
following stability equations can be obtained:
2 da dby\ 1d z
4 0 .o,
figz+|: (RAdf RBdf)g}df T é_)(RAa+RB ), (56)

o n Pedao
{§?+{5+(1_ )}ag 45} 2dg” 7

12 62 PeL ol n2 PeLdbO
ob,=Le |:§L5}2;+{§L+( )}aé 4§L:|b 5 d—ff—L% (58)

under the boundary conditions (28).
For the large Pe case, from Eq. (29)-(31), the above stability equa-
tions are approximated as

FE da, _ db, . . .
{ > (RAd" R, d) kz}w=—k2(RAal+RBb1>, (59)
d’ d da, .
202,=¢—+27 d——k l_d_ (60)
d77 n n
K d ol dby 1 v
ZObI{dni+2nLdnL—kL}bl dﬂJ— 61)

under the boundary conditions (32). Here l//*:JP—e y k(=n/ JPe)
and R'=./Pe R, where i=A and B. For the extreme case of Pe—>
o0, Eq. (59) can be further simplified as

d2
{———k} = IR+ R}b,). 62)
dry

2-3. Numerical Shooting Method

Because the velocity disturbance field cannot be obtained ana-
lytically for the extreme case where Pe—c0 and Ri<<1, where i=A
and B, a fully analytic solution is possible only for this limiting
case. Therefore, the above spectral analysis has its own limit even
though it can give the exact solution, and we tried to solve the sta-
bility Egs. (56)-(58) with the numerical shooting method [25].

To integrate the stability Eqs. (56)-(58), a trial value of the eigen-
value o and the values of dy/d¢, a;, da,/d& b, and db,/d¢& at &=
Pe/2 are assumed properly for given R, Ry, Le, n and Pe. Since the
boundary conditions (28) are all homogeneous, the value of y at
£=Pe/2 can be assigned arbitrarily. This procedure is based on the
shooting method in which the boundary value problem is trans-
formed into the initial value problem. The trial values at £&=Pe/2 give
all the information to make numerical integration smoothly. The
integration on the 4th-order Runge-Kutta method is performed
from the displacing front, &=Pe/2, to the injection center, £=0, and to
the fictitious outer boundary satisfying the infinite boundary con-
ditions. By using the Newton-Raphson iteration, the trial values o;
dy/d¢ a,, da,/d& b, and db,/d& at £=Pe/2 are corrected until the

Korean J. Chem. Eng.(Vol. 35, No. 2)
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Fig. 3. Comparison of growth rates for the case of Pe=oo, R;=20 and
R;=0.

stability equations satisty the boundary conditions (28) within the
relative tolerance of 10~"°. Then, by increasing the fictitious outer
boundary step by step, the above integration is repeated. Finally, the
value of ois decided through the extrapolation. For the large Pe case,
a similar solution procedure is applied to stability Egs. (59)-(61).

For the limiting case of Pe—0, R;=20 and R;=0, the growth
rates obtained from the analytical approximations and the numer-
ical method are compared in Fig. 3. It is interesting that the sec-
ond solution is identical with the first-order one and the fifth-order
solution is nearly identical with the numerical solution by using
the standard shooting method.

RESULTS AND DISCUSSION

1. For the Limiting Case of Pe—o
For the limiting case of Pe—o0, R,—0 and Ry=0 but finite R,

: , . : : : .
infinite PeandR' =0 7777 R =S
——R=11.15]
"""" -- R.=20
2 b e R=30 |
o /
g
E P - -
-_:% ’,/ km:nzl'l{:I o .
=0 ~
\\
\\
- ~
., b
\-\ .
22 1 S Pt
0 1 2 3 4
k(=n."Pel"’)

Fig. 4. Growth rates for the various R" in the limiting case of Pe=co
and R;=0. For the region of R,:<R:,, » the growth constant is
always exponent, i.e., unconditionally stable. All results are
based on the 5-term approximation.

February, 2018

I . T o I . Ll L T
infinite Pe and R;‘=0
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I
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10k 11.15 -
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L 1 i L L 1 L 1 i L L
0.0 0.5 1.0 L5 2.0 25 EXil

k(=n/Pe'”)

Fig. 5. Neutral stability curve under the 5-term approximation for
the case of Pe=o0 and R;=0.

(=R,+/Pe), based on the 5-term approximation, the analytically
obtained growth rates are summarized in Fig. 3. This figure shows
that there exists a critical R}, , under which the growth rate is al-
ways negative, ie., the system is unconditionally stable. Based on
the results summarized in Fig. 4 and the neutral stability curve at
which o=0 should be satisfied is calculated and featured in Fig. 5.
The critical conditions determined by the minimum point of the
neutral stability curve are

R, (=R, ./Pe)=11.15 and k(=n,//Pe)=0.86. (63)

The above critical conditions mean that for a given R, the mini-
mum Pe from which we can expect the fingering motion is Pe=
126.56R ;> with the number of fingers n,=9.59R}". If R;>11.15, the
system is unstable and the number of finger can be determined by
k... at which the growth rate has its maximum value for a given
R}

Based on the 5-term approximation, the effect of the double dif-
tusion on the critical condition is summarized in Fig. 6. For o>0,
the number of fingers is determined by k,,,, in which o shows its
maximum value. For the case of R;<0, as Le increases, the system
becomes stable, whereas this trend is reversed for the opposite case
of Rp>0. The number of fingers at the onset condition is summa-
rized in Fig. 6(c).

2. Finite Pe Case

Based on the spectral approach explained in section 4.1, Pritchard

[22] expanded a,(7 &) and b(7 &) as

a5 9=exp(- 9" S AL (LD, (640)
m=0
bi(5 H=exp(- £)&" 3 B (9L (&), (640)

rather than the present (37). However, this spectral expansion needs
a mathematical justification for the incursion of a factor 7' and
suffers from the severe singularity when 7—0. For the limiting
case of n=0 and Ry=0, Pritchard [22] showed that the dominant
mode of instability is



Double diffusive effects on radial fingering in a porous medium or a Hele-Shaw cell 371

(a)s.,.l,.,.,.T,T...,,
infinite Pe and R"=—5 ........ R;\=IO and Le=0.5
——R=10 and Le=1 '
---- R=10and Le=2

A
o | AN N R, =20 and Le=0.5]
3—5 o RA:QO and Le=1
1 ~ =2 |
§ N R =20 and Le=2
o .
3 1

(b) 2

infinite Pe

-m'( 10 = —
5 -
---- Le=0.5
Le=1
-------- Le=2
o’
0 LY . 1 1 1 L L L L
10 -8 -6 -4 2 0 2 4 6 8 10
R,
{C) 1 1 I I I I I I I
14 = infinite Pe b
1.2 - “\\ -
10 -
& osf e T T N
g | ‘h‘—"""——.-_
r -
=006 F 4
04 + -
=== Le=0.5 A
02 Le=l 4
e Le=2
0.0 " 1 " 1 " 1 " 1 " 1 " 1 " 1 " 1 " 1 "
-10 -8 -6 -4 -2 0 2 4 6 8 10

Fig. 6. Effect of Le on the (a) growth rate, (b) R;,C and (c) critical
wavenumber for the limiting case of Pe=co.

(5 9=Ay D7 Ly (Hexp(-HE™", (65)
and the corresponding growth rate is

LA forne

AL de =0 for n=0. (66)

In the present definition of the growth rate, Pritchards growth con-

(a) 1.0 v T v T T T Y T T T
RJ‘=3, RB=—2 and Le=1
I numerical shooting method
O spectral method
=
o
B
= ]
B
2
=11
1
12
wavenumber, n
(b) 0.5 v T T T T ¥ T v
R,=3, R =-2 and Pe=10 numerical shooting method
' O spectral method
0.0 Le=0.5 4
b
o
g
5
z
1)
05 | E
1.0 : L : . . : !

0 2 4 6 B . 10
wavenumber, n
Fig. 7. Comparison of the growth rates obtained from the spectral

method and the numerical shooting method. (a) Le=1 and
(b) Pe=10.

stant can be rewritten as,

o=—1 for n=0, (67)
since
o=(1/A{)(dAy/d D1, (68)

from Egs. (35) and (64). As discussed by Pritchard [22], except for
this limiting case of n=0, a fully analytic approach is not possible.
He expanded the scalar fields using generalized Fourier series and
obtained the velocity field by solving Eq. (56) numerically. We
solved the stability Eqs. (56)-(58) numerically by employing the
shooting method. In Fig. 7, for the example case of R,=3 and
Rp=—2, the present numerical solutions are compared with the 4-
term spectral analysis results. This figure reveals that the present
numerical solution and the 4-term spectral analysis support each
other. For the example case of Le=2, R,=3 and Rz=-2, the high
Pe approximation is compared with the general solution in Fig. 8.
Figs. 7 and 8 show that the present analytical approximations and
numerical solution support each other. For the single diffusion sys-
tem, Tan and Homsy [17] obtained Eq. (66) and showed that there
is a critical Peclet number to insure the onset of fingering. To con-
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Fig. 8. Comparison of the growth rates obtained from the general
solution and the large Pe approximation for the case of Le=
2,R,=3 and Ry=-2.
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Fig. 9. Comparison of the critical conditions from the various approx-
imations: (a) Critical Pe and (b) critical wavenumber.

firm the present solution methods, in Fig. 9, Tan and Homsy critical
conditions were compared with the present ones. As shown in this
figure, the present critical conditions reproduce Tan and Homsys.
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Fig. 10. Effects of Le and Pe on the growth rate for the unstable dis-
placing and the stable displaced case.
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Fig. 11. Growth rate for the stable displacing and the unstable dis-
placed case: (a) Effects of Le and Pe and (b) effect of Pe for
the case of Le=0.5. Gray lines represent time-periodic oscil-
latory mode.

Because the present high Pe approximation explains the general
solutions quite well, and real experiments correspond to the high
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Pe case, from now on we use the high Pe approximation to explain
the various situations. If both fluids are unstable, ie., R,>0 and
R;<0, the effects of Le on the growth rate of disturbance are sum-
marized in Fig. 10. This figure shows that as Pe increases the system
become unstable, whereas high Le has the effect of suppressing insta-
bility. Since the number of fingers increases with increasing Pe and
decreasing Le, we can control the flow pattern by flow rate, Pe.

For the unstable displacing and the stable displaced phases, ie.
R,>0 and R;>0, the effect of Pe and Le on the stability character-
istics is given in Fig. 11. In this regime, the time periodic instabil-
ity, Im(0)0, is more unstable than the stationary one, Im(c)=0,
for the case of Le<1 and higher wavenumber. However, since the
most unstable mode is the stationary one, as shown in Figs. 11(a)
and (b), we cannot expect the time periodic oscillatory mode in
real experiments. In this case, high Le has the effect of making the
system unstable, i.e., accelerates the growth of instabilities.

For the stable displacing and the unstable displaced phases, R,<
0 and Ry<0, the time periodic instability is more unstable than the
stationary one, for the case of Le>1 and higher wavenumber, as
shown in Figs. 12(a) and (b). However, like the case of R,>0 and

(a) 20 T T T T T T T T — T g
R_\——Z and Rn——_’v ) -
15 -
B 10r Pe=100 7
o e e Le=0.5
5 05f Le=1 T
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= I seee- Pe=300 |
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:l-.[} ........ Pe=10'0
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wavenumber, n

Fig. 12. Growth rate for the unstable displacing and the stable dis-
placed case: (a) Effects of Le and Pe and (b) effect of Pe for
the case of Le=2. Gray lines represent time-periodic oscilla-
tory mode.

Rp>0, we cannot expect a time periodic oscillatory mode in real
experiments. In this case, high Le has the effect of making the sys-
tem stable, i.e., suppresses the growth of instabilities.

CONCLUSIONS

The effects of double diffusion on the growth of radial viscous
fingering in a porous medium or a Hele-Shaw cell were analyzed
under linear stability theory. In the self-similar domain, the stabil-
ity equations were derived under the normal mode analysis and
solved analytically and numerically. For the limiting case of very
high Pe, the disturbances were expanded as a series of orthogonal
functions and the growth rate was obtained analytically by solving
matrix eigenvalue problem. Also, for small Pe system, the growth
rates obtained analytically support the numerical shooting solutions.
For the case of Pe>20, the stability characteristics obtained under
the large Pe approximation explain the system reasonably well.

In the present system, as expected, high Pe has the effect of mak-
ing the system unstable, ie., accelerates the growth of instabilities,
regardless of the magnitude of Le. The effect of Le on the growth
of the instabilities is strongly dependent on the viscosity distribu-
tion. If the displaced phase is stable, ie., Rz>0, Le makes the sys-
tem unstable, regardless of Pe, whereas, for the case of Rp<0, ie,
the displaced phase is unstable, the effect of Le on the growth of
the instabilities is reversed.
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APPENDIX

The matrices in Eq. (40) are given by

[DAAL,,:Zexp(—f)é”%,jI{LA—4“—§}¢A,,-M

RA j exp( HE g, sy dE

(A1)
n2 i<j
:—/1;_1@_1,]._1—Zaiocjg)ﬂl+Pe/2+l)/1"(l+l)
PeR 2da, Pe/2 d
Py A'([E;gexp(_é)g ¢A,jl//A,i ¢
Pe, 7da, Pe/2
[DAB]i,j:_?RBJ.d_geXp(_g)g ¢A,j‘//3, g (A2)
0
Pe_ % e,
[DBA],‘,j:_—ZERAIeXp(_ SEL)gLP /zdé; P i1 Wa, i 1dép (A3)
0

[DBB]i,j:IeXp(_ 5L)§LPM2¢BJ I{LB 4 }¢B 148,

February, 2018

Pe,/2

RB_[dé; exp(=4$p)S @p, 1 r, g

(A4)

SEPRY S ,Bﬂzfl"(l+PeL/2+1)/1"(l+1)

Pe_ %db Pe,/
—ZERB-l‘a_ffeXp(_ SéL 2¢B,j—1 v, déy
wherei=1,2, -, N+landj=1,2, ---, N+1.

For the limiting case of Pe—o0, the above matrices are reduced
as (see Eq. (52)).

2

1% 0 0
[Ful, =5 p(cz)m,ﬂ(a—f #2051 110

+2—kﬁRZL b va AC (A5)

LA KR T g v e

i— N 2/\/;[ 2 L J L i
2 0

[FAB],-,]-: ;77[RB _[ P, i1 Vs, i-1d& (A6)
[Fg4 ZJ_ AJ¢311’//A11d§ (A7)

2

Fpgl; J:%J;O XP(§L)¢T] 1[ (2 ZgLaé— ]¢B, indg;

kz
ZJ_ TI¢T11WT11d§ (A8)
k2 *oo
—=(4_ +k + R L iadd
( 1+KD S, 2@37L¢T,]1 T,i-146L
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