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Abstract−A nonlinear process with input multiplicity has two or more input values for a given output at the steady
state, and the process steady state gain changes its sign as the operating point changes. A control system with integral
action will be unstable when both signs of the process gain and the controller integral gain are different, and its stability
region will be limited to the boundary where the process steady state gain is zero. Unlike processes with output multi-
plicities, feedback controllers cannot be used to correct the sign changes of process gain. To remove such stability lim-
itation, a simple control system with parallel compensator is proposed. The parallel compensator can be easily designed
based on the process steady state gain information and tuned in the field. Using the two time scale method, the stabil-
ity of proposed control systems for processes with input multiplicities can be checked.
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INTRODUCTION

Chemical processes with complex behaviors such as high non-
linearity, non-minimum phase, instability, and steady state input
and output multiplicities present troublesome control problems.
Although each poses its own operational difficulty, a steady state
input multiplicity is known to cause one of the most difficult con-
trol problems [1]. A process with input multiplicity has two or more
input values for a given output at the steady state. This implies that
the process steady state gain changes its sign as the operating point
changes and a linear controller with integral action has a limited
convergence region where both the process gain and the control-
ler integral gain have the same sign [2,3]. Nonlinear control sys-
tems even with complicated models [4,5] can suffer from instability.
Various processes show input multiplicities, for example, chemical
reactors [6], distillations [7,8], and recycle processes [9]. For some
processes, large disturbances can change the sign of the process
steady state gain, causing instability of control systems that have
integral actions for offset-free operation [10].

Input multiplicities accompanied by non-minimum phase dynam-
ics [3] are considered to be what should be avoided in the process
design step. The continuation method is often used to find whether
input multiplicities appear [11,12] and operability analyses are based
on this [13,14]. For some processes, such troublesome behaviors
can be avoided by slight changes in the process design.

A process with input multiplicity has two or more input values
for a given output. Hence, when such input values are sufficiently
apart from each other; the given operating point can be controlled
by imposing constraints on the input [7,15,16]. For a multi-input
multi-output process, control constraints can be imposed on the

control direction [9]. A multiple model approach can also be applied
to control processes with input multiplicities [17,18]. In both ap-
proaches, models should be accurate enough to approximate the
process gain changes accurately.

In this study, we propose a simple control system for processes
with input multiplicities. A parallel compensator is introduced to
cope with the sign changes in the process steady state gain. It enlarges
the convergence region effectively. A method to avoid offsets that
occur due to the parallel compensator is provided. The stability of
proposed control systems for processes with input multiplicities
can be checked via the two time scale method [19].

PARALLEL COMPENSATOR

Consider a stable nonlinear dynamic process

(1)

where x(t) is an n dimensional state vector, u(t) and y(t) are scalar
input and output variables, respectively. Let, for a given constant
input u(t)=uss, the steady state value satisfying f(x, u)=0 be

(2)

Then the static relationship between input and output is

(3)

The process steady state gain is

(4)

For a process with input multiplicity, its sign changes as the input
uss varies. A control system with integral action can be unstable as
the sign of process steady state gain changes. For model-based con-
trol systems, process models predicting the sign change of steady

x· t( ) = f x t( ), u t( )( )
y t( )  = h x t( )( )

xss ξ uss( )≡

yss = h xss( ) = h ξ uss( )( ) q uss( )≡

dyss

duss
--------- = q' uss( )
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state gains accurately are required [17,18]. Otherwise, to estimate
process steady state gains adaptively, complicated schemes should
be equipped. They often require continuous perturbations for con-
vergence.

To overcome difficulties due to the input multiplicities, a parallel
compensator as shown in Fig. 1 is considered. Here a linear inte-
gral controller whose gain is kI and C(s) representing the propor-
tional and high order parts (C(0)=1) are used to control the pro-
cess. The feedback signal is now

yφ(t)=y(t)+φ(v(t)) (5)

At the steady state, vss=uss. The parallel compensator is applied only
to the integral controller output because the static compensator
φ(.) shows bad effects such as chattering for the proportional part
of C(s). For faster closed-loop responses, C(s) compensating pro-
cess dynamics is required. In addition, instead of constant kI and
linear controller C(s), nonlinear integral gain and nonlinear high
order controller may improve closed-loop responses [20]. How-
ever, because our concern here is to compensate the static nonlin-
earity due to the sign change of process steady state gain, a control
system without C(s) is considered (C(s)=1).

When a parallel compensator is introduced, the process steady
state gain becomes

(6)

As shown in Fig. 2, we choose φ(u) such that Eq. (6) has the same
sign throughout the whole input region. With such φ(u), control
difficulties due to the input multiplicities can be removed in the
feedback loop and integral controller can be applied without wor-
rying about instability due to the sign change of process steady state
gain.

Here, the set point should be

r=yss+φ(uss) (7)

When φ(uss) is not zero, there exist offsets for sustained disturbances
and process changes. The offsets are drawbacks caused by the par-
allel compensator. The left hand side in Fig. 2(a) is the offset-free
region and the right hand side is the region where offset exists. For
offset-free operation in the right hand side in Fig. 2(a), we may em-
ploy a different compensator as shown in Fig. 2(b). By switching
the compensators and the controller gains, we can obtain control
systems which are offset-free for both operating regions.

In summary, to compensate the sign change of process steady
state gain, we use the parallel compensator φ(u) such that

(1) q'(u)+φ '(u) has the same sign throughout the whole range
of input u.

(2) φ(u)=0, if possible, for u in the main operating region.
When the steady state relationship q(u) is poorly known, we use

a simplified φ(u) having two tuning parameters, for q(u) as shown
in Fig. 2(a) (without loss of generality, it is assumed that the left
hand side in the plot q(u) is the main operating region and its slope
is positive),

(8)

Here, φ1 is the input value where the process steady state gain is near
zero and φ2 is a gain greater than the largest absolute of negative
process gains.

STABILITY ANALYSIS BASED ON THE TWO TIME 
SCALE METHOD

Consider an integral control system as shown in Fig. 1. It is as-
sumed that the open loop system of Eq. (1) is uniformly stable

dyφss

duss
--------- = q' uss( ) + φ' uss( )

φ u( )  = 
0, u φ1<

φ2 u − φ1( ), otherwise⎩
⎨
⎧

Fig. 1. Control system with a parallel compensator for the process
with input multiplicity.

Fig. 2. Typical functions of q(u), φ(u) and q(u)+φ(u).
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and there exists a quadratic Lyapunov function. The closed loop
system without C(s) is (kI=ε )

(9)

Changing the time scale by τ=εt, we have

(10)

The two time scale method [19] in the Appendix can now be ap-
plied to prove the stability of the closed-loop system. It requires
finding Lyapunov functions for fast and slow subsystems of Eq. (10)
and its composite Lyapunov function. Detailed Lyapunov functions
are dependent on the system functions of f(x, u) and h(x).

The slow subsystem in Eq. (10) is

(11)

and hence

(12)

When φ(u) is chosen so that q'(u)+φ '(u) has the same sign for the
whole range of u, the system (12) has a simple Lyapunov function
of V(u)=(u−uss)2. Whenever the sign of q'(u)+φ '(u) remains un-
changed for process variations and disturbances, the proposed con-
trol system will exhibit robust stability. Without φ(u), for the pro-
cess with input multiplicity, a valid Lyapunov function for the whole
range of u does not exist and the stability region will be limited.

For some processes, the dissipativity based method [13] is a bet-
ter choice to ensure stability of the proposed control system.

SIMULATIONS

There have been several methods to control processes with input
multiplicities. A series compensator method [15,16] uses the Ham-
merstein-type nonlinear model and inversion of the model sepa-
rately for positive and negative steady state gain regions. The method
is very simple but has robustness problems for the changes of pro-
cess nonlinearities. A multiple model method [17,18] uses multi-
ple models to describe the steady state gain changes and model-
based control with different or mixed models according to operat-
ing regions. This method still has robustness problems and can be
complex to describe changes of process nonlinearities accurately.
The proposed method is as simple as the series compensator method
[15] and has robust stability for wide variations of process nonlin-
earities for which the sign of q'(u)+φ '(u) remains unchanged. Fol-
lowing simulations will illustrate these.

Example 1 : Consider a nonlinear process

(13)

As shown in Fig. 3, it exhibits input multiplicity.
When θ=0 (delay-free process), a stable control system with a

parallel compensator can be easily obtained. Consider an integral
control system

(14)

Introducing variables of τ=εt, =x−u, kI=ε  we have

(15)

When φ(u) is designed as, for positive constants c1 and c2,

(16)

simple quadratic functions of

(17)

become Lyapunov functions for fast and slow subsystems of Eq.
(15) satisfying all the conditions for stability in the Appendix. With-
out φ(u), we cannot find positive constants, c1 and c2, that satisfy
Eq. (16) and the stability of closed-loop system cannot be realized.

For uss between 0 and 0.9, a parallel compensator satisfying Eq.
(16) can be chosen as

(18)

Stability of the control system (14) with the parallel compensator
(18) can be shown also by phase plane trajectories in Fig. 4. Here,
we use r=0.95 and kI=1.2. We can see that the proposed control
system with the parallel compensator (18) is stable and all trajecto-
ries go to the point x=u=0.72395 such that 2x/(1+x2)=r=0.95. How-
ever, for the integral control system without the parallel compensator,
some trajectories diverge.

For a nonzero θ, the stability proof is not simple. Properties of

k̃I

x· t( )  = f x t( ), u t( )( )

u· t( ) = εk̃I r − h x t( )( )  + φ u t( )( )( )( )

ε x· τ( )  = f x τ( ), u τ( )( )

u· τ( ) = k̃I r − h x τ( )( ) + φ u τ( )( )( )( )

0 = f x τ( ), u τ( )( )

u· τ( ) = k̃I r − h x τ( )( ) + φ u τ( )( )( )( )

u· τ( ) = k̃I r − h ξ u τ( )( )( ) + φ u τ( )( )( )( )

= k̃I r − q u τ( )( )  + φ u τ( )( )( )( )

x· t( )  = − x t( ) + u t − θ( )

y t( )  = 
2x t( )

1+ x2 t( )
------------------

x· t( ) = − x t( ) + u t( )

u· t( ) = kI r − 
2x t( )

1+ x2 t( )
------------------ − φ u t( )( )⎝ ⎠

⎛ ⎞

x̃ k̃I

εx̃· τ( )  = − x̃ τ( )  + εu· τ( )

u· τ( ) = k̃I r − 
2 x̃ τ( ) + u τ( )( )

1+ x̃ τ( )  + u τ( )( )2
--------------------------------------  − φ u τ( )( )⎝ ⎠

⎛ ⎞

c1
d

du
------

2u
1+ u2
------------ + φ u( )⎝ ⎠
⎛ ⎞ c2≤ ≤

W x̃, u( ) = x̃ 2

V u( ) = u − uss
2

φ u( )  = 

0, u 0.9<

0.9945 − 
2u

1+ u2
------------ + 0.2 u  − 0.9( ), otherwise

⎩
⎪
⎨
⎪
⎧

Fig. 3. Functions of q(u), φ(u) and q(u)+φ(u) for example 1 process.
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the proposed control system with parallel compensator are illus-
trated by simulations. Fig. 5 shows the closed-loop performance
for r=0.95, θ=0.6 and kI=1.2 with and without the parallel com-
pensator of Eq. (18). The sampling time is set to 0.01. We can see
that the integral controller without the parallel compensator fails
to steer the process to the set point r=0.95. On the other hand, the
proposed control system with parallel compensator succeeds. To
cope with the input multiplicity, Chidambaram and Reddy [15] use
a series compensator by approximating the process to be a Ham-
merstein-type nonlinear model. For this process, the series com-
pensator is (the smaller root of v=2u/(1+u2))

(19)

where v(t) is the output of integral controller. Control performance
for kI=1.2 is shown in Fig. 5. Smooth control performance can be
obtained with decreased integral gain, but responses become more
sluggish. For higher integral gain, the integral control system with
the above series compensator fails to steer the process to the given
operating point of r=0.95 due to the complex number in u(t) of
Eq. (19). The controller output v(t) can be often greater than unity
and this series compensator of Eq. (19) cannot work.

Fig. 6 shows the closed-loop performance of integral control
systems with parallel compensators. Here, to show the effects of
process variations, the output equation is changed a little as

(20)

With the parallel compensator (18), the proposed control system is
applied for both operating points A and B in Fig. 3. For the oper-
ating point B, we use the set point of r=0.95+φ(1.3813)=1.0907.
At the operating point B, the proposed control system with the par-
allel compensator (18) shows offsets due to the process parameter
change of Eq. (20). For the offset-free operation at B, a different
compensator should be used. For this, we use

(21)

This compensator is designed for the process of Eq. (13). Fig. 3 shows
q(u) and φ(u) for both Eqs. (18) and (21). Dotted lines in Fig. 6
show control performance when the parallel compensator is switched
from Eq. (18) to Eq. (21) at t=50 and the integral gain kI is switched
from 1.2 to −1.2. The velocity form for the integral control is used
for the bumpless transfer. We can see that the operating point of A
is steered to B smoothly without offsets.

When a proportional controller of C(s)=s+1 is included instead
of C(s)=1, faster closed-loop responses can be obtained.u t( ) = 

1− 1− v t( )2

v t( )
-----------------------------

y t( )  = 
2.02x t( )
1+ x2 t( )
-------------------

φ u( )  = 
0.9955 − 

2u
1+ u2
------------ − 0.2 u  −1.1( ), u 1.1<

0, otherwise⎩
⎪
⎨
⎪
⎧

Fig. 4. Phase plane trajectories of the integral control systems for
example 1 process without (dotted line) and with (solid line)
the parallel compensator of Eq. (18) (r=0.95, kI=1, θ=0).

Fig. 5. Responses of the linear integral control (dotted line), the pro-
posed integral control with parallel compensator (solid line),
and the integral control with series compensator (dashed
line; Chidambaram and Reddy [15]) for example 1 process
(r=0.95, kI=1.2, θ =0.6).

Fig. 6. Responses of the proposed integral control with parallel com-
pensator for example 1 process (dotted line: the compensa-
tor and the integral gain are switched at t=50 to Eq. (20) and
−1.2, respectively).



420 J. Lee and T. F. Edgar

February, 2016

Example 2 (Van de Vusse Reactor): Consider the reactor pro-
cess known as the Van de Vusse reactor [3].

(22)

The steady state relationship between input and output is shown
in Fig. 7. The kinetic parameters used are k1=50, k2=100, k3=10.1,
and x1f=10.0. As shown in Fig. 7, the process shows input multi-
plicity. The process gain changes from 0.1045 to −0.0023 as the pro-
cess input changes from 0 to 300. To compensate for the negative
process gain, we design a parallel compensator as

(23)

Here φ1 is set to be 65 which is smaller a little than the input u show-

ing the zero steady state gain and φ2 is set to be 0.0025 which is
greater than minus of the minimum process gain of −0.0023. It satis-
fies that the steady state gain of Eq. (6) is positive throughout the
operating region.

Fig. 8 shows the closed-loop performances of integral control
systems with and without the parallel compensator (23). The inte-
gral gain, kI, is set to 5,000 and the sampling time is set to 0.002.
The set point is r=1.2. Both integral control systems with and with-
out the parallel compensator (23) can steer the process to the given
set point of 1.2 from origin. When k1 has −5% error (k1=47.5 instead
of 50), the proposed integral control system with the parallel com-
pensator of Eq. (23) can steer the process output to the set point.
On the other hand, the control system without the parallel com-
pensator fails to steer the process output to the set point.

Fig. 9 shows the steady state input-output relationships with and
without the parallel compensator (23) when ±10% errors are in-
troduced in the four process parameters k1, k2, k3 and x1f. We can
see that the parallel compensator (23) makes the steady state gain
remain positive. The proposed control system with the parallel
compensator of Eq. (23) maintains its stability robustly for all such
process parameter changes. On the other hand, for process changes
where the maximum of y is less than r=1.2, previous model-based
control systems [3,5,15,16] may suffer from instability.

CONCLUSION

Input multiplicities are often considered to be what should be
removed in the process design step because there have been no sim-
ple control systems ensuring robust stability until now. For model-
based control systems, process models predicting the sign change
of steady state gains accurately are required. Otherwise, complicated
schemes estimating process steady state gains adaptively should be
equipped. Here, to relieve such difficulties for the process showing
input multiplicities, a simple control system is proposed. To cope
with sign changes of the process steady state gain in the process
with input multiplicity, a parallel compensator is introduced. It is

x·1 t( )  = − k1x1 t( ) − k3x1
2 t( ) + x1f − x1 t( )( )u t( )

x·2 t( )  = k1x1 t( ) − k2x2 t( )  − x2 t( )u t( )
y t( )  = x2 t( )

φ u( )  = 
0, u 65<
0.0025 u − 65( ), otherwise⎩

⎨
⎧

Fig. 7. Functions of q(u), φ(u) and q(u)+φ(u) for example 2 pro-
cess (Van de Vusse reactor).

Fig. 8. Responses of the integral controls with (solid line) and with-
out (dotted line) the parallel compensator for example 2 pro-
cess.

Fig. 9. Functions of q(u), φ(u) and q(u)+φ(u) for example 2 pro-
cess whose four parameters have ±10% errors.
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shown theoretically and with simulations that the control difficul-
ties due to the sign change of the process steady state gain can be
mitigated. In addition, the parallel compensator can be designed
easily based on the process steady state gain information and tuned
in the field.
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NOTATION

C(s) : proportional and high order part in the feedback controller
c1, c2 : positive constants
f(x, z) : a set of n nonlinear functions
h(x) : a nonlinear function
kI=ε : integral controller gain
k1, k2, k3 : process parameters in the Van de Vusse reactor model
n : number of state variable x
q(u) : nonlinear function relating the process input and output at

the steady state
r : set point
t : time
u : input variable
v : output of the integral controller
V(u) : a Lyapunov function
W( , u) : a Lyapunov function
x : n dimensional state vector

=x−ξ(z) : deviation variable for x
x1f : feed concentration in the Van de Vusse reactor model
y : output variable
yφ : compensated output variable

Subscript
ss : steady state value

Greek Letter
ε : a parameter for the singular perturbation
ξ(u) : a nonlinear function
φ(v) : a nonlinear function
φ1, φ2 : design parameters for φ(v)
τ : scaled time variable (t/ε)
θ : time delay
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APPENDIX (STABILITY OF A NONLINEAR TWO 
TIME SCALE SYSTEM)

Consider a singularly perturbed system

(A1)

with f(0, 0)=0 and g(0, 0)=0. Here x∈Dx⊂Rn where Dx is an open
connected set that contains x=0 is the fast-varying variable and
z∈Dz⊂Rm where Dz is an open connected set that contains z=0 is
the slowly-varying variable. Let x=ξ(z) be an isolated root of f(x,
z)=0 and introduce a new variable

(A2)

Then the system (A1) becomes

(A3)

It is assumed that the asymptotical stability of the origin of (A3)
implies that of (A1).

Let W( , z) and V(z) be Lyapunov functions for the fast and slow
subsystems of (A3)

(A4)

satisfying

(A5)

k̃I

x̃

x̃
εx·  = f x, z( )

z· = g x, z( )

x = x − ξ z( )

εx̃·  = f x̃ + ξ z( ), z( ) − ε
∂ξ z( )
∂z

-------------g x̃ + ξ z( ), z( )

z· = g x̃ + ξ z( ), z( )

x̃

εx̃·  = f x̃ + ξ z( ), z( )

z· = g ξ z( ), z( )

∂W
∂x̃
--------f x̃ + ξ z( ), z( ) − α1ψ1

2 x̃( )≤
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where ψ1( ) and ψ2(z) are positive definite functions and α1 and
α2 are positive constants. These Lyapunov functions are assumed
to satisfy additional conditions

(A6)

Here β1, β2 and β3 are nonnegative constants. The condition of Eq.
(A6) will be satisfied if for some nonnegative constants γ1 to γ5

(A7)

Theorem (Khalil [19]): Consider the singularly perturbed sys-
tem (A1). Assume that there are Lyapunov functions, W( , z) and
V(z), which satisfy (A5) and (A6). Then, the origin of (A1) is asymp-
totically stable for all 0<ε<ε*=α1α2/(α2β3+β1β2).

Proof: This theorem can be proved from the composite Lya-
punov function candidate

Y( , z)=dW( , z)+(1−d)V(z) (A8)

Details are given in Khalil [19].

∂V
∂z
-------g ξ z( ), z( ) −  α2ψ2

2 z( )≤

x̃

W1 x̃( ) W x̃, z( ) W2 x̃( )≤ ≤

∂W
∂z
-------- − 

∂W
∂x̃
--------

∂ξ
∂z
------ g x̃ + ξ z( ), z( ) β1ψ1 x̃( )ψ2 z( ) + β3ψ1

2 x̃( )≤

∂V
∂z
------- g x̃ + ξ z( ), z( )  − g ξ z( ), z( )[ ] β2ψ1 x̃( )ψ2 z( )≤

∂W x̃, z( )
∂x̃

--------------------- γ1ψ1 x̃( ), ∂W x̃, z( )
∂z

--------------------- γ2ψ1 x̃( )≤ ≤

g x̃ + ξ z( ), z( ) − g ξ z( ), z( ) γ3ψ1 x̃( )≤

∂V z( )
∂z

-------------- γ4ψ2 z( ), g ξ z( ), z( ) γ5ψ2 z( )≤ ≤

x̃

x̃ x̃
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