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Abstract−Recent extremum seeking control that uses a continuous perturbation and the integral feedback of pertur-
bation-output product is based on a static nonlinear process. The method can be applied to dynamic nonlinear pro-
cesses for tracking and maintaining the optimal operating points. It has several tuning parameters, such as the integral
controller gain and the magnitude and frequency of the continuous perturbation signal. The frequency of the continu-
ous perturbation signal should be low enough to ensure the time-scale separation between the real-time optimization
and the process dynamics for the closed-loop stability. However, for some processes, fast perturbations are preferred
because they can be attenuated easily in subsequent processes such as buffers and storages. For this, we propose an
extremum seeking control method where the partial sum of perturbation-output product is used for a faster square-
wave perturbation. Simulations for two processes of parallel competing reactions have been given, and a simple liquid
level system to test extremum seeking control methods is suggested.
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INTRODUCTION

Real-time optimization to track and maintain the optimum oper-
ating point is one of the process control objectives as important as
regulatory control and has long been studied. It can be accom-
plished in the optimization level in the process operation hierar-
chy [1]. The self-optimizing control is to find a set of controller
variables whose constant set points lead to near optimal opera-
tions indirectly [2]. For the real-time optimization, numerical pro-
gramming methods can be applied with steady state operations by
applying perturbations and waiting [3,4]. These methods may re-
quire much time to reach the optimal operation points due to steady
state operations. Some use adaptive control methods that identify
nonlinear dynamic models and find their optimal points [5,6]. Iden-
tification of nonlinear dynamic models can be complex and need
several requirements for convergence. Some use sliding mode meth-
ods that find and maintain the optimal operating points, relieving
disadvantages of the adaptive control methods [7,8].

Methods named extremum seeking (ES) control use continuous
perturbations (sinusoidal waves) and averaging. The average of out-
put multiplied by the perturbation signal has process steady state
gain information and integral controller drive the process for the
steady state gain to be zero, the optimal operating point. Since con-
vergence of ES control methods has been proved [9,10], many stud-
ies and applications have been presented [11]. Advantages and
limitations are given in [12]. Improvements and modifications have
been in progress [13,14]. The ES control methods have been applied
in various processes including chemical and biological processes

[15,16].
One of the advantages of ES control methods is their simplicity.

Here the ES control method is considered. The ES control method
has several tuning parameters, such as the integral controller gain
and the magnitude and frequency of a continuous perturbation
signal. The frequency of continuous perturbation signal should be
low enough to ensure the time-scale separation between the real-
time optimization and the process dynamics for the closed-loop
stability. However, for some processes, fast perturbations are pre-
ferred because they can be attenuated easily in subsequent pro-
cesses. For this, we propose an ES control method where the partial
sum of perturbation-output product is used for the faster pertur-
bation. To illustrate the proposed ES control method, simulations
for two processes of parallel competing reactions have been given
and a simple liquid level system to test ES control methods is sug-
gested.

EXTREMUM SEEKING CONTROL

Consider a nonlinear dynamical system,

(1)

Here x is the state vector, u and y are the scalar input and output
variables, respectively. For a constant input u= , the correspond-
ing state variable  and the output  at a steady state are given as

(2)

The steady state input-output map g(·) is assumed to have an opti-
mum point, and the extremum seeking (ES) control finds the opti-
mum point = opt such that

x·  = f x, u( )
y = h x( )

u
x y

f x, u( ) = 0
y = h x( )  = g u( )

u u
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(3)

The ES control realizes this control task via

(4)

In applying the ES controller of Eq. (4), for improved transient,
high-pass and low-pass filters can be added before and after q(t),
respectively, as shown in Fig. 1.

Response of the controller in Eq. (4) can be explained briefly
through the two-time scale analysis. Assume that the nonlinear sys-
tem of Eq. (1) can be linearized as, for a small perturbation of u
from ,

(5)

where G(s) is the process transfer function between the input u and
the output y. When the integral gain kI is sufficiently small, (t) is
slowly varying compared to x(t) and sin(ω t). The fast subsystem
of this two-time scale system becomes

(6)

When the excitation size a is small, the output after some time
elapses becomes

(7)

where φ(ω)=∠G(jω). The average value of q(t) is

(8)

where p=2π/ω. When φ(ω)<π/2, β is positive and the integral con-
troller in Eq. (4) makes kp be zero, the maximum point of g( ), by
adjusting (t).

Detailed convergence proof can be found elsewhere [9,10].

PROPOSED EXTREMUM SEEKING CONTROL

In Eq. (8), β should be positive and large to find the optimum
point rapidly. Over the period of np≤t≤np+φ(ω)/ω, the integral
becomes negative, i.e.,

(9)

where n is an arbitrary integer, as is exhibited in Fig. 2(a). Conse-
quently, β is decreased, and the perturbed output is not utilized
fully. When the process dynamics is fast enough compared to the
excitation sin(ω t), φ(ω) is small, and its effect on the integration
can be neglected. To reduce this effect for non-negligible φ(ω), we
may use sin(ω t−ς) instead of sin(ω t) for q(t) of Eq. (4), where ς
is a constant approximation of φ(ω). When φ(ω) varies with ,
effectiveness of this approximation is limited.

To improve this weakness of the original ES control method,
we propose a new method where the bias input  is updated at
each periodic instant of np as

(10)

Here we use the square-wave excitation [13].

(11)

The input is perturbed by imposing a periodic square signal on
the bias input , and the same periodic square signal is multiplied
to the output as illustrated in Fig. 2(b) and Fig. 3.

As shown in Fig. 2(b), ξ is a time interval over which Sp(t) and
y(t) have the same sign. The first and second integrals in Eq. (10)
are for the positive and negative parts of Sp(t), respectively. We select
the design parameter ξ according to the magnitude of measure-
ment noise. When y(t) is noise-free, we set ξ=0 and use the point
data of

kp u( ) = 
dg
du
------ = 0 when u  = uopt

u = u  + asin ωt( )
q t( ) = y t( ) ωt( )sin⋅

u = kI q t( )dt
0

t
∫

u

G s( ) = c sI − A( )−1b

A = 
∂f
∂x
-----

x, u
, b = 

∂f
∂u
------

x, u
, c = 

∂h
∂x
------

x

u

x·  = f x, u + asin ωt( )( )
y = h x( )

y t( ) g u( ) + kpa G jω( ) ωt − φ ω( )( )sin≅

q t( ) = 
1
p
--- y τ( ) ωτ( )sin dτ

t−p

t
∫

≅ kp
a G jω( )

p
-------------------

⎝ ⎠
⎛ ⎞ ωτ( ) ωτ − φ ω( )( )sin dτ = βkpsin

t−p

t
∫

u
u

ωτ( ) ωτ − φ ω( )( )sin dτ 0<sin
np

np+φ ω( )/ω
∫

u

u

qn = 
1
ξ
-- y t( )dt − 

1
ξ
-- y t( )dt

np−ξ

np
∫np−p/2−ξ

np−p/2
∫

u = kI qn
n
∑

u = u + aSp t( )

Sp t( )  = 
1, np t np + p/2≤<
−1, np + p/2 t n +1( )p≤<⎩

⎨
⎧

u

Fig. 1. Original extremum seeking control system.
Fig. 2. Typical responses for sinusoidal and square-wave perturba-

tions.
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(12)

instead of the integrated values. With Eq. (12), the integral control
will steer  to zero, which corresponds to the state of y(np−p/
2)=y(np), or equivalently kp=0. When y(t) is corrupted with noise,
we increase ξ (<p/2) until noise is attenuated sufficiently through
the integral in Eq. (10).

The singular perturbation technique is used to show stability of
the extremum seeking control system, which consists of the fast
dynamical process and the slow optimization [9,15]. With assum-
ing =f(x, u)=0 under that the process dynamics is fast enough,
the slow subsystem becomes

(13)

It is easy to show that this discrete-time system converges expo-
nentially under mild assumptions of the steady state input-output
relationship g(u) of Eq. (2). The system of Eq. (13) acts as the slow
manifold. The process of Eq. (1), which is assumed to be exponen-
tially stable, acts as the boundary layer system. The singular pertur-
bation can be used to show that interconnection of these two sub-
systems is also exponentially stable. Detailed stability proof finds
assumptions on nonlinear functions in Eqs. (1) and (2). It is not
investigated here because assumptions for stability are complicated
and not very useful in the field applications.

SIMULATIONS

1. CO PROX Reactor
Hydrocarbon reforming can be used to produce hydrogen eco-

nomically, a feed gas for the proton exchange membrane fuel cell.
The hydrogen-rich gas from hydrocarbon reforming reactors can
contain CO up to a several thousand ppm level, which poisons the
anode catalyst of some fuel cells. The CO concentration needs to
be removed below 10ppm. The preferential oxidation (PROX) is
one of the simplest ways that can be employed for this purpose. In
the reformer gas oxidation, the following two reactions compete:

CO+0.5O2→CO2, ΔH0
298=−282.984 [kJ/mol]

H2+0.5O2→H2O, ΔH0
298=−241.828 [kJ/mol]

where the CO oxidation should occur preferentially over the H2

oxidation. The copper-cerium oxide catalyst of CuO-CeO2 has been
reported to have higher activity and selectivity for CO oxidation
than for H2 oxidation [17]. A packed bed reactor for CO PROX
reactions has been reported in [18], and the dynamic model is
given as

CCO(t)=0.15272(T(t)−160)2+0.13534(T(t)−160)+2.4892 (14)

Here T, CCO, u, and y denote the reactor temperature in centigrade,
the effluent concentration of CO in ppm, the heater control signal,
and the CO conversion, respectively. The time delay θ represents
an unknown delay, including the measurement delay. The CO
conversion shows a maximum with =0.9975 at =159.6 oC.
Under this condition, =2.459 ppm. The dynamic model
(14) shows input multiplicity, and hence a parallel compensator
should be included to ensure global stability when conventional
feedback controllers are applied [19].

The original and proposed ES control methods are applied to
investigate and compare the extremum seeking performance. Param-
eters for the original ES controller were set at p=100 s (ω =0.0628
s−1), a=0.2, kI=0.3768 s−1, τH=159.2 s, and τL=79.6 s, respectively.
Those for the proposed ES controller were given as p=100 s, a=
0.2, kI=12.56, and ξ=10 s.

Fig. 4 shows control responses for the CO PROX reactor under
noise-free environments. For θ=0, both original and proposed ES
controllers succeed to find the optimal operation point, although
convergence rates are different. When θ=6s, the original ES method
fails to find the optimal point. On the other hand, the proposed
ES controller succeeds in finding and maintaining the optimal point.

Fig. 5 shows control responses under noisy environments. Here
the CO measurement is corrupted with uniform noise of ±2 ppm.
The measurement delay is set to θ=10 s. The proposed ES con-
troller with point data (Eq. (12)) shows somewhat irregular responses.
On the other hand, the proposed ES controllers with ξ=10 s show

qn = y np − p/2( )  − y np( )

qn

x·

qn = g un + a( ) − g un − a( )

un+1= un + kIqn

600T· t( ) = − T t( ) + 50.4 + 3.79u t( )

y t( )  =1− 
CCO t − θ( )

1000
-----------------------

yopt Topt

CCOopt

Fig. 3. Proposed extremum seeking control system.

Fig. 4. Simulation results for the CO PROX Reactor system with-
out noise (Solid line: θ=6 s, Dotted line: θ=0 s).
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excellent responses. The original ES controller fails to converge to
the optimum point with the noisy measurement condition.
2. van de Vusse Reactor

Consider a continuous stirred tank reactor where the van de
Vusse reactions occur [16,20].

(15)

The steady state values are

(16)

Here, process parameters of kr1=5/6 min−1, kr2=5/3 min−1, kr3=1/
12 L/(mol.min) and CAf=10 mol/L are used. The optimal point is

=1.292 min−1 and =1.266 mol/L. Parameters for the origi-
nal ES controller are set to p=5 min (ω =1.256 min−1), a=0.02, kI=
6.28 min−1, τH=1.592 min and τL=0.7962 min. Those for the pro-
posed ES controller are set to p=5 min, a=0.01, ξ=0.1 min and
kI=3.768.

Fig. 6 shows control responses for the van de Vusse reactor under
noise-free environment. For an initial state of =0.8, both original
and proposed ES controllers succeed to find the optimal opera-
tion point although convergence rates are different. For the initial
state of =0.2, the original ES method fails to find the optimal
point. However, the proposed ES controller succeeds in finding
and maintaining the optimal point.

Fig. 7 shows control responses for the van de Vusse reactor under
noisy environments. Here uniform noises of ±0.02mol/L are added
to the output y. The proposed ES controller with point data (Eq.
(12)) is capable of reaching the optimum point, but shows irregu-

x·1= − kr1x1− 2kr3x1
2

 + CAf − x1( )u
x·2 = kr1x1− kr2x2  − x2u
y = x2

x1= 
− kr1− u + kr1+ u( )2

 + 8kr3CAfu
4kr3

-------------------------------------------------------------------------

x2 = 
kr1x1

kr2  + u
-------------- = y

uopt yopt

u

u

Fig. 6. Simulation results for the van de Vusse Reactor system from
two different initial states (p=5 min) under noise-free envi-
ronments.

Fig. 5. Simulation results for the CO PROX Reactor system with
noise (θ=10 s, noise: uniform with ±2 ppm in CO concen-
tration).

Fig. 8. Liquid level system (T1 and T2 are cylinders, SV1 and SV2
are solenoid valves, Or1, Or2 and Or3 are orifices, L is the
level sensor).

Fig. 7. Simulation results for the van de Vusse Reactor system with
noise (p=5 min, noise: uniform with ±0.02 in y).
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lar responses. On the other hand, the proposed ES controller with
ξ=0.1 min shows smooth and excellent responses.
3. Liquid Level System

Nonlinearities showing optimal points are often found in reac-
tion processes as above. Those reaction processes are rather hard
to construct and operate. As an easier system to test the ES con-
troller experimentally, a liquid level system as shown in Fig. 8 is
suggested. The system can be implemented to our BELL (bit evo-
lutionary liquid level) system [21]. The mathematical model for
the system in Fig. 8 can be written as follows:

(17)

where
A: cross-sectional area of tanks (19.625 cm2)
h1, h2: liquid levels of tanks [cm]
h1M: overflow height in Tank 1 (25 cm)
a1, a2, a3: cross-sectional area of orifice tubes (0.0314 cm2)
g: gravitational acceleration (=980 cm/s2)
β: a constant (9.83 cm3/s)
u: control input (pulse width modulation signal between 0 and 1)
y: process output (height of Tank 2)

The steady state input-output map is

(18)

The proposed ES controller is designed to have p=400 s, a=0.002
and kI=0.157. Sampling time is set at 5 s. Noise-free cases with Eq.
(12) are simulated. Two responses from initial steady state inputs

 of 0.4 and 0.9 are shown in Fig. 9. For both cases, the proposed
ES controller drives the process to the optimal operating point of

=0.707 and =8.58 cm. The original ES control fails to reach
the optimal operating point with the perturbation signal of sin(ωt),
ω=2π/400 s−1.

CONCLUSIONS

Extremum seeking (ES) control has been extensively studied as
a promising method for the real-time optimization of processes.
Although based on a static nonlinear process, it can be successfully
applied to dynamic nonlinear processes. The ES controller uses a
continuous perturbation and, for stability, time-scales among the
process dynamics, the perturbation signal and the optimization
rate should be separated. The perturbation signal should be slow
enough, compared to the process dynamics. However, for some
processes, fast perturbations are preferred because they can be at-
tenuated easily in subsequent processes such as buffers and stor-
ages. For this, an ES control method that uses a square-wave per-
turbation and the partial sum of perturbation-output product is
proposed. Compared to the original ES controller, a faster pertur-
bation is allowed in the proposed ES controller. Simulations for
two processes of parallel reactions have been given. In addition, a
simple liquid level system to test ES control methods is also sug-
gested.
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