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Abstract−The thermodynamic properties of methane, particularly for solid-liquid equilibrium, are calculated by
Monte Carlo simulation. For various potential models of methane, we explicitly calculated free energies and chemical
potentials of the solid and liquid phases of methane by using the expanded ensemble method and the thermodynamic
integration method. The Einstein-molecule method combined with the expanded ensemble method is used for the
solid phase, and thermodynamic integration for the liquid phase. Coexistence properties such as melting temperature,
entropy change and enthalpy change of melting are predicted and compared with experiment. Among the potential
models studied, the OPLS-AA model shows the best performance in predicting the solid-liquid coexistence properties
of methane. The melting temperature at zero pressure is predicted to be 92.6 K, in good agreement with the experi-
mental value of 90.6 K. While other all-atom potential models reasonably predict the density of solid methane within
an error of 5%, they tend to underestimate the melting temperature. The OPLS-AA potential model yields the most
accurate value for the entropy change of melting, predicted to be 8.71 J/mol·K. This is within an error of 16%, com-
pared to the experimental value of 10.4 J/mol·K. Also, the enthalpy change of melting is predicted to be 0.81 kJ/mol
with an error of 14%, compared to the experimental value of 0.94 kJ/mol.
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INTRODUCTION

Methane is an abundant chemical substance in the form of natu-
ral gas and gas hydrate. Its thermodynamic properties are import-
ant in developing novel technologies and instruments for mining,
storage and transportation. At ambient pressure, solid methane
exists as orientationally disordered crystal or plastic crystal (phase
I) [1]. Upon increasing the pressure, the methane crystal transforms
into orientationally ordered crystals such as phase III, IV, VI, A and
B in which the rotational motions of molecules become (partially)
suppressed [2-5]. The orientationally disordered crystal (phase I)
has face-centered-cubic (FCC) structure. Phase I is located in the
PT diagram adjacent to fluid phases, and the crystal of phase I at
the atmospheric pressure is stable below the melting temperature
of 90.6 K and above 20.4 K [1,6]. Below 20.4 K, the crystal trans-
forms into orientationally partially ordered crystal of phase II in
which the rotational motions of some molecules in unit cell become
restricted.

To investigate the physical properties of methane crystals, many
simulation studies have been done at the molecular level. Bounds
et al. [7] carried out molecular dynamics (MD) simulation for meth-
ane crystal of the phase I with William’s potential model [8]. They
observed that crystal structure of the phase I predicted by MD simu-
lation was in accord with the experiment. However, the values of
energy and pressure obtained from the simulation were significantly

different from the experimental values. In order to resolve such
disagreement, they modified the Williams potential by adding damp-
ing factors [7]. With this modification, the predicted solid-solid
phase transition between the phase I and II agreed with the exper-
iment [9]. Recently, El-Sheikh et al. proposed a potential model of
methane applicable to various crystal phases of methane over a wide
range of pressure [10]. They simulated several crystal phases of meth-
ane and predicted solid-solid phase transitions by observing abrupt
changes in energy. In addition, several specific potential models of
methane have been developed to predict the thermophysical prop-
erties of solid and liquid phases [11-14]. To assess the accuracies of
various potential models of methane, a simulation study was car-
ried out for liquid methane at 150 K and the density of 28 mol/L
[15]. It was found that the potential model of Murad et al. [16] and
the OPLS-AA potential model [17] give good predictions for the
properties of liquid methane. Yet, to our knowledge, a similar sim-
ulation study for the properties of solid methane and solid-liquid
coexistence properties has not been attempted.

In this work, we evaluated the accuracies and performances of
several selected potential models of methane for the thermody-
namic properties, including the density of solid (phase I), melting
temperature, entropy change and enthalpy change of melting. To
predict the melting temperature, the free energy of methane crys-
tal is calculated by the Einstein-molecule method combined with
the expanded ensemble (EE) method [18,19], and the free energy
of liquid methane is calculated by the thermodynamic integration
(TI) method [20]. The EE method is also used to calculate the free
energy of liquid so as to check the consistency of the free energy
obtained from the TI method. This would be a rigorous test to vali-
date the accuracy and reliability of the numerical schemes used in
this work. From the comparison of simulation results for the solid-
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liquid coexistence properties at zero pressure, we chose the best
potential model of methane. Then, using the Gibbs-Duhem inte-
gration method [21], we traced out a complete coexistence curve
for the solid-liquid equilibrium of methane.

THEORY AND SIMULATION METHOD

1. Intermolecular Potential Model
To describe intermolecular interactions between methane mole-

cules, we considered five potential models available in the litera-
ture: all-atom Lennard-Jones (LJ) potential models including the
potential model of Murad et al. [16], the model of El-Sheikh et al.
[10], the OPLS-AA model [17], the exponential-6 (Exp-6) model
of Williams [8], and the TraPPE-UA model [22]. The pair interac-
tion potential described by the LJ potential model is given as

(1)

and the interaction potential described by the Exp-6 potential model
is given as

(2)

where uij is the pair potential between two atoms i and j in different
molecules, r is the distance, ε is the well depth, σ is the size param-
eter, q is the partial charge, and ε0 is the permittivity of vacuum.
The Exp-6 model consists of repulsion term characterized by A
and B, and dispersion term of −C/r6. The potential parameters,
bond length and the moment of inertia of methane molecule in
each potential model are summarized in Tables 1 and 2. The dis-
persion and electrostatic interactions are truncated at 11 Å based
on the distance between the centers of mass of molecule, and stan-
dard long-range corrections for the dispersion interactions are added
[20]. In Monte Carlo (MC) simulation, methane molecule is treated
as a rigid body with tetrahedral geometry. The maximum magni-
tudes of translational and rotational moves of the molecules are
chosen so as to yield the acceptance of 50%.
2. Expanded Ensemble Monte Carlo Simulation

Fig. 1 shows a schematic diagram for the Monte Carlo simula-
tion of the solid-liquid phase equilibrium of methane. Simulation
in each phase is performed independently, mimicking its own bulk

phase with periodic boundary conditions applied to principal sim-
ulation box, and there is no actual phase boundary between the
two simulation boxes. The chemical potentials of the individual
phases are calculated in this work by the expanded ensemble Monte
Carlo simulations and the thermodynamic integration method. Then,

uij r( ) = 4εij
σij

r
-----⎝ ⎠
⎛ ⎞

12
 − 

σij

r
-----⎝ ⎠
⎛ ⎞

6
 + 

qiqj

4πε0r
-------------,

uij r( ) = Aij − Bijr( )exp  − 
Cij

r6
------,

Table 1. The parameters of the potential models of methane. The well depth ε/k is in units of K, size parameter σ in Å and charge q in the
electron charge, the Exp-6 potential parameter A in 107 K, B in Å−1 and C in 105 KÅ6, respectively

LJ model εCC/k εHH/k εCH/k σCC σHH σCH qC qH

Murad et al. [16] 51.2 08.63 23.80 3.35 2.813 2.995 - -
El-Sheikh et al. [10] 51.2 08.60 20.98 3.35 2.810 3.080 −0.572 0.143
OPLS-AA [17] 033.21 15.10 22.39 3.50 2.500 2.958 −0.240 0.060
TraPPE-UA [22] 148.00 - - 3.73 - - - -

Exp-6 model of William [8]

ACC BCC CCC AHH BHH CHH

3.115 3.60 2.541 0.1323 3.74 0.1625
ACH BCH CCH

0.5536 3.67 0.6441

Table 2. The CH bond length and the moment of inertia of mole-
cule in the potential models of methane

Potential model dCH (Å) I (10−47 kg m2)
Murad et al. 1.10 5.401
El-Sheikh et al. 1.09 5.303
OPLS-AA 1.09 5.303
William 1.04 4.828
TraPPE-UA 0.00 0.000

Fig. 1. Monte Carlo simulation of solid and liquid phases of meth-
ane. Periodic boundary conditions are applied to the simu-
lation box of each phase to mimic bulk phase, and there is
no physical phase boundary between the solid and liquid.
Coexistence is found by the equality of chemical potential.
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solid-liquid coexistence condition is found by the equality of chem-
ical potentials. The approach taken in this work is free from cum-
bersome issues of hysteresis, and the absence of interface greatly
reduces computational cost.

Prior to the free energy calculation, anisotropic NPT MC simu-
lation of crystal is performed to determine its crystal structure and
cell size [23,24]. Then, for the fixed crystal structure and volume,
the Helmholtz free energy is calculated using the Einstein-mole-
cule method [19,25]. In this method, a reference molecule is cho-
sen and its position is fixed in space instead of constraining the
center of mass of the system in the conventional Einstein-crystal
methods [26,27]. The reference molecule, say, molecule 1, behaves
like a free particle within the volume of system, and its contribu-
tion to the free energy is thus the same as that of an ideal-gas mol-
ecule. In simulation, the reference molecule carries lattice positions
for the other molecules, each of which vibrates under its own exter-
nal potential of which the center coincides with the fixed lattice
position relative to that of the reference molecule.

The canonical partition function for a finite crystal consisting of N
indistinguishable molecules as a spherical top is given by [19,25,28]

(3)

where Q is the canonical partition function, k is the Boltzmann
constant, T is the temperature, V is the volume of system, Λ is the
thermal wavelength given by Λ=h/(2πmkT)1/2 with h being the
Planck constant and m being the mass of molecule, U is the con-
figurational energy, ri is the position vector of molecule i, Ωi denotes
the orientation of molecule i, Ω=8π 2, σs is the symmetry num-
ber, and I is the moment of inertia of methane molecule. The con-
figurational integral is divided by the number of molecules, N, which
is regarded as the number of physically feasible permutations of
the crystal as a whole realized by translation while mimicking bulk
crystal of infinite size by using periodic boundary conditions. In
the free energy simulation, the reference molecule (molecule 1) is
fixed in space while separately accounting for its translational con-
tribution to the partition function as V/Λ. An advantage of the Ein-
stein-molecule method is that the crystal is prevented from drifting
because of the presence of the spatially fixed reference molecule
even when the external potential is turned off as in the real crys-
tal. The external potential for a molecule in the Einstein crystal is
described by

uEin(r)=λt(r−r0)2+λθ(1−cosθ)+λω(1−cosω), (4)

where λt is translational force constant, λθ and λω are rotational
force constants, r is the position vector of the center of mass of mol-
ecule, r0 is its equilibrium position, (φ, θ, ψ) are the Euler angles,
and ω is given by ω=φ+ψ [29,30]. The first term in the right-hand
side of Eq. (4) is the translational part of the external potential applied
to all molecules except for the reference molecule. The last two terms
are orientational parts that constrain the orientation of the mole-
cule. The orientational external potential is needed for ordered and
partially ordered crystals, but they are not necessarily required for
disordered crystals, for instance, the methane crystal of phase I and
the high-temperature fullerene crystals [25,31]. The translational
part of the free energy of the Einstein crystal with a fixed refer-

ence molecule is given by [19,28]

(5)

where A is the Helmholtz energy and β is 1/kT. The force constants
of the external potential are chosen so that each of positional and
orientational distribution of the molecules in the Einstein crystal
closely resembles the corresponding distribution in the real crys-
tal. In this way, the translational force constant λt is set to 13 kJ/
mol·Å2 for the methane crystal of phase I.

The orientational part of free energy of the Einstein crystal is
given by [25,30,31]

(6)

where I0 is the Bessel function. For the orientationally disordered
crystal phase considered here, there is no need of imposing rota-
tional external potentials, whereas sensibly chosen values for the
rotational force constants are needed for (partially) ordered phases
[25,31]. Thus, in the present case of solid methane (phase I), we
simply set λθ=λω=0, and the orientational free energy of the Ein-
stein crystal is the same as that of an ideal gas. This does not mean,
however, that the orientational distribution of the molecules in real
crystal is perfectly uniform, but rather implies that probability for
the orientational distribution is non-zero at any orientations.

As the methane molecule is treated as a rigid body, vibrational
contributions to the entropy and the Helmholtz energy are ignored.
In reality, the amplitude of CH bond vibration is less than only a
few percent of the bond length, and HCH angle bending occurs
only within a few degrees. The rigid structure of methane molecule
frozen at the equilibrium configuration does not significantly change
the configurational properties such as energy and pressure. Quan-
tum mechanical contribution of each normal mode of vibration to
the entropy and free energies can be included for completeness
[32]. However, this would not affect the determination of phase
equilibrium since the vibrational contributions depend only on the
temperature, independent of the volume of the system, and their
contributions to the chemical potentials are cancelled between solid
and liquid phases coexisting at the same temperature.

The symmetry number σs is set to twelve for the crystal of phase
I, the same as that of fluid phase. The symmetry number makes a
quantum mechanical correction to the Maxwell-Boltzmann statis-
tics so as not to overcount indistinguishable orientational configu-
rations. As usual, the symmetry number in gas or liquid phase is
considered as an intrinsic property of a molecule that is indepen-
dent of thermodynamic state. However, in crystals, the symmetry
number depends also on the rotational characteristics of the mole-
cules confined within their lattice cells [25,31]. At sufficiently low
temperatures the rotational motions of the molecules in crystals
are restricted by high energy barriers compared with kT. The crys-
tal becomes orientationally ordered phase in which the time tra-
jectory of the system samples only a fragment in phase space out
of many possible orientational configurations. For example, in the
orientationally ordered phase (phase III) of methane, a molecule
can access only one orientational configuration out of the twelve
possible orientational configurations. Therefore, a proper value of
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V
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the symmetry number for the phase III is unity. However, in the
orientationally disordered phase (phase I), a molecule can access
all the twelve orientational configurations with almost free rota-
tion. Therefore, the proper value of the symmetry number for the
phase I is twelve, the same as those of gas and liquid phases. We
also note that, unlike the present approach, there is another free
energy approach that uses symmetric orientational field reflecting
the symmetry of molecule together with adopting the symmetry
number of ideal-gas molecule [33,34]. Despite the seemingly con-
tradictory views of the symmetry number, either approach should
lead to the same result for entropy and its derived properties.

In the expanded ensemble MC simulation (EEMC) of solid phase
[25,31,35-37], the energy of the system varies linearly with a cou-
pling parameter ranging from zero for the reference Einstein crys-
tal to unity for the real crystal,

(7)

In the EEMC simulation of fluid phase, the two-stage WCA scal-
ing is used for the LJ potential models [38-43]. In the first stage of
coupling interactions between a solute molecule and N solvent mol-
ecules (0≤λ≤1), repulsive LJ interaction is turned on by varying
the size parameter as

(8)

The LJ potential is truncated at the distance at which the potential
has a minimum, and it is shifted upwards by the well depth ε. The
size parameter σλ is scaled by σλ=λ1/3σ because the free energy is
roughly proportional to the volume of repulsive core. When the
size parameter is fully grown in the first stage, it is subsequently
followed by the second stage (1≤λ≤2) in which attraction and elec-
trostatic interactions are turned on linearly as

(9)

(10)

where ζ (=λ−1) is a linear scaling parameter for the second stage
(0≤ζ≤1).

The partition function of the expanded ensemble is a weighted
sum of the partition functions of subensembles given by

(11)

where wi is weight factor for the i-th subensemble associated with
the coupling parameter λi. Transitions between adjacent subensem-
bles (λi↔λj) are accepted by the Metropolis criterion with the weight
factors [18]. Free energy difference between two subsystems is derived
from Eq. (11) as

βAj−βAi=wj−wi− ln(Pj/Pi), (12)

where Pi is the probability for the system of being in the i-th sub-

ensemble during EEMC simulation. For the EEMC simulation of
solid, the free energy difference between the Einstein crystal and
real crystal is given by

βΔA=wM−w0− ln(PM/P0), (13)

where the subscripts 0 and M denote the first subensemble (Ein-
stein crystal) and the last subensemble (real crystal), respectively.
The other M−1 intermediate subensembles observed in the EEMC
simulation, though they are not physical, provide a smooth path
between the two ends. Similarly, excess chemical potential of liq-
uid is given by

βμ
ex=wM−w0− ln(PM/P0), (14)

where μex is the chemical potential of solute in excess of that of ideal
gas at the same temperature and density of solvent, and the sub-
scripts 0 and M denote the system containing N molecules (pure
solvent) and that containing N+1 molecules (solution with an added
solute molecule), respectively. The details of implementing EEMC
simulation for the solid and liquid phases and how to optimize the
weight factors on the fly are referred to our previous studies [35,
42,43]. Adding up the individual contributions, the free energy of
the solid and the chemical potential of the liquid are written as

(15)

(16)

For the chemical potential, a standard long range correction is added,
given by μLRC=2ULRC/N, i.e., twice the long range correction for the
configurational energy per molecule [20].
3. Thermodynamic Integration and Gibbs-Duhem Integration
Methods

The free energy of a liquid is calculated by thermodynamic inte-
gration [20] on a reversible path starting from an ideal gas to a liquid
of desired density and temperature while bypassing vapor-liquid
phase transition,

(17)

(18)

where ρ (=N/V) is the number density, P is the pressure, and E is
the internal energy. The thermodynamic integration is comprised
of two steps. In the first step, NPT MC simulations are performed at
a constant temperature above the critical temperature and at a series
of pressures gradually varying from that of the ideal gas to that of
the liquid of a desired density. Volumetric data gathered from the
simulations are used to integrate Eq. (17), which gives free energy
difference between the ideal gas and the liquid at the same tem-
perature. In the second step, NVT MC simulations are performed
at the constant liquid density and at a series of temperatures grad-
ually varying from the supercritical temperature to a desired tem-
perature of the liquid of interest. The internal energies obtained
from the simulations, as the sum of average configurational energy
and kinetic energy, are used to integrate Eq. (18), which gives free
energy difference over the range of temperature. Thus, the abso-
lute value of free energy of the liquid of interest is obtained as a
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sum of the free energy of the ideal gas and the free energy differ-
ences obtained from the two thermodynamic integration steps. Note
that the average kinetic energy, 3RT, is used for the all-atom mod-
els, while the term (3/2)RT is used for the united-atom model of
TraPPE-UA potential. The details of calculating the free energy of
liquid methane with the thermodynamic integration method are
further discussed in the next section.

Once the coexistence condition is determined at a fixed pres-
sure, a complete solid-liquid coexistence curve can be predicted by
the Gibbs-Duhem integration method [21]. This is in fact the same
as integrating the Clapeyron equation given by

(19)

where ΔH and ΔV are differences in enthalpy and volume between
coexisting solid and liquid phases, respectively. Starting from the
melting temperature of methane determined at zero pressure, we
integrate Eq. (19) in discretized form with performing NPT MC
simulations of the two phases to obtain the enthalpy and volume
differences.

RESULTS AND DISCUSSION

For the five potential models of methane, anisotropic NPT MC
simulations were performed to obtain the density of solid meth-
ane (phase I). Table 3 presents simulation results of the density of
methane crystal at zero pressure below the experimental melting
temperature, 90.6 K. The observed crystal structures of solid meth-
ane in the simulations are indeed FCC structures. The values of
the density predicted for the potential models of Murad et al. and
El-sheikh et al. agree with experimental densities [44] within an
error of 5%. While the two potential models differ from each other
in the presence of charges, the effects of charge on the density are
less significant due to the cancellation of dipole moments along
CH bonds. For the OPLS-AA model, the predicted densities of the
solid are higher than the experimental values with an error of about
13%. This discrepancy is probably because the well depth of hydro-
gen atom in the OPLS-AA model, optimized for a series of alkane
liquids near the room temperature [17], might be too strong for
low-temperature methane crystal. The strong attraction would in-
crease the density of the crystal, and it would also render the crys-
tal more stable. Similar overestimations for the density of methane
crystal are observed with the Williams model and the TraPPE-UA
model. 

The Helmholtz energies of the methane crystal are calculated by
the EEMC simulation together with the Einstein-molecule method.

The simulations are conducted for the crystals of FCC structure at
the fixed density that was determined from the previous NPT MC
simulations. In Fig. 2, for the OPLS-AA potential model the Helm-
holtz energy of the crystal at 60 K and zero pressure is plotted ver-
sus the coupling parameter λ. To obtain high precision results, a
step size of 0.04 in λ is chosen. For λ>0.9 and λ<0.05, smaller step
sizes were needed to maintain the same order of precision and also
to obtain flat distribution along the λ coordinate in the EEMC sim-
ulation. For λ<0.05, when intermolecular interactions between the
molecules begin to turn on, repulsive interaction energies change
drastically. For λ>0.9, when the Einstein field is being turned off,
configurational overlaps between adjacent subensembles become
quite reduced. In these circumstances, even smaller step sizes are
used as shown in Fig. 2. In Table 4, we present simulation results
for the configurational energies of the solid and liquid methane at
zero pressure with varying the temperature. In Table 5 are the sim-
ulation results for the Helmholtz energy of the solid methane cal-
culated by the EEMC method combined with the Einstein-molecule
method. In the EEMC simulation, each run was carried out for
3.0×106 cycles, while a shorter run of 3.0×105 cycles in NPT MC
simulation was sufficient to obtain accurate values of the configu-
rational energy. As seen in Table 4, the configurational energy tends
to increase with the increasing temperature, and the configurational
energy of the liquid methane is higher than that of the solid due to
enhanced thermal motion. In contrast, the Helmholtz energy de-

dP
dT
------- = 

ΔH
TΔV
-----------,

Table 3.NPT MC simulation results for the density of methane crystal (phase I) at zero pressure. The numbers in parentheses are simula-
tion uncertainties in last digit

T (K)
Density (g/cm3)

Expt. [44] Murad et al. El-Sheikh et al. OPLS-AA William TraPPE-UA
60 0.500 0.49047(2)0 0.48761(3)0 0.56610(10) 0.52659(5)0 0.53260(4)
65 0.497 0.48460(10) 0.48220(10) 0.56121(1)0 0.52190(10) 0.52882(5)
70 0.494 0.47900(7)0 0.47684(2)0 0.55640(8)0 0.51737(1)0 0.52484(5)

Fig. 2. The Helmholtz energy of solid methane at 60K and zero pres-
sure obtained from the EEMC simulation for the OPLS-AA
potential model. The coupling parameter λ is varied from
zero for the reference Einstein crystal to unity for the real
crystal.
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creases as the temperature increases, as seen in Table 5. Clearly, the
decrease of the free energy results from the positive entropy that
increases with the temperature.

The Helmholtz energies of liquid methane are calculated by the
thermodynamic integration method as well as the EEMC method.
The values of the free energy obtained from both methods are com-
pared so as to check the consistency and accuracy of the two free
energy calculations. The EEMC simulations of the liquid are con-
ducted at the fixed density that was determined from the previous
NPT MC simulations at zero pressure. In Fig. 3, for the OPLS-AA
potential model we show the values of the excess chemical poten-
tial of liquid methane at 110 K and zero pressure along the cou-

pling parameter λ. Note that the chemical potential at zero pressure
is the same as the molar Helmholtz energy. As explained in the pre-
ceding section, the EEMC simulation is done in two stages; the repul-
sion part is turned on for 0≤λ≤1, and the attraction and electrostatic
parts are subsequently turned on for 1≤λ≤2.

In Fig. 4, for the OPLS-AA potential we show the Helmholtz
energy of liquid methane at 110 K and zero pressure calculated by

Table 4.NPT MC simulation results for the configurational energy of the solid and liquid methane at zero pressure

T (K) Phase
Configurational energy (kJ/mol)

Murad et al. El-Sheikh et al. OPLS-AA William TraPPE-UA
060 Solid −9.446(2) 0−9.398(1) −10.837(3) −9.324(1) −9.8003(1)
065 Solid −9.281(1) 0−9.242(2) −10.695(1) −9.203(2) −9.7093(1)
070 Solid −9.120(1) 0−9.087(1) −10.557(1) −9.084(1) −9.6152(1)
075 Solid - 0−8.930(3) −10.416(2) −8.958(2) −9.5180(1)
095 Liquid −7.640(2) 0−7.479(2) 0−9.006(4) −7.645(1) -
100 Liquid −7.434(1) −7.2694(3) 0−8.801(6) −7.464(1) -
105 Liquid −7.220(4) −7.0626(3) 0−8.593(2) −7.279(2) −7.470(1)
110 Liquid −7.007(5) −6.8460(5) 0−8.392(3) −7.100(4) −7.305(4)

Table 5. The Helmholtz energy of methane crystal (phase I) at zero pressure obtained from the EEMC simulation

T (K)
Helmholtz energy (kJ/mol)

Murad et al. El-Sheikh et al. OPLS-AA William TraPPE-UA
60 0−9.814(1) 0−9.762(1) −10.981(1) 0−9.891(1) 0−9.941(1)
65 0−9.981(1) 0−9.929(1) −11.127(2) −10.073(2) −10.022(1)
70 −10.165(1) −10.115(1) −11.293(1) −10.274(2) −10.112(1)
75 - −10.314(1) −11.481(1) −10.489(1) −10.215(1)

Fig. 3. The excess chemical potential of liquid methane at 110K and
zero pressure obtained from the EEMC simulation for the
OPLS-AA potential model. The coupling parameter λ is var-
ied in two stages: 0≤λ≤1 for the repulsion and 1≤λ≤2 for
the attraction and charge.

Fig. 4. The Helmholtz energy of liquid methane obtained from the
thermodynamic integration. The integration paths are shown
as the thick lines at the bottom. Aideal is the Helmholtz energy
of the ideal gas of methane at 250 K and 1 bar, and Aliquid is
the Helmholtz energy of liquid methane at 110 K and zero
pressure with the density of 0.47234 g/cm3. ΔA1 and ΔA2 are
the free energy differences obtained for the constant tem-
perature path and for the constant density path, respectively.
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the TI method. An ideal gas of methane at 250 K and 1 bar is used
as a reference system with known free energy. Simulations with the
TI method are conducted in two steps following the integration
paths drawn in Fig. 4 as the thick lines. In the first step, NPT MC
simulations are conducted at 250 K, well above the critical tem-
perature of 190.4 K, with varying the pressure so that the ideal gas
is reversibly compressed to a fluid of the desired density, 0.47234
g/cm3, which was determined from NPT MC simulation at 110 K
and zero pressure. Simulation results for the volumetric data of pres-
sure vs. density are collected, and the pressure is fitted with a suit-
able polynomial in density. Then, the thermodynamic integration
of Eq. (17) is analytically evaluated on the isotherm. Free energy
difference obtained in this constant-temperature step is depicted as
ΔA1 in Fig. 4. By avoiding spurious vapor-liquid phase transition,
the free energy changes smoothly along the path. Next, NVT MC
simulations at the fixed liquid density are conducted with varying
the temperature from 250 K to 110 K, which completes the ther-
modynamic path to the target liquid at 110 K and zero pressure.
In these simulations, the average values of the configurational energy
varying with the temperature are collected. Fitting the internal energy
with a suitable polynomial in temperature, the thermodynamic
integration of Eq. (18) is evaluated analytically along the isochore.
Free energy difference for the constant-density step is denoted as
ΔA2 in Fig. 4. The absolute value of the free energy of liquid meth-
ane at 110K and zero pressure is obtained as a sum of the free energy
of the ideal gas and the free energy differences, ΔA1 and ΔA2, along
the path of thermodynamic integration,

Aliquid=Aideal+ΔA1+ΔA2, (20)

In Table 6 we compare the values of the Helmholtz energy of
liquid methane at zero pressure obtained from the EE and TI meth-
ods. Each run of the EEMC simulation is sampled for 3.0×106 cycles,
and each run of NPT MC simulation for the TI method is sam-
pled for 2.0×105 cycles. As depicted in Fig. 4, the absolute value of
the free energy of liquid methane at 110 K is first obtained from
the TI method. Relative to this value, free energies at other tem-
peratures are calculated by the thermodynamic integration of the
Gibbs-Helmholtz (GH) equation given by

 
(21)

Here, the enthalpy and Gibbs energy at zero pressure are the same
as the internal energy and the Helmholtz energy, respectively. Of
course, the GH integration of Eq. (21) is a kind of TI method along

the isobar.
As seen in Table 6, the values of the Helmholtz energy of liquid

methane obtained from the EE and TI methods are in excellent
agreement with each other, whereas the two methods are based
on seemingly different theoretical foundations. In computational
aspects, in order to achieve similar accuracies for the free energy
of liquid, the EEMC simulation requires much longer computer
time than the TI method together with the GH integration. Pro-
vided that the free energy at one temperature is at hand, predicting
the free energy at other temperatures through the GH integration
only requires the internal energy (or enthalpy), which is readily
available from the conventional simulations with high accuracy. In
favor of such computational advantage of the TI method (together
with the GH integration) particularly for liquid, we adopt the TI
method as a primary tool of calculating the free energy of liquid
methane, and use the EEMC method to check the consistency of
the results obtained from the TI method.

In Fig. 5, using the OPLS-AA potential model the melting tem-
perature of methane at zero pressure is determined from the free
energy profiles of the solid and liquid. Here, note that the molar
Helmholtz energy at zero pressure is the same as the chemical poten-
tial. To obtain the free energy profiles, we carry out the GH inte-

∂ G/T( )
∂T

-----------------

P
 = − 

H
T2
-----,

Table 6. The Helmholtz energy of liquid methane at zero pressure obtained from the EEMC simulation and the thermodynamic integra-
tion (TI) method

T (K)
Helmholtz energy (kJ/mol)

Murad et al. El-Sheikh et al. OPLS-AA
EE TI EE TI EE TI

095 −11.59(4) −11.59 −11.47(5) −11.48 −12.41(4) −12.42
100 −11.90(2) −11.93 −11.83(4) −11.82 −12.74(3) −12.73
105 −12.29(2) −12.29 −12.21(4) −12.18 −13.08(2) −13.06
110 −12.65(2) −12.66 −12.58(5) −12.56 −13.41(1) −13.41

Fig. 5. The Helmholtz energies of solid and liquid methane at zero
pressure for the OPLS-AA potential model. The symbols
are obtained from the EEMC simulations, and the curves
are from the thermodynamic integration of the Gibbs-Helm-
holtz equation. The melting temperature is predicted to be
92.6 K, close to the experimental value of 90.6 K.
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gration of Eq. (21) for each phase. As starting points of the GH
integrations, the free energy of solid methane at 60 K determined
from the EEMC simulation and the free energy of liquid methane
at 110 K determined from the TI method are used, respectively. In
Fig. 5 the free energies from the GH integrations are drawn as the
curves, and those from independent EEMC simulations are plot-
ted as the symbols. The results from both methods are in excellent
agreement with each other, and the consistency between the two
methods is confirmed. The intersection of the free energy curves
of the solid and liquid phases gives the melting temperature, which
is found to be 92.6 K for the OPLS-AA model. This value agrees
with the experimental melting temperature of 90.6 K at ambient
pressure [6].

In the same manner, we predict melting temperatures for other
potential models of methane, and they are compared in Table 7.
Among the potential models we studied, the melting temperature
of the OPLS-AA potential model, 92.6 K, is the closest to the exper-
imental value. The melting temperatures for the Murad et al. model,
the El-sheikh et al. model and the Williams model are predicted to
be 69.9 K, 79.5 K and 83.0 K, respectively, and they are lower than
the experimental value of 90.6 K. The melting temperature of the
TraPPE-UA model was found to be 105.3 K, which is somewhat
higher than the experiment. While the El-sheikh et al. model has
strong charges to describe crystal phases at high pressures, its dis-
persion attraction seems not strong enough to sustain stable solid
phase. This would be the reason why the melting temperature is
underestimated by the El-sheikh et al. model as well as the Murad
et al. model that is the prototype of the former.

In Fig. 6, for the OPLS-AA potential model we show the entro-
pies of the solid and liquid methane. The entropy is obtained from
the difference between the internal energy and the Helmholtz energy,
i.e., S=(Uc+3RT−A)/T. Here, 3RT is the kinetic part of the inter-
nal energy for all-atom models, while the term of (3/2)RT is used for
the TraPPE-UA model. The symbols are obtained from the EEMC

simulations as given in Tables 5 and 6, and the curves are obtained
from the GH integration in the similar manner as in Fig. 5. As shown
in Fig. 6, the two sets of values for the entropy obtained from the
two methods almost coincide with each other. The entropy of the
solid phase from the GH integration reveals a slightly nonlinear
behavior near the melting transition. The entropy change of melt-
ing is found by extending the curves to the calculated melting tem-
perature. For the OPLS-AA model, ΔS is found to be 8.71 J/mol·
K, slightly less than the experimental value of 10.4 J/mol·K [6] with
an error of 16%. In the same manner, entropies for other potential
models are calculated, and they are compared in Table 8. Because

Table 7. The melting temperature of methane, the entropy change and enthalpy change of melting
Expt. [6] Murad et al. El-Sheikh et al. OPLS-AA William TraPPE-UA

Tm (K) 90.6 69.9 79.5 92.6 83.0 105.30
ΔS (J/mol·K) 10.4 5.81 8.57 8.71 7.95 13.1
ΔH (kJ/mol) 0.94 0.41 0.68 0.81 0.66 001.38

Fig. 6. The entropies of solid and liquid methane at zero pressure
varying with the temperature for the OPLS-AA potential
model. The symbols are obtained from the EEMC simula-
tions, and the curves are from the thermodynamic integra-
tion of the Gibbs-Helmholtz equation. The entropy change
at the melting transition is found to be 8.71 J/mol·K, com-
pared to the experimental value of 10.4 J/mol·K.

Table 8. The entropies of solid and liquid methane. The entropy is obtained from the difference between the Helmholtz energy and the
internal energy

T (K)
Entropy (J/mol·K)

Phase Murad et al. El-Sheikh et al. OPLS-AA William TraPPE-UA
060 Solid 31.10 30.99 27.33 34.40 14.83
065 Solid 35.71 35.49 31.59 38.34 17.29
070 Solid 39.88 39.62 35.45 41.96 19.56
075 Solid - 43.38 39.15 45.32 21.76
095 Liquid 66.56 67.03 60.82 66.92 -
100 Liquid 69.92 70.47 64.29 70.07 -
105 Liquid 73.26 73.70 67.52 73.05 46.55
110 Liquid 76.39 76.94 70.51 75.92 48.70
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of the absence of the rotational part in the united atom model, the
entropy of the TraPPE-UA model is significantly less than that of
the all-atom models. The entropy changes of melting for other poten-
tial models are obtained in a similar manner as in Fig. 6, and are
compared in the second row of Table 7. Among them, ΔS for the
OPLS-AA potential model, 8.71 J/mol·K, is the most accurate when
compared with the experimental value of 10.4 J/mol·K. The poten-
tial model of Murad et al. gives the least value of 5.81 J/mol·K, and
the TraPPE-UA model gives the largest value of 13.1 J/mol·K. As
we have the entropy change of melting, the enthalpy change of melt-
ing is readily obtained by ΔH=TmΔS. The comparison of ΔH is given
in the last row of Table 7. Compared with the experimental value
of 0.94 kJ/mol, ΔH for the OPLS-AA model yields the most accu-
rate value of 0.81 kJ/mol with an error of 14%. Despite the fact that
the OPLS-AA potential model has not been tuned for the thermo-
dynamic properties of methane crystal, such a good agreement is
remarkable.

Finally, using the Gibbs-Duhem integration method we predict
the complete solid-liquid coexistence curve of methane with the
OPLS-AA potential model. The predicted melting temperature of
92.6 K at zero pressure is used as a starting point for the integra-
tion of the Clapeyron equation, Eq. (19). To sample enthalpies and
volumes of the individual phases, NPT MC simulations were run
for 1.0×105 cycles at each integration step. In Fig. 7, we compare
the predictions of the solid-liquid coexistence of methane with the
experiment. The open circles are the simulation results, and the
closed circles are the experimental coexistence data [45-47]. The
upper left region is the solid phase of methane (phase I), and the
lower right region is the liquid phase. The coexistence curve pre-
dicted by the simulation is slightly shifted to the right, indicating
that the calculated melting temperature at a given pressure is a lit-
tle higher than the experimental value. Considering the wide ranges
of temperature and pressure, the predicted solid-liquid coexistence
of methane with the OPLS-AA model is quite satisfactory. The pres-
ent study shows that among the various potential models tested in
this work, the OPLS-AA model provides, up to the present, the

most accurate description of the solid-liquid phase equilibrium of
methane.

CONCLUSIONS

Using various potential models of methane, we carried out MC
simulations to predict the thermodynamic properties of solid and
liquid methane, such as the density of plastic crystal (phase I), the
free energies and entropies of the solid and liquid phases. Calculat-
ing the free energies with the EE and TI methods, we predicted
melting temperature, entropy change and enthalpy change of melt-
ing. Among the five potential models examined, the OPLS-AA model
gives the most accurate predictions for the solid-liquid coexistence
properties. The melting temperature of methane at zero pressure is
predicted to be 92.6 K, in good agreement with the experimental
value of 90.6K. Further, using the Gibbs-Duhem integration method
and the OPLS-AA model, we accurately predicted a complete solid-
liquid coexistence curve over the wide range of temperature and
pressure.

There are, however, some shortcomings in the potential models
of methane. The density of solid methane predicted by the OPLS-
AA model is somewhat higher than the experimental value by about
10%, the entropy change of melting is underestimated by 16%, and
the enthalpy change of melting is underestimated by 14%. The other
all-atom potential models such as the Murad et al. model, the El-
Sheikh et al. model and the Williams model reasonably predict the
density of solid methane within an error of 5%, but the melting
temperature and the entropy change of melting are poorly predicted.
For the TraPPE-UA model, the predicted melting temperature is
higher than the experiment. The entropy of the TraPPE-UA model
is considerably lower than those of the all-atom potential models
due to the absence of the rotational part, and the entropy change
of melting was not accurately predicted. Judging from the present
simulation results, we conclude that although the OPLS-AA poten-
tial model predicts the density of methane crystal (phase I) some-
what higher than the experiment, it is one of the most successful
potential models for methane that can describe the solid-liquid
equilibrium and the coexistence properties.
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NOMENCLATURE

A : Helmholtz energy
Aij : potential parameter of Exp-6 potential
Bij : potential parameter of Exp-6 potential
Cij : potential parameter of Exp-6 potential
d : bond length
E : internal energy
G : Gibbs energy
H : enthalpy
h : Planck constant
I : moment of inertia

Fig. 7. The solid-liquid coexistence of methane obtained from the
Gibbs-Duhem integration method for the OPLS-AA poten-
tial model. The closed circles are the experimental data, and
the open circles are the simulation results.
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I0 : Bessel function 
k : Boltzmann constant
m : mass of molecule
N : number of molecules
P : pressure
Pi : probability of observing the i-th system 
Q : partition function
q : partial charge 
R : gas constant
r : distance
r : position vector of molecule
r0 : equilibrium position vector of molecule
S : entropy
T : temperature
U : potential energy
UC : configurational energy
u : interatomic potential energy 
V : volume
w : weight factor 

Greek Letters
β : inverse of kT
ε : Lennard-Jones energy parameter
ε0 : permittivity of vacuum
θ : Euler angle
Λ : thermal de Broglie wavelength
λ : coupling parameter
λα : force constant
μ : chemical potential
ρ : density
σ : Lennard-Jones size parameter
σs : symmetry number
φ : Euler angle
ψ : Euler angle
Ω : orientation of molecule
ω : Euler angle

Superscripts
att : attraction
Ein : Einstein crystal
el : electrostatic interaction
ex : excess
rep : repulsion

Subscripts
C : carbon atom
E : expanded ensemble
H : hydrogen atom
ideal : ideal gas
liquid : liquid
LRC : long range correction
M : last subensemble
m : melting
o : orientation
solid : solid
t : translation
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