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Abstract−A cross-slot microchannel has been harnessed for a wide range of applications, such as label-free measure-
ments of cell deformability and rheological characterization of complex fluids. This work investigates flow kinematics
in a cross-slot microchannel used for the measurements of cell deformability utilizing finite element method (FEM)-
based numerical simulation. In a cross-slot microchannel, the cell is stretched near the stagnation of the cross-slot
channel, and cell deformation is significantly affected by its trajectory. Two passive methods, inertia- and viscoelasticity-
based, which do not rely on any external force such as an electric field, have been applied to focus particles along the
channel centerline so that the cell trajectories are unified. However, it is not well understood how the flow kinematics
inside the cross-slot channel is altered by the inertial or viscoelastic effect when these two methods are employed. This
work demonstrates that the flow kinematics such as the distributions of flow type and strain rate is notably changed
with an increase in the Reynolds number when an inertia-based method is employed. On the other hand, flow kine-
matics does not significantly deviate from that of an inertia-less Newtonian fluid irrespective of the Weissenberg num-
bers when a viscoelasticity-based method is used. The current work will be helpful for the design and operation of a
cross-slot microdevice for measuring cell deformability.
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INTRODUCTION

Live cells are deformed under external fields such as an optical
or hydrodynamic force [1-4]. The cell deformability represents the
pathophysiological conditions of the human body or cell itself [5,6].
For instance, the deformability of red blood cells (RBCs) is signifi-
cantly altered when the human body contracts malaria or diabe-
tes [7]. Thus, cell deformability measurements have been efficient
biomarkers for the diagnosis of diseases or cell health [3,8-10], which
is attractive because it requires nether a complicated nor expen-
sive labeling procedure [5]. Further, the deformability of the cells
can be measured by optical microscopy in a high throughput man-
ner, which guarantees a fast but accurate measurement of their de-
formability [8-10]. Microfluidics-based deformability measurements
have recently attracted significant attention because the flow can
be precisely controlled, and the procedures for a deformability meas-
urement can potentially be automated [5]. The design of a micro-
channel shape, which generates flow fields to deform the cells, is a
key technology in such microfluidics-based approaches.

As previously discussed by Cha et al. [3], the planar extensional
flow field generated by a cross-slot microchannel has been used
for the deformation of materials such as cells [2,3,8] and DNA [11]
because its affine deformation increases exponentially as the strain
experienced by a deformable particle increases [12]. Further, its

flow type does not include any rotational components [13]. Thus,
the deformation of the materials by an extensional flow field is larger
compared to the deformation in a shear flow, which is relevant in
a pressure-driven channel flow [13]. A shear flow is a weak flow in
which the affine deformation of a deformable particle is linearly
increased with an increase in the strain [12], and the particle defor-
mation is significantly hindered by the rotational motion [13]. In a
cross-slot microchannel, as shown in Fig. 1(a), a deformable parti-
cle such as an RBC, which emanates from the inlets (top and bot-
tom channels), is stretched near the stagnation point (central point)
and then moves toward the outlets (right and left channels). How-
ever, the deformability of a cell can be measured differently accord-
ing to its spatial trajectory irrespective of its intrinsic physical prop-
erties because the flow kinematics, such as the local strain rate and
flow type in a practical device, is not spatially homogeneous [3,14].
Thus, unification of the cell trajectory prior to a deformability meas-
urement is an essential step for an accurate deformability measure-
ment [3,5].

Particles migrate laterally toward positions of equilibrium under
channel flows when a fluid flow is inertial (still laminar) [15] or
viscoelastic [16]. Recently, such phenomena have been extensively
exploited to manipulate particles in a microfluidic channel [17-28].
Researchers have also engineered such phenomena to focus the
particles along the channel centerline to unify particle trajectories
[2,3]. The two passive methods of inertial and viscoelastic particle
focusing are attractive because they do not require any external
force such as an electric field despite the particles being tightly focused
along the channel centerline through a purely hydrodynamic effect
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[2,3,17,18,20]. However, it is not yet well understood how the local
kinematics inside a cross-slot channel is affected by the inertia and
viscoelasticity, i.e., flow parameters such as the Reynolds (Re) and
Weissenberg (Wi) numbers. The Reynolds number denotes the rela-
tive ratio of inertial to viscous forces, and the Weissenberg num-
ber is used to characterize the ratio of elastic to viscous properties
for viscoelastic fluids [29].

Although several previous researches have already investigated
the flow dynamics in a cross-slot geometry, they are mostly lim-
ited to characterizing the rheological properties of complex fluids
such as the extensional properties [30,31] or the prediction of flow
instabilities occurring in a cross-slot channel [32]. Otherwise, numer-
ical studies related to a material deformation have been restricted
to inertia-less Newtonian cases (Re=0) [11] or a viscoelastic flow
with a specific Weissenberg number [3] as a supplement to the ex-
perimental data. In this work, the focus is on comparative studies
showing how inertia or viscoelasticity affects the flow kinematics,
such as the flow type and strain rate distribution in a cross-slot device,
for a wide range of flow parameters of Re and Wi numbers. The
flow kinematics was investigated utilizing FEM-based numerical

simulations with a constitutive modeling (upper convective Max-
well (UCM) model [29]) for a viscoelastic fluid. The flow kinematics
inside a cross-slot channel is shown to be significantly different
according to whether an inertial or viscoelastic particle focusing
method is used. The current study is expected to provide useful
information and insight into the design and analysis of a microde-
vice for cell deformability measurements.

GOVERNING EQUATIONS AND BOUNDARY 
CONDITIONS

The cell deformability has been measured under the inertial New-
tonian and inertia-less viscoelastic flow conditions. A poly(vinylpyr-
rolidone) (PVP) mixture in a buffered solution, i.e., phosphate-buf-
fered saline (PBS), was used as a viscoelastic fluid with nearly con-
stant shear viscosity [33], which can be modeled as a UCM model
[3,19]. The cross-slot geometry considered in this work is shown in
Fig. 1(b). The mathematical modeling for such a fluid flow is com-
posed of continuity, momentum balance, and constitutive (UCM)
equations. This study considers a two-dimensional steady prob-
lem, and the dimensionless forms of the governing equations can
be represented as follows:

(1)

(2)

(3)

where u is the velocity vector, p is the pressure field, and τ is the
extra stress tensor, and all of the variables are dimensionless. In the
equations, ‘∙’ denotes a dot product and (a)T is the transpose of ten-
sor (a). In addition, Re and Wi are defined by h<u>ρ/μ and λ<u>/
h, respectively (note that the current definition of Wi is equivalent
to twice the Deborah number (De) defined by Cha et al. [3]), h is
half of the channel width, <u> is the average velocity in the chan-
nel cross section, ρ is the fluid density, and μ and λ are the shear
viscosity and relaxation time of a fluid, respectively. In the equa-
tions, the length of scale was normalized using h, velocity u was
non-dimensionalized using <u>, and p and τ were scaled using
μ<u>/h. The UCM model is reduced to a Newtonian fluid case
when Wi is set to zero [29].

In the computational domain shown in Fig. 1(b), a fully devel-
oped velocity was imposed on the inlet and outlets, a no-slip bound-
ary condition was imposed on the channel wall, and a fully devel-
oped boundary condition of extra stresses was imposed on the inlet.
In addition, a symmetric boundary condition was imposed along
the symmetric line shown in Fig. 1(b). Note that this geometrical
shape (Fig. 1(b)) and the symmetric flow conditions at both the
inlets and outlets are equivalent to that used by Cha et al. [3].

NUMERICAL METHODS

The governing equations presented in the previous section were
solved using a standard mixed finite element formation, and the
numerical procedures applied in this work are identical to those of
a previous work [34]. Thus, the numerical methods were briefly
introduced to explicitly define the problems considered. The numer-

∇ u = 0⋅

Re u ∇u⋅( ) = − ∇p + ∇ τ⋅

τ + Wi u ∇τ − ∇u( )
T
τ − τ ∇u( )⋅ ⋅ ⋅[ ] = ∇u( ) + ∇u( )

T
[ ]

Fig. 1. (a) Schematic diagram of a cross-slot microchannel used to
measure cell deformability. Cells are emanating from two
inlets (top and bottom channels), and the cells approach the
stagnation point (central point). The cells are highly stretched
near the stagnation point and move toward the outlets (right
and left channels). The cell deformability is measured by ana-
lyzing the image of a deformed cell near the stagnation point
[2,3], and the same procedure is repeated for a number of
cells to obtain statistically relevant data. (b) Computational
domain used for the numerical simulation, which is equiva-
lent to the geometry used by Cha et al. [3]. The inlet and out-
lets are far enough to be unaffected by the cross-slot region,
and the distances from the inlet and the outlets to the cen-
tral point are equal. The lower dash-dotted line denotes a
symmetric line. (c) Magnified view of a finite element mesh
near the central point. (d) Velocity magnitude distribution
at Re=0 and Wi=0 (note that all of the numerical solutions
in this work were obtained using the finite element mesh pre-
sented in Fig. 1(c), but mirror images were added to help with
an understanding of the results shown in Figs. 1, 3, 4, and 6).
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ical stability was enhanced using a discrete elastic viscous split stress
(DEVSS)-G [35] formulation and streamline upwinding Petrov-
Galerkin (SUPG) method [36], which is the standard for a numeri-
cal simulation of a viscoelastic flow [37]. The momentum balance
and constitutive equations (Eqs. (2) and (3)) are transformed into
the following forms using a DEVSS-G formulation, where veloc-
ity gradient tensor G is additionally introduced to strengthen the
elliptic terms in the momentum balance equation [35].

(4)

(5)

(6)

Thus, Eqs. (1), (4), (5), and (6) are governing equations in the DEVSS-
G formulation. The velocity, pressure, extra stress, and velocity gradi-
ent tensor are interpolated using the Lagrangian basis function in
a mixed finite element formulation as follows:

(7)

where ψi and ϕi are biquadratic and bilinear shape functions, respec-
tively. The weak forms of Eqs. (1), (4), (5), and (6) can be repre-
sented as follows:

(8)

(9)

(10)

(11)

where ‘< >’ and ‘<< >>’ indicate the domain and boundary inte-
grals, respectively, n denotes an outward normal vector at the bound-
ary, and I is the identity tensor. The modified SUPG method de-

veloped by Fan and Crochet [38] was applied to a constitutive equa-
tion, which is implemented by consistently applying the following
modified weight function ϕs to Eq. (10) instead of the original weight
function ϕ.

(12)

where  is a characteristic element length scale, and  is the nor-
malized velocity in an element; more detailed definitions for  and

 were presented in a previous work [34]. The solutions of the cur-
rent numerical formulations based on DEVSS-G/SUPG were ob-
tained using a Newton-Raphson/iterative solution method devel-
oped by Kim et al. [34]. L1 norm <10−4 between two successive
steps was the convergence criterion in the Newton-Raphson method.
The computational domain was discretized in the finite element
mesh with rectangular shape as presented in Fig. 1(c). The mesh is
composed of 11,672 elements, and the number of total unknowns
is 196,098. A finer mesh was also tested, but no significant differ-
ences between the two meshes were shown.

RESULTS AND DISCUSSION

As shown in Fig. 1(a), the cells emanate from the inlets and move
toward the stagnation point in the cross-slot channel for a defor-
mation measurement. The velocity of a deformable cell decreases
while the cell approaches the stagnation point, as shown in Fig. 1(d),
and consequently, the cell undergoes compression. Meanwhile, its
velocity accelerates when the cell escapes from the stagnation point
to an outlet, and thus the cell is stretched along the outlet direc-
tion (the x-axis in the current coordinate systems). On the other
hand, the velocity field near the stagnation point can be represented
as a saddle-like “semistable potential well” [39]. The stagnation
point works as a stable potential well while a cell is approaching
the stagnation point (or when the cell is compressed), but the stag-
nation point is no longer stable once the cell reaches it and is at its
maximum in a potential landscape along the direction of the out-
lets (or x-axis) [39]. Therefore, it is expected that the cell eventu-
ally escapes from the stagnation point after staying at the point for
a finite amount of time [39]. Meanwhile, the cells are randomly
distributed in the lateral direction at the inlets. The random lateral
distribution of the cells continues under an inertia-less Newtonian
flow until the cells approach the stagnation point. There is a very
low probability of finding randomly distributed cells passing through
the stagnation point, which significantly deteriorates the efficiency
of the device when measuring the deformability [3]. As previously
discussed by Cha et al. [3], there is one promising way to overcome
this problem, i.e., aligning the cells along the channel centerline
[2,3]. In addition, the cell alignment along the channel centerline
unifies the kinematic history that a cell experiences, which is help-
ful in avoiding different measurements of the cell deformability
according to the cell trajectories [3]. In literature, inertial or visco-
elastic particle focusing has been utilized to unify the trajectories
of the cells [2,3].

Although microfluidic flows are usually inertia-less (or Re<<1),
it has been recently demonstrated that an inertial flow can be gen-
erated even under microfluidic flow conditions. Under an inertial
flow (still laminar), particles are focused along the equilibrium posi-

Re u ∇u⋅( ) = − ∇p + ∇ ∇u( ) + ∇u( )
T

[ ]  − ∇ G + GT
( ) + ∇ τ⋅ ⋅ ⋅

G = ∇u

τ + Wi u ∇τ − GT
τ − τ G⋅ ⋅ ⋅[ ]  = G + GT

[ ]

u = Σiψiui, P = Σiϕipi, τ = Σiϕiτi, G = ΣiϕiGi,

∇ u; ϕ⋅〈 〉 = 0

Re u ∇u⋅( ); ψ〈 〉 + − pI + ∇u( ) + ∇u( )
T

[ ] − G + GT
( ) + τ ; ∇ψ〈 〉

= − pI + ∇u( ) + ∇u( )
T

[ ]  − G + GT
( ) + τ ( ) n; ψ⋅〈 〉〈 〉

τ + Wi u ∇τ − GT
τ − τ G⋅ ⋅ ⋅[ ] − G + GT

[ ]( ); ϕ〈 〉 = 0

G − ∇u; ϕ〈 〉 = 0

ϕs = ϕ  + kûe ∇ϕ⋅

k ûe

k
ûe

Fig. 2. Streamlines and distributions of y-component velocity field
under a Newtonian flow (Wi=0): (a) Re=0, (b) Re=20, (c)
Re=40, and (d) Re=160. The vortices appear when Re≥40
near the curved channels.
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tions under inertial microfluidic flows, i.e., Re ~ O(101), which has
been engineered to manipulate the particles so as to count or sort
the cells [17]. The number of equilibrium positions can be reduced
to a single stream by modulating the width-to-height aspect ratio
of the channel and combining it with a Dean flow that occurs in a
curved channel [17,24]. On the other hand, inertial particle focus-
ing has been successfully applied to unify the cell trajectories, which
was accomplished by exploiting a serpentine channel before a cross-
slot channel [2,8]. However, it is not well understood how the inertial
flow changes the flow kinematics inside a cross-slot channel.

First, I investigated the changes in the velocity fields and the stream-
lines in the cross-slot channel when Re increases, as shown in Fig.
2. The y-component velocity is decelerated as a cell starting from
the inlet (y>>0) approaches the stagnation point (y→0), but its
deceleration is significantly delayed with an increase in Re. Conse-
quently, it is expected that cell stretching (or compression) occurs
in the inertial flows nearer the stagnation point as compared to an
inertia-less Newtonian case. On the other hand, it was observed
that the streamlines are dramatically changed with an increase in
Re, as shown in Fig. 2, and vortices are generated near the curved
walls when Re≥40, whereas no vortex formation is predicted at
lower Re numbers. It is anticipated that cells will be occasionally
trapped in the vortices, but these trapped cells may occasionally
escape from the vortices owing to a random fluctuation of the flow
field. Such cell trapping and escaping may destabilize the flow field,
which can deteriorate the performance of the deformability meas-
urement device. For a more quantitative analysis, the distribution
of the flow type (Δ) defined by Δ=(|d|− |ω|)/(|d|+|ω|) was investi-
gated, where |d| and |ω| correspond to the magnitudes of the de-
formation rate tensor, d≡1/2(∇u+(∇u)T), and the vorticity tensor
ω ≡1/2(∇u−(∇u)T), respectively [3,40]. The flow is purely rota-

Fig. 3. Flow type (Δ) distributions under a Newtonian flow (Wi=
0): (a) Re=0, (b) Re=20, (c) Re=40, and (d) Re=160. Here,
Δ is defined as Δ=(|d|−|ω|)/(|d|+|ω|), where |d| and |ω| corre-
spond to the magnitudes of the deformation rate tensor, d≡
1/2 (∇u+(∇u)T), and the vorticity tensor ω≡1/2(∇u−(∇u)T),
respectively.

Fig. 4. Strain rate distributions under a Newtonian flow (Wi=0):
(a) Re=0, (b) Re=20, (c) Re=40, and (d) Re=160. The strain
rate corresponds to the magnitude of the deformation rate
tensor, .1/2( )d:d

Fig. 5. Streamlines and distribution of y-component velocity field
under inertia-less viscoelastic flow (Re=0): (a) Wi=0.03 and
(b) Wi=0.35. No vortex development was detected, and the
flow fields are almost identical to the inertia-less Newtonian
case shown in Fig. 2(a).

tional when Δ→−1, whereas it is purely extensional as Δ→1. The
flow type is a shear flow when Δ=0 [40]. In a rotational flow, the
cell simply rotates without stretching, whereas the cells are highly
stretched in a purely extensional flow. The change in the flow type
significantly affects the cell deformability measurement. Therefore,
it is essential to place the cells in a purely extensional field before a
deformability measurement is conducted [3]. As shown in Fig. 3,
the area corresponding to Δ≈1 significantly shrinks as Re increases.
Thus, both the formation of vortices and the shrinkage of a purely
extensional flow region under an inertial flow require that the loca-
tion of the cell deformability measurement be more strictly selected
near the stagnation point with an increase in Re, as compared to
an inertia-less Newtonian case. In addition, the strain rate distribu-
tion also significantly changes with an increase in Re, as shown in
Fig. 4, where the strain rate is defined as the magnitude of the de-
formation rate tensor ( ). In the figures, the maximum
strain rate is observed at the intersections between the curved and
straight channels owing to an abrupt geometrical change, but the

≡ 1/2( )d:d
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strain rate distribution near the stagnation point is relevant for the
cell deformation experiments. The strain rate distribution near the
stagnation point significantly deviates from that of the inertia-less
Newtonian case, as shown in Fig. 4(a), and the gradient of the strain
rate gradually increases with an increase in Re, which will be ex-
plained in more detail in the following paragraph. Overall, the flow
kinematics under an inertial flow significantly deviates from that
of an inertia-less Newtonian case as Re increases.

Meanwhile, the flow kinematics under a viscoelastic flow was
almost identical to the inertia-less Newtonian case for the range of
Wi numbers used in the experiments [3]. The maximum Wi num-
ber in the experiments [3] was 0.34 in terms of the current defini-
tion. As shown in Fig. 5, the flow velocity field and streamlines at
both Wi=0.03 and 0.35 are almost identical to those of the inertia-
less Newtonian case, i.e., Re=0 and Wi=0, as shown in Fig. 2(a).
As shown in Fig. 6, the flow type and strain rate distributions under
a viscoelastic flow were also investigated. The distributions deviate
slightly from those of the inertia-less Newtonian cases shown in
Fig. 3(a) and 4(a). The current analyses demonstrate that the flow
fields inside the cross-slot channel are not significantly affected by
the viscoelasticity, which is consistent with the previous result for
Wi=0.2 [3]. However, these analysis results do not necessarily con-
firm that the flow fields inside a cross-slot channel are not insensi-
tive to the viscoelasticity. Although a flow analysis at higher Wi num-
bers is necessary to address this issue, the maximum Wi is limited
by the numerical convergence used in this work. Nevertheless, the
current results demonstrate that the flow kinematics considered in
previous experimental works [3] is almost unaffected by the visco-
elasticity (at least for the range of Wi numbers considered). Finally,
I compared the strain rate distributions between the inertial and
viscoelastic flows inside a cross-slot geometry. As shown in Fig.
7(a), the increase in the strain rate is significantly retarded with an
increasing Re as compared to the inertia-less Newtonian flow case,

i.e., Re=0, and more abruptly decreases after the stagnation point,
x=0. In the figure, the ‘−’ and ‘+’ signs of the x-axis denote the dis-
tance in the inlet and outlet directions shown in Figs. 1(a) and 1(b),
respectively, following the notations by Cha et al. [3]. Interestingly,
shoulders are observed for the intermediate Re numbers when the
strain rate decreases, whereas the strain rate monotonically increases
before the strain rate reaches its maximum. As shown in Fig. 7(a),
the maximum strain rate develops at the stagnation point. How-
ever, the cell deformation was measured in the experiments when
a cell enters within a criterion defined as a slightly less value than
the maximum strain rate [3]. This work considers 90% of the maxi-
mum strain rate as the applied criterion. In Fig. 7(a), the strain rate
around the stagnation point is shown to be rather uniform at Re=
0, and the regions within the 90% criterion are denoted as vertical
lines. As shown in Fig. 7(a), the regions significantly shrink with
an increase in Re as compared to the inertia-less Newtonian case.

Fig. 7. Comparison of strain rate distribution between (a) inertial
Newtonian and (b) inertia-less viscoelastic flow cases along
the channel centerline. Here, the strain rate distribution at
Re=0 and Wi=0 was inserted into both (a) and (b) for a com-
parison. In addition, the ‘−’ and ‘+’ signs of the x-axis denote
the distance in the inlet and outlet directions shown in Figs.
1(a) and 1(b), respectively. Thus, these graphs demonstrate
the kinematic histories when a cell moves from an inlet to
an outlet along the channel centerline. In the figures, the ver-
tical lines denote 90% of the maximum strain rate, and the
insets are magnified views of the graphs near the stagnation
point. The strain rate was normalized with its maximum
value at the central point (stagnation point).

Fig. 6. Flow type (Δ) and strain rate (|d|) distributions under iner-
tia-less viscoelastic flow (Re=0): (a) flow type, Wi=0.03; (b)
strain rate, Wi=0.03; (c) flow type, Wi=0.35; and (d) flow
type, Wi=0.35.
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However, the regions under viscoelastic flows do not significantly
change when Wi increases, as shown in Fig. 7(b).

Taken together, the flow kinematics in the inertial flows changes
significantly as Re changes, but it is rather insensitive to the visco-
elasticity (Wi number). Therefore, it is expected that the measure-
ment region for the inertial particle focusing should be more tightly
selected near the stagnation point as compared to the case of vis-
coelastic particle focusing. The current analysis results are expected
to aid in the design of a deformability measurement device.

CONCLUSIONS

The effects of inertia and viscoelasticity on the flow kinematics
in a cross-slot microchannel FEM-based numerical simulation have
been investigated. The current analysis results demonstrate that
the flow kinematics inside a cross-lot channel significantly changes
with an increase in Re, but is quite insensitive to the viscoelasticity
for the range of experimental conditions considered. However, the
results of the current analyses do not necessarily demonstrate that
a deformability measurement device based on viscoelastic particle
focusing is superior to an inertial particle focusing based device.
For practical applications, throughput, easy manipulation of the
device, and wide operation window, including the current analy-
sis results, should be considered simultaneously in the selection of
the cell focusing method. Nevertheless, the current analysis will be
helpful for guiding the selection of the location for a cell deforma-
bility measurement according to the flow conditions such as the
Reynolds and Weissenberg numbers.
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