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Low Reynolds number flow of power-law fluids over two square cylinders in tandem
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Abstract—The governing partial differential equations have been solved numerically for the 2-D and steady power-
law fluid flow over two square cylinders in tandem arrangement. Extensive numerical results spanning wide ranges
of the governing parameters as Reynolds number (0.1<Re<40), power-law index (0.2<n<1) and inter-cylinder spacing
(2<L/d<6) are presented herein; limited results for L/d=24 are also obtained to approach the single cylinder behavior.
The detailed flow visualization is done by means of the streamline and vorticity contours in the vicinity of two cylinders.
The global characteristics are analyzed in terms of the surface pressure distribution and pressure drag coefficient. The
drag coefficient shows the classical inverse dependence on the Reynolds number irrespective of the value of the power-
law index; the drag on the upstream cylinder is always greater than that for the downstream cylinder.
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INTRODUCTION

Owing to the wide occurrence of non-Newtonian fluid charac-
teristics in scores of industrial settings including polymer, food, min-
eral, pharmaceutical and other processing applications, considerable
research effort has been devoted to develop adequate understand-
ing of transport processes in such fluids over the past 50-60 years.
Consequently, a reasonably coherent body of knowledge has accrued
as far as the flow of such fluids in pipes and ducts, mixing vessels,
porous media, etc. is concerned [1-3]. On the other hand, the analo-
gous body of information pertaining to the external flows is indeed
not only very limited, but is also of recent vintage [2,4]. The bulk
of the available studies relate to the flow past a sphere [2], a circular
cylinder [4] and that over a single square cylinder [4]. Notwithstand-
ing the fundamental significance of bluff-body fluid dynamics, the
flow past cylinders of different cross-sections also denotes an idealiza-
tion of numerous industrially important applications. Typical exam-
ples include the flow in tubular and pin-type heat exchangers, thermal
treatment of foodstuffs, novel impeller designs to enhance the effi-
ciency of mixing, measuring probes, cooling of electronic compo-
nents and membrane-based separation modules, etc. [4]. Additional
examples are found in the use of variously shaped objects to con-
trol the nature of flow by placing them at the entry of channels [5] and
in compact heat exchangers [6,7]. Such model studies have proved
to be of value in furthering our understanding of the underlying pro-
cesses, but it is readily acknowledged that most practical situations
entail multiple-cylinders arranged in different geometrical configu-
rations, thereby leading to hydrodynamic interactions between ad-
jacent cylinders [8,9]. The simplest configuration to understand such
hydrodynamic interactions in multiple body situations is that of two-
cylinders. Such configurations have been shown to serve as a useful
starting point to understand inter-particle interactions in multiple-
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bluff body systems, e.g., see the works of Juncu [10] and Patil et al.
[11] for two circular cylinders in Newtonian and power-law fluids,
respectively. This study is thus concerned with the steady flow of
power-law fluids over two-square cylinders in tandem arrangement,
especially at low Reynolds numbers. It is instructive to recount the
salient features of the currently available literature pertaining to the
single and two square cylinders to facilitate the presentation of the
present results.

Most industrial fluids of multiphase (suspensions, foams, emul-
sions, etc.) and polymeric (melts and solutions) nature exhibit a range
of non-Newtonian characteristics, including shear-dependent vis-
cosity (shear-thinning and shear-thickening), yield stress, and visco-
elasticity [1-3]. However, most such systems display shear-thin-
ning viscosity which decreases with the increasing shear rate under
appropriate circumstances. It is thus reasonable to begin the analysis
with the flow behavior of shear-thinning fluids, modeled here by
the usual power-law model and the level of complexity can gradu-
ally be built up by incorporating the other non-Newtonian charac-
teristics. Earlier studies in this field [12-15] were based on the as-
sumption of the flow being steady up to about critical Reynolds num-
ber, Re,~45, whereas the corresponding results in the vortex shed-
ding regime were reported by Sahu et al. [16,17]. However, the limits
of the flow detachment and that of the steady flow regime for an
unconfined square cylinder in power-law fluids have been delin-
eated only recently [18], which are lower than that for a circular
cylinder. For the sake of completeness, the analogous body of knowl-
edge pertaining to the flow of power-law fluids in the steady and in
the laminar vortex shedding regimes past a single circular, semi-
circular, triangular and elliptical cylinders has been reviewed else-
where [4,19-23]. Therefore, in summary, reliable results of the mo-
mentum and heat transfer characteristics for square and circular cy-
linders in power-law fluids are available in the steady and laminar
vortex shedding regime in confined and unconfined configurations.
On the other hand, the analogous information for elliptical, triangu-
lar and semi-circular and circular cylinders is limited mainly to the
steady flow regime [24-30].
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In contrast, the corresponding literature on two-square cylinders
in a tandem arrangement is limited even in Newtonian fluids, let alone
in power-law fluids. Most of the available experimental studies relate
to wind tunnel conditions in which the Reynolds numbers tend to
be of the order of 10°-10", e.g., see [31-34]. The major thrust of these
studies has been to elucidate the role of free stream turbulence inten-
sity (0.2-4%) on the hydrodynamic forces and Strouhal number as
a function of the varying inter-cylinder spacing (from the extreme
case of L/d=0 equivalent to single cylinder to large inter-cylinder
distance L/d=9). Indeed, depending upon the value of the inter-cylin-
der spacing and of the Reynolds number, a range of characteristics
like hysteresis in drag [34], oscillating behavior [35], etc. have been
observed both experimentally and numerically at such high Rey-
nolds number. On the other hand, the numerical studies in this field
have also focused on moderate Reynolds numbers in order to cap-
ture some of these trends [36,37]. To the best of our knowledge,
only two numerical studies have focused on the flow over two square
cylinders in the steady flow regime observed at low Reynolds num-
bers which are of interest here. For instance, Sohankar and Etmi-
nan [38] did a numerical study to determine the flow behavior (both
steady and unsteady) over two square cylinders in tandem arrange-
ment over the range of conditions 1<Re<200, L/d=6. Similarly,
for a fixed value of the center-to-center spacing of L/d=5, Chatter-
jee and Biswas [39] investigated the momentum and heat transfer
characteristics across two square cylinders over the Reynolds num-
ber range 1<Re<30 for three values of blockage ratios (defined as
the side of the cylinder divided by the lateral height of the channel)
as 0.05, 0.25 and 0.5 in order to delineate the influence of planar
confinement. Over these ranges of conditions, the flow was found
to be steady and the total drag coefficient decreased with the de-
creasing blockage. In a very recent study [40], the effect of power-
law rheology on convective heat transfer has been reported for two
square cylinders in tandem arrangement and the corresponding mo-
mentum transfer characteristics are reported herein. Very recently,
two more studies appeared in the literature on this subject. Ehsan
et al. [41] studied the flow of power-law fluids past two square cy-
linders in tandem arrangement to consider the influence of the power-
law index, Reynolds number and inter-cylinder separation on the
flow characteristics. While the range of the Reynolds number in
their study is such that it spans both the steady and laminar vortex-
shedding regimes, the bulk of their results pertain to the inter-cylinder
gap of 6 and the Reynolds number value of 100, which is way beyond
the steady flow regime. Similarly, Nifkarjam and Sohankar [42]
also considered the momentum and heat transfer characteristics of
this configuration in mildly non-Newtonian power-law fluids for a
fixed value of the inter-cylinder gap of 5 for a fixed value of the
Prandtl number of 0.71 (corresponding to air). While their drag values
are in-line with the scant literature values, such a low value of the
Prandtl number is rather unrealistic in the context of power-law fluids
[1-3], thereby severely limiting the utility of their heat transfer re-
sults. In summary, with the exception of Shyam and Chhabra [40]
and scant results reported in [41,42], no prior results are available
on the flow of power-law fluids past a system of two square cylin-
ders arranged in a tandem configuration, especially at low Rey-
nolds numbers; The analogous configurations, however, involving
two circular and two elliptic cylinders immersed in Newtonian and
power-law fluids have been investigated in a few recent studies [10,

11,27-29]. Note also that not only such model configurations merit
to be studied systematically to advance theoretical understanding
of the underlying flow-phenomena, but these are also relevant in
the context of the range of flow regimes observed in the channel
flow fitted with a plane obstruction (like a plate), as reported by
Kabir et al. [43]. The present work is thus concerned with the steady
flow of power-law fluids over two square cylinders arranged in tan-
dem configuration in the steady flow regime, thereby complementing
the two recent studies in the laminar vortex shedding regime [41,42].

MATHEMATICAL FORMULATION

Consider the incompressible and steady flow of a power-law fluid,
with a uniform velocity U, over two square cylinders (side d) in a
tandem arrangement with center-to-center spacing of L in an uncon-
fined space (Fig. 1(a)). Since it is impossible to simulate a truly un-
confined flow, the two-cylinder system is enclosed here in an artifi-
cial cylindrical domain of diameter D with its center coincident with
the mid-point between the two cylinders. Obviously, the selection
of an optimum value of D is crucial to keep the computational effort
at a reasonable level without a significant loss in accuracy of results.
Over the range of Reynolds numbers of interest here, the flow is
expected to be symmetric about the x-axis; therefore, the computa-
tions are performed only over half domain, i.e., y>0, as shown in
Fig. 1(b). Since both cylinders are infinitely long in the z-direction,
the corresponding component of velocity U, is assumed to be identi-
cally zero and there are no gradients in the z-direction. Under these
conditions, the two-dimensional velocity and pressure fields are gov-
emed by the continuity and momentum balance equations written
in their dimensionless form as follows:

Continuity equation: V-U=0 )
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Fig. 1. (a) Schematic of the flow geometry, (b) Computational do-
main.
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Momentum equation: (U-V) U=—Vp+(1/Re) V- & @)

For an incompressible fluid, the components of the extra stress tensor
(0;) and rate of deformation tensor (&) are related as, 6;=2775;. The
generalized viscosity function, 7, for a power-law fluid is given by
the expression, 7=(1,/2)""* (see [1]). Here, n is the power-law index,
which denotes the standard Newtonian behavior for n=1, whereas
n<1 corresponds to shear-thinning behavior; I, is the second invari-
ant of the rate of deformation tensor, which is given as follows: L,=
>3 &;¢&;. Finally, it is necessary to specify the physically realistic
i

boundary conditions for this flow configuration to complete the prob-
lem statement. The front half of the enclosing cylindrical envelope
is designated as the inlet. At this surface, U,=1; U=0 are used (Fig.
1(b)). At the surface of the two cylinders, the usual no-slip condi-
tion is used. Over the range of Reynolds numbers spanned here,
the flow is expected to be steady and symmetric about the x-axis.
The symmetry conditions have been employed at y=0 plane, oU,/
0y=0; U,=0. The rear-half of the enclosing cylinder envelope is
designated as the exit and it is reasonable to postulate that the distur-
bance introduced by the two cylinders would have subsided. In other
words, it is equivalent to the assumption of fully developed flow at
the exit boundary with no gradients in the x-direction, though the
gradients can still exist in the lateral direction. This is similar to the
Neumann type boundary condition.

The variables appearing in the foregoing differential equations
and boundary conditions have been rendered dimensionless using
d and U, as the linear and velocity scales, respectively. Thus, pres-
sure is scaled by pUy,’; extra stress tensor components using m(Uy/
dy’; viscosity with m(Uy,/d)"", etc. The sole dimensionless parame-
ter, namely, Reynolds number (Re), appearing in Eq. (2) is defined
as: Re=pd'U,” "/m. Evidently, this flow is governed by three di-
mensionless groups: Reynolds number (Re), power-law index (n)
and center-to-center separation (L/d). This work endeavors to elu-
cidate the influence of each of these parameters on the momentum
transfer characteristics for this flow configuration.

The aforementioned governing equations together with the speci-
fied boundary conditions have been solved numerically, thereby
mapping the flow domain in terms of the primitive variables U,
U, and p. These, in turn, can be post processed to infer the values
of the desired momentum parameters. It is customary to visualize
the flow in terms of streamline and iso-vorticity contours in the close
proximity of each cylinder and pressure distribution over these sur-
faces. At the next level, one can examine the behavior of the hydro-
dynamic drag force experienced by each cylinder, which describes
the system hydrodynamics in an average sense. The recirculating
wake region is characterized in terms of the recirculation length. It
is thus appropriate to define some of these parameters here.

1. Recirculation Length

The recirculation length, L, is the distance between the rear stag-
nation point and the reattachment point of the nearby closed stream-
line at y=0 line. Thus, it is a measure of the length of the wake region
in the axial direction.

2. Surface Pressure

The pressure coefficient, C,, is a dimensionless form of the pres-
sure on the surface of the cylinder given as: C,=2(P-P,)/ pU,, where,
P is the local pressure at a point on the surface of each cylinder and
P, is its reference value far away from the cylinders.
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3. Drag Coefficient

Due to the prevailing shearing and normal stresses, there is a net
force acting on each cylinder in the direction of flow. This is gener-
ally expressed using drag coefficient C, which is made up of two
components, namely, friction drag coefficient, C, (due to shearing)
and pressure drag coefficient, C,, (due to normal stresses) defined
as follows:

2Fd B 2nJrl

= = (7-n,)dS ©)
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Thus, the fluid mechanical aspects of the problem studied here are
analyzed in terms of the streamline and vorticity contours in close
proximity of the two cylinders, whereas the overall characteristics
are captured in terms of the drag coefficients as functions of Rey-
nolds number, power-law index and center-to-center gap between
the two cylinders. Owing to the steady and symmetric nature of the
flow, no lift force is expected over the range of conditions spanned
here.

NUMERICAL SOLUTION METHODOLOGY AND
CHOICE OF NUMERICAL PARAMETERS

Since a detailed description of the numerical solution procedure
used here is available elsewhere [40], it is not repeated here and
only the salient features are given. The field equations together with
the boundary conditions outlined in the preceding section have been
solved numerically using the finite volume based solver ANSYS
Fluent (version 6.3.26). The second-order upwind (SOU) scheme
was used to discretize the convective terms in the momentum equa-
tions. The SIMPLE (semi-implicit method for the pressure linked
equations) scheme was used to solve the momentum equations. A
simulation was deemed to have converged when the residuals of
the continuity, x-momentum and y-momentum equations had dropped
below 10°%. Within the framework of this criterion, the drag values
had stabilized at least up to four significant digits. The constant density
and non-Newtonian power-law models were used to input the physi-
cal properties of the fluid to achieve the desired values of the Rey-
nolds number. However, these values are of no particular significance,
because the present results are reported in terms of the relevant di-
mensionless parameters.

Since a detailed discussion regarding the choice of numerical
parameters like optimum computational mesh, value of D and con-
vergence criterion is available elsewhere [40], based on a similar
extensive exploration, (D/d)=800 and (D/d)=400 were found to be
adequate for Re<1 and Re>1, respectively. Similarly, an inner region
extending up to a radius of 4d to 6d depending upon the value of
L/d (20d for L/d=24), is meshed using an unstructured grid; beyond
this region, a structured grid with a stretching ratio <1.1 is used.
Based on such tests, for Re<1, a grid characterized by ¢/d=0.004,
N,=320, N,,,~=153, 970 was found to be adequate in the present
work. Similarly, for Re>1, a grid characterized by 6/d=0.008, N,=
240, N_,,~137, 960 was found to be satisfactory. The adequacy of
the domain and grid selected here is further demonstrated by present-
ing a few benchmark comparisons in the next section.
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RESULTS AND DISCUSSION

1. Validation

To establish the reliability and accuracy of the numerical solu-
tion methodology used here, three benchmark problems have been
studied. Reliable numerical results are now available for the lami-
nar flow of Newtonian [44] and power-law fluids [45,46] in a lid-
driven square cavity geometry. For a fixed value of Re=100 (based
on the side length of the cavity) for various values of n=0.5, 0.75, 1
and 1.5, the present values of the x- and y~components of the velocity
at the centerline of the cavity were found to be within £1% of the
literature values. Similarly, Fig. 2 shows a comparison between the
present results and that of Sohankar and Etminan [38] in terms of
the drag coefficient (C,) and recirculation length (L,) as functions of
the Reynolds number for the two tandem square cylinders in Newto-
nian fluids with the center-to-center separation of L/d=6. Once again,
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Fig. 2. Comparison of (a) Drag coefficient (C,) and (b) Recircula-
tion length (L,) with Sohankar and Etminan [38] at L/d=
6, n=1.
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the two results are seen to be in excellent agreement; the two drag
values differ from each other by 3.6% and 4.5% for the upstream
and downstream cylinders respectively, whereas the value of L, dif-
fers by 9% at Re=>5; the difference between the two values decreases

Table 1. Comparison of present results with the values of Chat-
terjee and Biswas [39]

Present Chatterjee and Biswas [39]
Re Cdup Cddown Cdup Cddown
5 4.9881 2.3576 5.0145 2.4306
10 3.3995 1.4034 3.3954 1.4079
20 2.4274 0.8155 24182 0.8033
30 2.0374 0.5654 1.9876 0.5466
6
N . n = 0.6, Ehsan et al. [41]
o n= 0.6, Present
5 Y ° n= 0.8, Ehsan et al. [41]
= W — — — — n=0.8, Present
R 3 * n=1, Ehsan et al. [41]
4+ —rr— e n= 1, Present
S} N
3
21
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Fig. 3. (a) Comparison of present C,,, values (line) with data (sym-
bols) of Ehsan et al. [41] for L/d=6. (b) Comparison of present
Ciown Values (line) with data (symbols) of Ehsan et al. [41].
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with the increasing value of the Reynolds number. This seemingly
large discrepancy between the present results and that of Sohankar
and Etminan [38] is presumably due to the fact that the recircula-
tion length is very small at Re=5. Next, Chatterjee and Biswas [39]
studied the effect of confinement for this configuration at low Rey-
nolds numbers. Strictly speaking, the present results cannot be com-
pared with their values, but Table 1 contrasts the two sets of results
for the lowest value of the confinement (5%) when the influence
of a confining wall is expected to be negligible. Bearing in mind
the differences inherent in these two studies, the correspondence is

Table 2. Comparison of present upstream cylinder (at L/d=24) drag
coefficient (C,) with single cylinder of Rao et al. [18]

Re=5 Re=40
n=0.2 n=1 n=0.2 n=1
Present 6.58 431 1.45 1.64
Rao et al. [18] 6.61 4.46 1.49 1.67

(b)

Fig. 4. Effect of Reynolds number on streamline (upper half) and
vorticity (lower half) contour patterns at L/d=4, (a) n=0.2,
(b) n=1.
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seen to be very good. Similarly, Fig. 3 shows a comparison between
the present results and that of Ehsan et al. [41] for L/d=6 and for
three values of the power-law index; an excellent correspondence
is seen to exist between the two predictions and the maximum dis-
crepancy is of the order of 4.5%. Finally, the present values of the
Nusselt number are within +5% of that reported recently in the litera-
ture [42]. In addition to the above benchmark comparisons, the pres-
ent results for the upstream cylinder at L/d=24 are also compared
(Table 2) with the single cylinder results of Rao et al. [18]. The two
drag values are seen to differ at most by 3.4%, which is considered
to be acceptable, thereby suggesting that the upstream cylinders be-
haves independently of the downstream one at such large values of
(L/d). The foregoing discussion together with the additional valida-
tion reported in our previous paper [40] lends credibility to the reli-
ability and accuracy of the present solution methodology and the
choice of numerical parameters. The present new results for the two
cylinders in tandem in power-law fluids are therefore considered to
be reliable to within 2-3%.
2. Detailed Flow Characteristics

It is customary to visualize the structure of the flow field by means
of streamline and vorticity contours in the proximity of the square
cylinders as functions of the Reynolds number, power-law index
and center-to-center spacing between the cylinders. Figs. 4-6 show
representative streamline (upper half) and iso-vorticity contours (lower
half) for the range of conditions spanned here. As expected, at low
Reynolds numbers (Re<x1), the flow remains attached to the sur-
face of the cylinder irrespective of the value of the power-law index
or of the gap between the two-cylinders, except at the lowest value
of L/d=2 used here. This observation is consistent with the fact that
the flow separates fiom a single cylinder in Newtonian fluids at about
Re~1.2-1.3 [18]. Similarly, the critical Reynolds number exhibits a
non-monotonic dependence on power-law index (n), i.e., exhibit-
ing its maximum value of ~3.2-3.3 in the vicinity of n~0.5 and then
dropping to a value of ~1.2-1.3 again for a highly shear-thinning
(n=0.2) fluid, which is also close to the critical Reynolds number
in Newtonian fluids. Thus, the present results for the upstream cylin-
der are in line with the previous values reported in the literature.
The downstream cylinder also exhibits qualitatively similar trends,
especially at large values of L/d when the interactions between the
cylinders are weak. Of course, for Re>5, there is a well-developed
recirculating region behind each cylinder irrespective of the value
of L/d and/or of the power-law index (n). The results shown in Figs.
4(a) and 4(b) at Re=40 are particularly striking as the downstream
cylinder impedes the full development of the wake of the preced-
ing cylinder in the both Newtonian and shear-thinning fluids, as
the length of the wake for a single cylinder is expected to be of the
order of ~3d [18], which is very close to the gap between the two
cylinders. Fig. 5 shows the influence of power-law index on the
flow patterns at Re=40. At Re=0.1, no flow separation is seen to
occur. However, at Re=40, downstream cylinder causes disturbance
in the flow field in between the two cylinders. Since the wake length
grows with the decreasing degree of shear-thinning, interference is
seen to be maximum in Newtonian fluids. This can be explained,
at least qualitatively, by acknowledging that the effective viscosity
of a shear-thinning fluid increases rapidly away from the regions of
high deformation rates, thereby suppressing the size of the wake.
Conversely, the momentum boundary layers are known to be thin-
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Fig. 5. Effect of power-law index on streamline (upper half) and
vorticity (lower half) contour patterns at L/d=4, Re=40.

ner in power-law fluids otherwise under identical conditions [3].
Fig. 6 clearly shows the decreasing interference between the two
cylinders with the increasing inter-cylinder separation. The wake
of the trailing cylinder is seen to be shorter than that of the leading
cylinder due to the distortion of the velocity profile of the oncom-
ing stream impinging on the trailing cylinder. It is appropriate to
mention here that while the streamline and iso-vorticity contours
shown in the preceding figures are obviously based on the same
numerical data, but since all contours cannot be included in all fig-
ures, and therefore, these might appear different in some cases. Also,
the basic purpose of such plots is to display the general flow patterns.

It is also interesting that a common recirculation region is formed
in between the two cylinders even at Re=0.1 and L/d=2. This is
obviously due to flow separation in the rear of the leading cylinder
and on the front of the trailing cylinder, as also reported by Tatsuno
[47] for two circular cylinders in the Reynolds number range, Re<
~0.2 at about L/d=2 in Newtonian fluids, whereas no such separa-
tion was observed at L/d=3. On the other hand, they also reported
the widening of this recirculation region in the lateral direction at
L/d~1.7, thereby suggesting squeezing of the fluid by the decreas-
ing gap between the two cylinders. These results are also qualita-
tively consistent with the trends reported for two circular cylinders
in power-law fluids [11]. Note that, for a single square cylinder, the
flow remains attached to cylinder surface at such low values of the
Reynolds number and, therefore, the behavior seen here can be safely
ascribed to the strong interference effects at L/d=2. Similarly, with
the increasing Reynolds number, the flow can separate at the leading
corners, which may or may not reattach itself at the rear corners.
When reattachment occurs, the two recirculating regions behave
independently of each other, whereas the two are connected in the
absence of flow reattachment. This behavior is also in line with the
behavior seen for two circular cylinders [11]. This leads to further
modifications in the flow field.

The lower-half of each figure shows the corresponding vorticity
contours. As expected, the vorticity is seen to be maximum at the
surface of the cylinder due to the imposition of the no-slip condi-

Fig. 6. Effect of L/d ratio on streamline (upper half) and vorticity
(lower half) contour patterns. (a) Re=0.1, n=0.2, (b) Re=
0.1, n=1. (c) Re=40, n=0.2 and 1.

tion, and it progressively decreases away from each cylinder due to
the diminishing velocity gradients. At low Reynolds numbers, the
vorticity values are comparable for both cylinders, particularly in
the absence of wake formation in the rear of the upstream cylinder.
However, with the appearance of the recirculation zone, the vortic-
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ity values are much smaller for the rear cylinder than that of the
upstream cylinder due to the modifications of the velocity field inci-
dent on the downstream cylinder. Broadly, for fixed values of L/d
and n, the vorticity level increases with the increasing Reynolds
number. On the other hand, for a fixed value of the Reynolds number
and L/d, the magnitude of vorticity increases with the increasing
degree of shear-thinning, This is presumably so due to the thinning
of the boundary layer, thereby increasing the velocity gradient. Finally,
for fixed values of Re and n, vorticity shows very little influence of
L/d at low Reynolds numbers. This is because the flow remains
attached to the surface of each cylinder except for the severe interfer-
ence effect seen at L/d=2. However, once the flow detaches from
the surface of the cylinder, the vorticity values increase. In the latter
case, the vorticity is seen to decrease spatially somewhat faster in
shear-thinning fluids than that in Newtonian fluids.

Fig. 7 shows the functional dependence of the recirculation length
on the Reynolds number (Re), power-law index (n) and inter-cylinder
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Fig. 7. Effect of Reynolds number on recirculation length (a) n=
0.2 (b) n=1.
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gap (L/d). At the lowest value of the inter-cylinder gap (L/d=2) as
noted previously, there is a common recirculation region in between
the two cylinders, and therefore, L, cannot be defined for the up-
stream cylinder, albeit the results for the downstream cylinder are
included here. Broadly, the recirculation length shows qualitatively
similar dependence on the Reynolds number in both Newtonian
and power-law liquids. However, the flow separation is somewhat
delayed in shear-thinning fluids, and the recirculation length also
tends to be shorter in shear-thinning fluids than that in Newtonian
media otherwise under identical conditions. The results of Rao et
al. [18] for a single square cylinder are also included in this figure.
It is noted that the recirculation length of the upstream cylinder at
L/d=6 is close to the single cylinder value, which also signifies the
fact that tandem cylinder results approach the single cylinder behav-
ior at large L/d ratios.
3. Surface Pressure Distribution

At the next level, one can gain further insights by examining the
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Fig. 8. Typical variation of surface pressure, C,, on half of cylin-
der surface at L/d=2 (a) Re=0.1 (b) Re=40.
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surface pressure profiles on the surface of each cylinder. Fig. 8 shows
representative surface pressure results for n=0.2 and 1 and Re=0.1
and 40 at L/d=2. At low Reynolds numbers, for the upstream cylin-
der, the surface pressure gradually increases from the front stagna-
tion point towards the corner and then it rapidly decreases and re-
mains nearly constant up to the rear corner, reaching its minimum
value just after the comer followed by a slight recovery. The corre-
sponding results for the trailing cylinder show qualitatively similar
trends except for the fact that surface pressure values at congruous
points are much lower, akin to as if the trailing cylinder is sub-
merged in the low pressure wake region formed in the gap in be-
tween the two cylinders, showing the minimum pressure at the rear
corner. On the other hand, the effect of power-law index is seen to
be much more dramatic on the upstream cylinder in the front half,
whereas it manifests in the rear of the trailing downstream cylin-
der. The effect of power-law index is seen to progressively dimin-
ish with the increasing Reynolds number, e.g., see Fig. 8(b) at Re=
40. This is not at all surprising because the role of viscous forces
diminishes with the increasing Reynolds number, and hence the
value of power-law index is of little relevance under these condi-
tions. Also, due to the separation in the rear of the upstream cylinder,
there is very little variation in the surface pressure of the trailing
cylinder, and over most of the surface of the trailing cylinder, the
pressure is negative.
4. Drag Coefficient

Evidently, both the total (C,) and pressure (C,,) drag coefficients
are expected to be functions of Re, (L/d) and n, as shown in Figs. 9
and 10. For fixed values of power-law index (n) and (L/d), both the
overall and pressure (not shown in Fig. 10 in the interest of clarity)
drag coefficients exhibit the classical inverse dependence on the
Reynolds number. Furthermore, the drag value of the upstream cylin-
der is influenced very little by the value of (L/d), and indeed this
effect progressively diminishes with the increasing values of (L/d)
or Reynolds number or both. On the other hand, this effect is seen
to be fairly strong at low Reynolds numbers due to the merging of
the recirculation region formed in the rear of the upstream cylinder
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Fig. 9. Effect of power-law index on pressure drag coefficient (C,,)
and total drag coefficient (C,) of upstream and downstream
cylinders at L/d=4, Re=0.1.
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Fig. 10. Effect of Reynolds number and inter-cylinder spacing on
the total drag coefficients of upstream and downstream
cylinders, (a) n=0.2 (b) n=1.

with that in front of the downstream cylinder. Further detailed exami-
nation of the results revealed that shear-thinning behavior enhances
drag at low Reynolds numbers over and above that seen in Newto-
nian fluids. This is obviously due to the dominance of viscous forces
at such Reynolds numbers. For instance, at Re=0.1, the total drag
and its pressure component of the both upstream and downstream
cylinders can be about ~5 times higher in a highly shear-thinning
fluid (n=0.2) than that in a Newtonian fluid (n=1). On the other
hand, at Re=40, both components vary by less than 5-10% as the
value of the power-law index, n, is gradually decreased from n=1
to n=0.2. Under these conditions, the flow is dominated by the inertial
forces and hence the viscous characteristics are of little relevance.
Furthermore, at such high Reynolds numbers, the ratio of pressure
and friction drag contributions remains more or less constant for
the downstream cylinder, whereas it gradually increases with the

Korean J. Chem. Eng.(Vol. 31, No. 11)



1962 R. Shyam and R. P. Chhabra

increasing Reynolds number in both Newtonian and shear-thin-
ning fluids for the upstream cylinder. These trends are also consis-
tent with the surface pressure profiles seen in the preceding section.

CONCLUSIONS

The effect of power-law fluid rheology on the momentum trans-
fer characteristics for two square cylinders in tandem arrangement
has been studied over the range of Reynolds number (0.1<Re<40)
such that the flow regime is steady and two-dimensional. Qualita-
tively, the overall characteristics seen here tend to be similar to that
observed for two circular cylinders. For instance, when the two cy-
linders are placed very close to each other, even at low Reynolds
numbers, the flow separates from the rear corner of the upstream
cylinder and from the front corner of the trailing cylinder, and these
two separated flow regions merge into one. On the other hand, in
highly shear-thinning fluids, the flow also separates from the front
corner at lower values of Reynolds numbers than that in Newtonian
fluids. Broadly, at fixed values of the Reynolds number, recircula-
tion regions tend to be somewhat shorter in shear-thinning fluids
than that in Newtonian fluids and, therefore, this leads to weaker
interference induced by the trailing cylinder. While at low Rey-
nolds numbers, shear-thinning behavior enhances the drag on each
cylinder over and above their values in Newtonian fluids otherwise
under identical conditions; this effect diminishes rapidly with the
increasing Reynolds number. Finally, the relative contribution of
the pressure component to the overall drag is modulated both by
the values of the Reynolds number and power-law index, espe-
cially for the trailing cylinder.

NOMENCLATURE

C, :drag coefficient, dimensionless

. friction drag coefficient, dimensionless

: pressure drag coefficient, dimensionless

: pressure coefficient, dimensionless

d : side of cylinder [m]

D  :diameter of computational domain [m]

F, :friction drag force per unit length of cylinder [N/m]
F,  :pressure drag force per unit length of cylinder [N/m]

I : second invariant of rate of deformation tensor, dimension-
less

L :centre-to-centre spacing between the two cylinders [m]

L, :recirculation length, dimensionless

8

: power-law consistency index [Pa-s"]

N.; :total number of cells in the computational domain (half),
dimensionless

: number of grid points on half of the cylinder circumference,
dimensionless

: power-law index, dimensionless

: unit vector normal to the surface, dimensionless

: unit normal vector along the x-direction, dimensionless

: pressure, dimensionless

: pressure [Pa]

e :Reynolds number, dimensionless

: surface area of each cylinder [m?]
U  : velocity vector, dimensionless

Z

B B

B

B

wx YT
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U, :free stream velocity [m/s]

Greek Symbols
o  :smallest cell size on the cylinder surface [m]
o :fluid density [kg/m’]

0;  :extrastress tensor, dimensionless

&  :rate of deformation tensor, dimensionless
n  :apparent viscosity, dimensionless
Subscripts

i,X :X-component

Jj,y :y-component

up :upstream cylinder
down : downstream cylinder

REFERENCES

1. R. B. Bird, R. C. Armstrong and O. Hassager, Dynamics of poly-
meric liquids, Vol. 1: Fluid Dynamics, 2 Ed., Wiley, New York
(1987).

2. R. P. Chhabra, Bubbles, drops and particles in non-newtonian fluids,
2™ Ed., CRC Press, Boca Raton, FL (2006).

3.R.P. Chhabra and J.F. Richardson, Non-newtonian flow and
applied rheology, 2 Ed., Butterworth-Heinemann, Oxford (2008).

4. R. P. Chhabra, Advances in Heat Transfer, 43,289 (2011).

5. M. A. Kabir, M. M. K. Khan and M. G. Rasul, Chem. Eng. Com-
mun, 199, 689 (2012).

6. J. E. Hesselgreaves, Compact heat exchangers, Pergamon Press,
Oxford (2001).

7. S. Kakac and H. Liu, Heat exchangers: Selection, rating and ther-
mal design, 2™ Ed., CRC Press, Boca Raton, FL (2002).

8. M. M. Zdravkovich, Flow around circular cylinders, Vol. 1: Fun-
damentals, Oxford University Press, New York (1997).

9. M. M. Zdravkovich, Flow around circular cylinders, Vol 2: Appli-
cations, Oxford University Press, New York (2003).

10. G Juncu, Int. J. Heat Mass Transfer, 50, 3788 (2007).

11. R. C. Patil, R. P. Bharti and R. P. Chhabra, Ind. Eng. Chem. Res.,
47, 1660 (2008).

12. A. K. Dhiman, R. P. Chhabra and V. Eswaran, Chem. Eng. Res. Des.,
84,300 (2006).

13. A. K. Dhiman, R. P. Chhabra and V. Eswaran, J. Non-Newtonian
Fluid Mech., 148, 141 (2008).

14. A. K. Dhiman, Int. J. Therm. Sci., 48, 1552 (2009).

15. M. Bouaziz, S. Kessentini and S. Turki, Int. J. Heat Mass Transfer,
53, 5420 (2010).

16. A. K. Sahu, R. P. Chhabra and V. Eswaran, .J. Non-Newtonian Fluid
Mech., 160, 157 (2009).

17. A. K. Sahu, R. P. Chhabra and V. Eswaran, J. Non-Newtonian Fluid
Mech., 165, 752 (2010).

18. P. K. Rao, A. K. Sahu and R. P. Chhabra, Int. J. Heat Mass Trans-
fer, 54,390 (2011).

19. V.K. Patnana, R. P. Bharti and R. P. Chhabra, Chem. Eng. Sci., 64,
2978 (2009).

20. V. K. Patnana, R. P. Bharti and R. P. Chhabra, Int. J. Heat Mass
Transfer, 53,4152 (2010).

21. A. Dhiman and R. Shyam, ISRN Mech. Eng., 2011, 1 (2011).

22. M. K. Rao, A. K. Sahu and R. P. Chhabra, Polym. Eng. Sci., 51,2044



Flow over tandem square cylinders 1963

011).

23.S. Bijjam and A. K. Dhiman, Chem. Eng. Commun., 199, 767
(2012).

24. P.K. Rao, A. K. Sahu and R. P. Chhabra, Ind. Eng. Chem. Res., 49,
6649 (2010).

25. A. Prhashanna, A. K. Sahu and R. P. Chhabra, Int. J. Therm. Sci.,
50,2027 (2011).

26. A. Chandra and R. P. Chhabra, Int. J. Heat Mass Transfer, 54, 2734
011).

27.N.S.K. Chaitnya and A. K. Dhiman, Int. J. Heat Mass Transfer,
55, 5941 (2012).

28. A. Negjat, V. Abdollahi and K. Vahidkhah, J. Non-Newtonian Fluid
Mech., 166, 639 (2011).

29. E. Nejat, E. Mirzakhalili, A. Aliakbari, M. S. F. Niasar and K. Vahid-
khah, J. Non-Newtonian Fluid Mech., 171-172, 67 (2012).

30. A. K. Dhiman and S. Kumar, Korean J. Chem. Eng., 30,33 (2013).

31. H. Sakamoto and H. Haniu, J. Wind Eng. Ind. Aerod., 31,41 (1988).

32. H. Suzuki, Y. Inoue, T. Nishimura, K. Fukutani and K. Suzuki, /nt.
J. Heat Fluid Flow, 14, 2 (1993).

33.S.C.Luo, L. L. Liand D. A. Shah, J. Wind Eng. Ind. Aerod., 79, 79
(1999).

34. C.H. Liuand J. M. Chen, J. Wind Eng. Ind. Aerod., 90, 1019 (2002).

35. A. Valencia, Heat Mass Transfer, 33, 465 (1998).

36. A. Lankadasu and S. Vengadesan, Int. J. Numer. Methods Fluids,
57, 1005 (2008).

37.J. L. Rosales, A. Ortega and J. A. C. Humphrey, Int. J. Heat Mass
Transfer, 44, 587 (2001).

38. A. Sohankar and A. Etminan, /nt. J. Numer. Methods Fluids, 60,733
(2009).

39. D. Chatterjee and G Biswas, Numer: Heat Transfer A,59,437 (2011).

40. R. Shyam and R. P. Chhabra, Int. J. Heat Mass Transfer, 57, 742
(2012).

41. 1. Ehsan, S. Mohammad, N. M. Reza, J. Ali and E. S. Tashnizi, J.
Fluids Engineering (ASME), 135, 061101-1 (2013).

42. F. Nikfarjam and A. Sohankar, Acta Mech., 224, 1115 (2013).

43. M. A. Kabir, M. M. K. Khan and M. A. Bhuiyan, KSME Interna-
tional J., 17, 879 (2003).

44. U. Ghia, K. N. Ghia and C. T. Shin, J. Comput. Phys., 48,387 (1982).

45. B. C. Bell and K. S. Surana, Int. J. Numer. Methods Fluids, 18, 127
(1994).

46. P. Neofytou, Adv. Eng. Soft., 36, 664 (2005).

47. M. Tatsuno, Fluid Dyn. Res., 5,49 (1989).

Korean J. Chem. Eng.(Vol. 31, No. 11)




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 290
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 290
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 800
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


