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An explicit solution of the mathematical model for osmotic desalination process
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Abstract—Membrane processes such as reverse osmosis and forward osmosis for seawater desalination have gained
attention in recent years. Mathematical models have been used to interpret the mechanism of membrane processes.
The membrane process model, consisting of flux and concentration polarization (CP) models, is coupled with balance
equations and solved simultaneously. This set of model equations is, however, implicit and nonlinear; consequently,
the model must be solved iteratively and numerically, which is time- and cost-intensive. We suggest a method to trans-
form implicit equations to their explicit form, in order to avoid an iterative procedure. In addition, the performance of
five solving methods, including the method that we suggest, is tested and compared for accuracy, computation time, and
robustness based on input conditions. Our proposed method shows the best performance based on the robustness of
various simulation conditions, accuracy, and a cost-effective computation time.
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INTRODUCTION

Membrane processes such as reverse osmosis (RO), and forward
osmosis (FO) for seawater desalination have gained attention in recent
years. Currently, RO is the most prevalent process for seawater desali-
nation, and FO is regarded as cutting-edge technology. In such set-
tings, mathematical models have been utilized to interpret the mech-
anism of membrane processes. There are several water and salt flux
models available in the literature [1-4]; among these models, the
solution-diffusion model developed by Merten [1] is the most com-
monly used. An important phenomenon that must be considered in
amembrane process is concentration polarization (CP), induced by
selectivity, permeability and an asymmetric structure of the mem-
brane [11-20]. The mathematical model for CP is generally derived
using the modified film theory [5]. The membrane process model,
which consists of the flux and the CP model is coupled with balance
equations and solved simultaneously. The set of model equations
is, however, implicit and nonlinear; consequently, the model must
be solved iteratively and numerically [6-8,11,13]. Even though there
are many simulation studies on membrane processes available in
literature, studies regarding solving techniques are limited. Zhou et
al. [11] published a numerical study on CP and permeate flux in the
RO process, in which they divided the channel into small seg-
ments and used integration via the Euler method. The water flux at
the first segment was calculated by neglecting CP. From the sec-
ond to the final segment, however, the polarized concentration was
calculated using water flux at the previous segment, and subsequently,
calculating water flux at the current segment again. Using this pro-
cedure, iterations were avoided in calculating water flux. However,
the solution from this method showed high errors compared to the
analytical solution, because of the accumulation of errors in inte-
gration. In addition, under extreme input conditions, the results dis-
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play an oscillatory behavior, ultimately failing to converge. Another
example of this is the lumped model, which uses an average value
and empirical relations of operating variables; this method too gives
poor predictions under various operating conditions.

Here, we suggest a method to transform implicit equations to
their explicit form, in order to avoid the iterative procedure. In addi-
tion, the performance of five solving methods, including the method
that we suggest, is tested and compared for accuracy, computation
time, and robustness based on input conditions. Our proposed method
shows the best performance based on the robustness of various simu-
lation conditions, accuracy, and a cost-effective computation time.

METHODS

1. Theoretical Background

In RO and FO processes, the driving force for water permeation
is expressed as the difference between hydraulic and osmotic pres-
sures of the two channels divided by the membrane. Fig. 1 is a sche-
matic of the driving force, and the direction of water and salt fluxes
in RO and FO processes. In the RO process, a hydraulic pressure
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Fig. 1. Driving force and flux direction in RO and FO processes.
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greater than the osmotic pressure of seawater is applied to the seawa-
ter, so that water permeates from seawater to fresh water by hydrau-
lic pressure. On the other hand, a draw solution, the osmotic pres-
sure of which is higher than that of seawater, is introduced in a channel
opposite to the seawater channel, so that the water in seawater is
driven to the draw solution, owing to the difference in osmotic pres-
sures.

The water and salt flux through the membrane can be expressed
as a proportionality of the difference in osmotic and hydraulic pres-
sures as follows:

J,=tA(AP-A7,) 0]
J=+BAC, Q)

where J, is the water flux, J, is the salt flux, A is the water permeabil-
ity, B is the salt permeability, C,, is the concentration on the mem-
brane surface, and AP and A are the differences of hydraulic, and
osmotic pressures, respectively, between the two solutions (i.e., sea-
water and fresh water in RO, and draw solution and seawater in
FO). In Egs. (1) and (2), both signs are positive in the RO process,
negative in the FO process.
The osmotic pressure can be expressed as follows:

r=aC 3

Concentration polarization phenomena are very important owing
to their effect on flux reduction. Therefore, the difference in osmotic
pressures, Az, and the difference in concentrations, AC, in Egs. (1)
and (2) should be modified with respect to concentration polariza-
tion. Using an asymmetric membrane, the CP phenomenon can be
classified as either external or internal concentration polarization
(ECP and ICP), occurring in different locations of the membrane.
ECP takes place on the active layer of the membrane, whereas ICP
occurs inside the support layer of the membrane.

In the RO process, the ICP may be ignored, because virtually
pure water meets the support layer of membrane; consequently, the
gradient of concentration inside the support layer may be neglected.
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Fig. 2. Concentration profile for the RO process.
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Fig. 2 shows the concentration profile through the membrane in
the RO process. The ECP is expressed as a ratio of concentrations
on the bulk side and on the membrane surface, derived from the
boundary layer film theory, as follows [11-16]:

C, 1,
c—b—exp(ﬂ @

where k is the mass transfer coefficient, and C, and C,, are the con-
centrations on the bulk side and on the membrane surface, respec-
tively. The mass transfer coefficient k may be correlated with the
Sherwood number, which is empirically expressed using the Rey-
nolds number Re and the Schmidt number Sc as follows:

Sh-D
k=27 )
Sh=xRe’Sc’ ©)

On the other hand, both ECP and ICP should be considered in
the FO process, unlike in the RO process. ICP ensues inside the
porous support layer of the membrane, and thus, it is not affected
by the characteristics of fluid flow in the channel, in contrast to ECP.
ICP may be derived as follows:

~3,=B(Cp,—Cp) =D 1 C(x) @
where D is the diffusivity and ¢1is the porosity of the support layer.
Two different cases may result, according to the orientation of the
asymmetric membrane. One is when the active layer meets the draw
solution (AL-DS), and the other is when the active layer meets the
feed solution (AL-FW). Fig. 3 shows the concentration profiles of
both cases. The boundary conditions for Eq. (7) are shown in Egs.
(8) and (9) in each case, as follows:

B.C. C(x)=C, atx=0

C(x)=Cy,, atx=rt (AL-DS) ®

B.C.Cx)=C,,, atx=0

C(x)=C,, , at x=rt (AL-FW) ©

where t is the thickness and zthe tortuosity of the support layer. By
integration of the ordinary differential Eq. (7), using these boundary
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Fig. 3. Concentration profile for the FO process.
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conditions the following equations are obtained [17-20]:

J,
Cpm= CXP(— ]‘3) : Dilutive ECP
AL-DS) (10
Con=CryexpU,K) ALDS) (10)
Crm=Cppu—— 5 : Concentrative ICP
1+ J—[eXp(JWK) -1]
T, )
Crn=exp (E) : Concentrative ECP
AL-DS) (11
Cr,»—Cp pexp(-J,K) o ( ) (b
CD,m :Cp,m - ,B : : Dilutive ICP
1- T[GXP(— J,K)-1]
7t
sy 12
De ( )

where K is the resistivity within the support layer.

To calculate the water and salt fluxes in the RO process, Egs.
(1)-(6) are used; in the FO process, Egs. (10)-(12) are additionally
required. The concentrations on the membrane surface and the inter-
face between the active layer and the support layer are required to
calculate water flux J,, in Eq. (1), when both CPs are considered.
However, the water flux is also needed to calculate these concen-
trations; i.e., the combined water flux equation, with equations of
CPs is implicit. Therefore, an iterative procedure is necessary for
an accurate solution. However, techniques to solve implicit equa-
tions usually require high computation times. In the next section, a
method for transforming the implicit form of these equations to their
explicit form, for water flux calculations, is shown to avoid an itera-
tive procedure.

2. Transformation to Explicit Form

The existence of an exponential function in the model is the reason
for the flux model with CP being implicit; therefore, the exponential
function was substituted with a second-order polynomial, to trans-
form the implicit equation to an explicit one. The exponential terms
for concentrative and dilutive CP were approximated as shown in
Eqgs. (13) and (14), respectively:

exp(X)=a. X +b,X+1 (For concentrative CP) (13)
exp(— X)zaLX2+b,X+1 (For dilutive CP) (14)
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Fig. 4. Comparison of exp(x) and second polynomial function.
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In the flux model, the exponential term implies the ratio of the
concentration on the membrane induced by CP, to the concentra-
tion in the bulk side. For both concentrative and dilutive CP, the
ratio of higher concentration (C,, for concentrative CP and C, for
dilutive CP) to lower concentration (C, for concentrative CP and
C,, for dilutive CP) was found to barely exceed a factor of 1.5; i.e.,
in case of concentrative CP, the value of the exponential term was
<1.7, and in case of dilutive CP, it was >0.6. In this study, the in-
dependent variable X in Egs. (13) and (14) was selected to range
from 0 to 0.6, to satisfy operation and design conditions.

The coefficients of the second-order polynomial in Egs. (13) and
(14) were identified by minimizing the sum of errors between the
exponential and the second-order polynomial function in the range
of 0 to 0.6; identified coefficients are listed in Table 1. Figs. 4 and
5 show the exponential function, and the approximated second order
polynomial function as expressed in Eqgs. (13) and (14), respectively.
An error within 0.5% was seen in the chosen range of the indepen-
dent variable, X; thus, the flux equations for the RO and FO pro-
cesses were constituted using a second-order polynomial equation,
making it easy to obtain water flux by using the quadratic formula.
2-1. The RO Process

In the RO process, Eq. (4) for ECP was converted into Eq. (15)
by introducing a second polynomial function in Eq. (13).

Jw : Jw
C,=(a(3) +b.(3)41)c,

By substituting C,, from Eq. (15) into Egs. (1) and (3), the follow-
ing second-order polynomial was obtained as a function of J,,:

1s)

r 2+ r + —,
all,+b7, cAO . 1 N (16)
where a':PaCba+, b’:l-;aC,,b;t-—, c':—E(Ap—aCb)

Table 1. Coefficients of second polynomial equations

a/a_ b./b_
exp(X) 0.6577 0.9700
exp(—X) 0.3857 —-0.9805
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Fig. 5. Comparison of exp(—x) and second polynomial function.

Because J, is positive, only a single root value is possible for Eq.
(16). The water flux calculated using the quadratic formula is as
follows:

] _—b'+4b”—4alc’

w 2a’

a7

Using the calculated J,,, the concentration on the membrane sur-
face may be calculated, and the salt flux may subsequently be cal-
culated using Eq. (2).
2-2. The FO Process

The second-order polynomial equation in the FO process was
constituted using a similar procedure as in the RO process as explained
previously. However, because of the asymmetric membrane, the
conversion of the flux equation must be conducted separately.

In the AL-DS mode, Egs. (13) and (14) were used, respectively,
to substitute the exponential terms in the concentrative ICP and dilu-
tive ECP in Eq. (10). As a result, the concentration difference is
expressed in the form of the second-order Eq. (18):

cofo ) b5

= Cppla(0,K) +b,(J,K)+1]

ACm:CD,m_CF,m (]8)

1+ a,0,K) +b,0,K)]

Eq. (18) was substituted into Egs. (1) and (3); consequently, the fol-
lowing second-order polynomial equation was obtained to calcu-
late J,,.

(Aca=b"\I+(Aab—c"- AApb")], H(Aac'— AApe"y=0

Cpb.
22 ~Cpb.K),

C ’
where a’=( L])(’Zaf—CF’bngz), b =(

¢=(Cp;—Cs,)
b™=(BaK’), c"=(Bb.K+1)

However, unlike in the RO process, it is difficult to estimate which
root value is an actual solution between the two roots from the qua-
dratic formula, by investigating the coefficients in Eq. (19) alone.
Thus, to obtain the appropriate formula that gives the actual solu-
tion, the FO process was simulated in a broad range of operating
conditions, and the values calculated from the quadratic formula were

19)
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checked. It was found that the quadratic formula with the negative
sign produces the actual solution in most trials. Thus, J,, is expressed
as follows:

—(Aab'-c"-AApb")

== J(Aab'— ¢~ AApb"Y —4(Aca’—b")(Aac'— AApc”) 20)
v 2(Aca’-b")

In the AL-FW mode, Eq. (11) was converted into the following equa-

tion by considering concentrative ECP and dilutive ICP:

T\ Iy
cp,b[a(ﬂ +b+(¥) +1}
-C 1,K) +b_(J,K)+1
Acm:CD,m_CF,m: D,l]v?Ea—( W ) —( W ) ] (21)
1-7[a.(0,K)"+b.(1,K)]

w

The second-order polynomial equation for AL-FW mode is as fol-
lows:

(Aca=b")+(Aab—c"— AApb")),+HA ac'— AApe”y=0
' a 2 ' b+
where a’'= (Cp’bk—z -CppaK ), b'= (CF’}’E - CD,,,b,K),

c'=(Cpy=Cy4)
b"=(Ba.K’), ¢"=(Bb.K-1)

22

As in the case of the AL-DS mode, J,, in the AL-FW mode was also
calculated using Eq. (20).
3. Modeling and Numerical Procedure

A membrane module constructed using a flat sheet membrane
is used commonly in both RO and FO processes. The overall and
component mass balance equations of the flat sheet membrane mod-
ule in the RO process may be derived as follows:

X
dC_ J.v +C‘]w (23)
dx uH  uH

where H is the channel height and u is the axial velocity of the solu-
tion.
In the FO process, there are two inlet streams: feed seawater and
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draw solution. Therefore, two sets of mass balance equations exist,
and they may be expressed as follows:

[feed seawater side]
o
X H
dc_ J; N CJ, @4
dx uH uH
[draw solution side]
dud _ Jw
dx H
dc_ J, CJ, @3)
dx  uH uH

These mass balance equations may be simplified using several as-
sumptions such as neglecting the molecular volume of solutes and
assuming that the natural diffusion in the channel is negligible com-
pared to forced convection. As the solution flows along the chan-
nel, its pressure decreases owing to flow friction with channel walls
and spacers. This pressure drop may be calculated as follows:

= =—kAu 26)

where k, is the friction coefficient due to the existence of spacers
and other irregularities, and £ is the viscosity of the solution.

To simulate the RO and FO processes, the set of the equations
consisting of flux, mass balance, and pressure drop must be solved
simultaneously. When the flux model includes exponential terms,
the set of the equations must be solved iteratively owing to its implicit
characteristics. The iterative procedure for solving the set of equa-

Boundary conditions

.

tion is shown in Fig. 6. On the other hand, when the flux model is
converted into its explicit form by approximating the exponential
function to a second-order polynomial function, the set of the equa-
tions consisting of ordinary differential and algebraic equations may
be simply solved without using the iterative procedure.

RESULTS AND DISCUSSION

The performance of the following five solving methods were tested
and compared:

Method 1: The 4" order Runge-Kutta method for mass balance/
pressure drop equations, and an iterative procedure for the flux model
(no approximation of exponential terms)

Method 2: The 4" order Runge-Kutta method for mass balance/
pressure drop equations, and a 2™ order polynomial approximation
for the flux model

Method 3: The Euler method for mass balance/pressure drop equa-
tions, and considering the water flux of previous segment for cur-
rent segment calculations (as described previously [6])

Method 4: The Euler method for mass balance/pressure drop equa-
tions, and an iterative procedure for the flux model

Method 5: The Euler method for mass balance/pressure drop equa-
tions, and a 2" order polynomial approximation for the flux model

To test the five methods, all programs were coded using MAT-
LAB. The built-in fimction, “ode45”, was used for the 4" order Runge-
Kutta method, and the Euler method was hand-programmed with
a sufficient number of discretized segments [21,22]. The Wegstein
method was introduced to calculate water flux as an iterative proce-
dure. In Method 3, the water flux at the first segment was calcu-
lated using an iterative procedure in the Wegstein method, in order

= Integration with ODE solver

Guess the water flux, J,,”

'

Calculate the concentration on
membrane surface, C,, with using J,,"

!

Calculate the water flux, J,,

'

»

Calculate the error of water flux,
Error=J," - J,

Update the guess of water flux, J,,"
with Wegstein method

Fy

Error < tolerance

Calculate the balance equations

Fig. 6. Algorithm of the iterative procedure for solving the set of equations.
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Table 2. Values of input variables to simulate RO and FO processes

RO process  FO process

Water permeation coefficient, A [m/s Pa] 4.7010E-12 2.7350E-12
3.7908E-08 7.1213E-08

Salt permeation coefficient, B [m/s]

Membrane moduleLength [m] 7.112 7.112
Area [m’] 26,040 26,040

Feed seawater Flow rate [m*/day] 25,678 25,678
Pressure [bar] 60.00 1.56
Concentration [kg/m’] 36 36

Draw solution Flow rate [m*/day] - 25,678
Pressure [bar] - 1.80
Concentration [kg/m’] - 100

to avoid a large discrepancy compared to the analytical solution at
the starting point [23]. A comparison of performances was con-
ducted with respect to accuracy, computation time, and robustness
based on input conditions. The solution obtained from the Method 1
was found to be the closest to the actual solution; hence, accuracy
was tested based on the solution from the Method 1. The computa-
tion time was measured for each method under the same condi-
tions, and using the same computer (CPU clock: quad core 3.5 GHz,
Memory: 8.00 GB). For a test of robustness, four cases of extreme
operating and design conditions were used.
1. Accuracy Test

As shown in Table 2, the operating and design conditions for the
accuracy test were selected to satisfy the capacity of approximately
10,000 tons/day. In the RO process, the pressure at the permeate
side is set to 1 bar and the feed velocity is about 0.19 m/s. The co-
efficients A and B in both processes were arbitrarily selected based
on the characteristics of commercial membranes. The feed seawa-
ter and draw solution were assumed to be aqueous sodium chlo-
ride solutions.
1-1. The RO Process

The simulation results using the five different methods and their
errors compared to Method 1 are listed in Table 3. Of the four meth-
ods, Method 2, i.e., conversion into the explicit form, was found to
show the least error in the permeate flow rate, pressure drop, and
permeate concentration. In Methods 4 and 5, the errors in concen-
tration were considerably high (~12%), while the errors in other
values were low (<0.2%). Methods 4 and 5 show much higher errors
than Method 2 because the Euler method was used to solve ordi-

nary differential equations. Method 3 performed the worst in the
accuracy test, with errors greater than 10% in the values of perme-
ate flow rate, and permeate concentration, and approximately 3%
in pressure drop; this is because of the errors in water flux caused
by the approximation accumulate along the length direction.

Fig. 7 illustrates the simulation results of concentration, feed veloc-
ity, pressure, and permeate flux along the flow direction. The lines
of all methods, except Method 3, were found to overlap. At the be-
ginning of the module, there was no discrepancy among the five
methods; however, as the feed flows along the length direction, the
line for Method 3 was found to deviate conspicuously from the others,
owing to the accumulation of errors.

1-2. The FO Process

In the FO process, all four methods resulted in low errors of within
0.3%; Method 4 showed the highest accuracy and Method 3 the
lowest. Compared to the RO process, the errors were lower because
the water flux in FO is half of that in RO. As shown in Table 4, in
the simulation results of Method 4, the numerical errors using the
Euler method are lower compared to the results of the RO process,
because the water flux along the flow direction has lower non-linearity
than in the RO process. In Method 2, the error results from the ap-
proximation of exponential terms. Fig. 8 shows the results of all
five methods. All lines overlap because of low errors.

Using the accuracy test, it was concluded that Methods 2, 4, and
5, but not Method 3, display a satisfactory accuracy.

2. Computation Time Test

The computation time test was conducted by measuring time for
the following two cases: a single simulation and 100 consecutive
simulations. The computation time of the single simulation was aver-
aged over twenty single simulations. Consecutive simulations were
aimed to examine the performance in case of optimization and identi-
fications that require numerous calculations.

The order among the five methods based on rapidness of com-
putation is as follows: Method 2, 1, 3, 5, and 4. Compared to Method
1, Method 2 showed only a 2% reduction in time, despite the absence
of the iterative procedure owing to the approximation. Methods 3,
4, and 5 using the Euler method took longer for computation because
they require a larger number of segments in order to satisfy the ac-
curacy criterion.

3. Robustness Test

Four cases each for the RO and FO process were used to con-
duct the robustness test, and were selected by combining two ex-
treme operating conditions: feed flow rate, and driving force. The
operating conditions are listed in Table 6.

Table 3. Simulation results of the RO process using five different methods and their errors

Method 1 Method 2 Method 3 Method 4 Method 5

Permeate Value [m’/day] 11193.27 11200.34 10007.82 11205.45 11212.53
Error [%] - —-0.06 10.59 —-0.11 -0.17

Pressure drop Value [bar] 2.42 242 2.49 242 2.42
Error [%] - 0.00 -2.89 0.00 0.00

Concentration Value [mg/L] 416.44 416.13 476.85 465.83 465.62
Error [%] - 0.07 -14.51 —-11.86 -11.81

Recovery Value [%] 43.59 43.62 38.97 43.64 43.67
Error [%] - -0.07 10.60 —-0.11 -0.18

September, 2013
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Fig. 7. Simulation results of the RO process along the flow direction.
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Table 4. Simulation results of the FO process using the five different methods and their errors

Method 1 Method 2 Method 3 Method 4 Method 5

Permeate Value [m’/day] 9094.39 9102.96 9069.52 9097.29 9105.85

Error [%] - -0.09 0.27 —-0.03 —-0.13

Pressure drop Value [bar] 0.54 0.54 0.54 0.54 0.54
Error [%] - 0.0 0.0 0.0 0.0

Concentration Value [ppm] 55912.31 55941.38 55813.64 55906.32 55935.35

Error [%] - —-0.05 0.18 0.01 -0.04

Recovery Value [%] 35.42 35.45 35.32 35.43 35.46

Error [%] - —-0.08 0.28 -0.03 —-0.11

3-1. The RO Process

The simulation results for the robustness test are shown in Table
7, where “Success” indicates convergence of the simulation, and
“Fail” indicates failure in convergence. Methods 1 and 4 that use
the iterative procedure i.e., the Wegstein method, failed to con-
verge in case of low axial velocity and high driving force, because
the water flux calculation diverges in the iterative procedure.
3-2. The FO Process

Similar to the results of the RO process, Methods 1 and 4 failed
to converge in case of low axial velocity and high driving force.
Method 3 also failed to converge in three cases, because of oscilla-

tions in the water flux, as depicted in Fig. 9; therefore, the approxi-
mation used in Method 3 may be unreasonable.

The following is a summary of the performance tests:

1. Method 1 shows the highest accuracy; however, its robust-
ness of convergence under various operating conditions is unsatis-
factory.

2. Method 2 shows the lowest errors in accuracy (except com-
pared to Method 1), the most rapid computation time, and is highly
robust.

3. Method 3 shows a poor accuracy, moderate computation speed,
and is the least robust.

Korean J. Chem. Eng.(Vol. 30, No. 9)
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Fig. 8. Simulation results of the FO process along the flow direction.
Table 5. Computation times of the five methods
RO process FO process
Single [s] X100 [s] Ratio [%)] Single [s] X100 [s] Ratio [%]
Method 1 0.0078 0.8877 100.00 0.0100 1.1444 100.00
Method 2 0.0074 0.8701 98.01 0.0099 1.1147 97.40
Method 3 0.0231 2.2472 253.14 0.0300 2.9532 258.05
Method 4 0.0742 7.3352 826.28 0.1023 10.1121 883.59
Method 5 0.0698 6.8999 777.25 0.1001 9.9026 865.28
Table 6. Operating conditions for the robustness test
RO FO
Feed flow rate [m’/day] High 256780.8 256780.8
Low 1283.9 1283.9
Driving force (RO: feed pressure, High 100 [bar] 150 [kg/m’]
FO: concentration of draw solution) Low 40 [bar] 40 [kg/m’]

4. Method 4 shows tolerable errors in accuracy, but its computa-
tion speed and robustness are poor.
5. Method 5 also shows tolerable errors in accuracy and robust-
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ness, but requires a long computation time.

From the results of three performance parameters, accuracy, com-

putation time, and robustness, Method 2, using RK4 and a trans-
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Table 7. Simulation results of the robustness test in the RO pro-

cess

Axial velocity High High Low Low

Driving force High Low High Low
Method 1 Success  Success Fail Success
Method 2 Success  Success  Success  Success
Method 3 Success  Success  Success  Success
Method 4 Success  Success Fail Success
Method 5 Success  Success  Success  Success

Table 8. Simulation results of the robustness test in the FO pro-

cess
Axial velocity High High Low Low
Driving force High Low High Low
Method 1 Success  Success Fail Success
Method 2 Success  Success  Success  Success
Method 3 Fail Success Fail Fail
Method 4 Success  Success Fail Success
Method 5 Success  Success  Success  Success
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Fig. 9. Oscillation of water flux in Method 3.

formation to explicit equations, was found to display the best per-
formance.

CONCLUSIONS

In the RO and FO processes, concentration polarization effects
exist owing to membrane characteristics such as selectivity, perme-
ability, and asymmetric structure. Generally, concentration polariza-
tion effects are taken into consideration by introducing exponential
terms to express polarized concentrations. However, because of these

exponential terms, the flux model becomes nonlinear and implicit,
so that iterative procedures are required for calculations, which usu-
ally takes up large computation times. In this study, a method for
transforming implicit equations to their explicit forms is suggested,
in order to avoid the iterative procedure. In addition, the performance
of five solving methods was tested and compared in terms of ac-
curacy, computation time, and robustness based on input conditions.
In conclusion, the method using the 4" order Runge-Kutta equa-
tion and transformation to the explicit form of equations shows the
best performance. The transformation method presented in this study
is, therefore, extremely robust in various simulation conditions, ac-
curate, and has a cost-effective computation time.
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