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Abstract—Instabilities of convection in a mushy layer with a permeable interface underlying a liquid layer are studied
in the time-dependent solidification system in which a binary melt cooled from below. The self-similar stability equa-
tions in the liquid and mushy layers are derived by propagation theory. The onset of mushy-layer-mode convection is
examined considering the variation of permeability with porosity in the mushy layer. The numerical results show that
the critical Darcy-Rayleigh number defined in terms of the mean permeability increases with increasing the concentra-
tion ratio and decreases with increasing the superheat. When the concentration ratio is small, a small convective cell
appears in the vicinity of the liquid-mush interface. The influences of various non-uniform permeability models on
the stability of compositional convection are discussed.
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INTRODUCTION

Solidification is an important process in crystal growth for the
semi-conductor industry, the casting of alloys, and the fabrication
of composites. In binary solidification solutal convection can occur
in a mushy layer, resulting in the formation of freckles in solidified
alloys [1-3]. The mushy layer is a region of solid-liquid mixed phase
formed between the melt and solid layers and it is treated as a porous
medium in fluid mechanics [4,5].

Fowler [6] investigated theoretically the formation of freckles
and convective instability in the mushy layer. Worster [7] and Chen
et al. [8] analyzed two modes of convection in steady solidification
of the mushy layer: boundary-layer instability and mushy-layer insta-
bility. Their work was extended by considering the effects of inclined
rotation and rocking motion [9,10]. Emms and Fowler [11] evalu-
ated the similarity solutions of the basic equations and the onset
conditions in the mushy layer using the quasi-static stability analy-
sis. Tait and Jaupart [12] conducted experiments on the natural con-
vection in the mushy layer using aqueous ammonium chloride solu-
tion. And various studies have been carried out on convection in
the mushy layer [13-19].

In this work the onset of convection in the mushy layer during
binary solidification is investigated by using propagation theory
[20-26]. Propagation theory deals with the convective instability, con-
sidering the time-dependency in an approximate way and produces
the self-similar stability equations in terms of a similarity variable.
Hwang and Choi’s [24] results of the critical thickness of the mushy
layer compare well with Tait and Jaupart’s [12]. In the present study
the Lewis number is assumed to be zero and the effect of the thermal
buoyancy force is neglected in the liquid layer. The Lewis number
is defined as Le=D/x; where D is the solute diffusivity and xis the
thermal diffusivity. When Le—>0, the compositional boundary layer
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is ignored and the concentration field is not considered in the liquid
layer, resulting in only the mushy-layer-mode convection. The mushy-
layer-mode instability is analyzed using the mushy-layer thickness
as a length scale. The effect of the variation of permeability with
local porosity in the mushy layer on the convective instability is
studied. The critical conditions obtained from various non-uniform
permeability models are compared with those from the uniform per-
meability model.

GOVERNING EQUATIONS

Consider the solidification system shown in Fig. 1, in which a
binary solution of temperature T,, and solute composition C,, is solidi-
fied time-dependently from the bottom boundary [20,25]. The posi-
tion of a liquid-mush interface H(t) moves upwards in proportion
to the square root of time t. The mush-solid interface is at the eutectic
temperature T, and the eutectic composition C;. In the mushy layer
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Fig. 1. A schematic diagram of the solidification system in which
a binary melt is cooled from a bottom boundary. The posi-
tion of a liquid-mush interface H(cc ﬁ) moves upwards with
time.
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thermodynamic equilibrium is maintained and the liquidus temper-
ature T, is given by the following liquidus relationship:

T=T(C)H(C-C,), 1)

where /" is the slope of the liquidus curve.

In the present study the permeability variation in the mushy layer
is considered. The governing equations for the mushy layer are writ-
ten in dimensionless form as follows:

0 oy
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where u denotes the velocity vector, 7is time, p is pressure, and e,
is the unit vector in the z-direction. The subscript ‘m’ represents
the properties of the mushy layer. The distance has been scaled by
an arbitrary length L, time by L*x; velocity by &/L, and pressure
by ux/L?, where pis the viscosity. The dimensionless permeability
I1(y) is a function of local liquid fraction (or porosity) y, defined
as [l y)=IL(y)/I1, where I] is the reference permeability. /7 is
chosen as the mean permeability of the mushy layer 7Z() or as
its value at the liquid-mush interface 7Z(1). In the liquid layer it is
assumed that the Lewis number Le is zero and thermal buoyancy
is neglected [7]. Under these simplifying assumptions the govern-
ing equations in the liquid are given by

0 o2
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The dimensionless temperature and concentration are defined as

T-T(C) _C-C,
o=

O=—AT > “""ac

©

where AT=/AC=T,(C,)-T,, AC=C,—C,, and §,=c,, in the mushy
layer. The dimensionless parameter St is the Stefan number (=L/
(C,AT)), Pr the Prandtl number (=1/x), and y the concentration ratio
(=(C,~C.,)/AC), where L is the latent heat of fusion, v the kine-
matic viscosity, C, the specific heat, and C, the solute concentra-
tion in the solid. The Darcy-Rayleigh number R, is defined as R,=
g, ACIIL/kv;, where g denotes the gravity acceleration, £,(=4-al ")
the effective expansion coefficient, « the thermal expansion coeffi-
cient, and Sthe solutal expansion coefficient. The Darcy number is
defined as Da=/7/L>.

In the basic state of no convection the governing equations are
transformed in terms of a similarity variable (=z/(2A7'?). The dimen-
sionless thickness of the mushy layer h (=H/L) has the relation of h=
277", where the phase-change rate A is a constant. The self-similar
basic equations are
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(in the liquid layer)
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(in the mushy layer)
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where the subscripts ‘0’ and ‘m0’ represent the basic quantities of
the liquid and mushy layers, respectively. The porosity in the mushy
layer is y,=y(y—6,,) with =1 at &=1. The boundary conditions are

6=, for {— o, (12)
Gy=6,,=0, 4% _d6m t (=1 13ab

0= Ym0~ dé/ déf al é’ i ( a, )
G =—1 at ¢&=0, (14)

where 6, (=T,—T,(C,))/AT) represents the superheat.
STABILITY ANALYSIS

For the mushy layer with permeability variation the following
disturbance equations are obtained from the governing equations
under linear stability theory:
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where w is the vertical velocity disturbance, and x and y are the
horizontal coordinates. The temperature disturbances 6,, have the
scale of AT Da/R,, (=xvI/(gf3,L?*)). The perturbed quantities w,,,
and y, have the scale of 77x/L* and xv/(g3,ACL’), respectively.

The disturbances are expressed in form of periodic waves under
the normal mode analysis:

(81> Wons 217[6,1, Won, 11 lexpli(ax-ta,y)] (18)

where i is the imaginary number and a=(a}+a})"” is the horizontal
wave number. An appropriate length scale for the convection in the
mushy layer is its thickness H. We rescale the vertical length with
the thickness of the mushy layer h (=247'?). At the onset of convec-
tion the amplitude functions of disturbances are assumed to have
the following form:

[0,1(7. 2), W,u(7 2), 21(% DI=10,(), Wil ), 2 (O], 19

where ¢=z/h(7) is a similarity variable.

In the liquid layer the vertical velocity disturbance is rescaled
with a time-dependent scale factor h’(=447%) based on propagation
theory [20]. The perturbation equations in the liquid and mushy layers
are transformed by using self-similarity. The self-similar stability
equations for the liquid and mushy layers are obtained as follows:
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(in the liquid layer)
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(in the mushy layer)
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where ' represents the derivative d/dy,, D=d/d{, a'=ah, Da"=Da/
I, and R, =R, h. In the liquid layer, the amplitude of temperature
disturbance 0" has the scale of AT Da/R,, (=xvI/(gf3,L?)), and the
amplitude of vertical velocity disturbance w has the scale of H>x/
L.
The boundary conditions are given by

oﬁ—a*z}w;=a*217<zo)e;, 24)

6'=0, w'=0, Dw'=0 for {—o0, (25)
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where h* (=—Da’@/(R;,D 6,,)) denotes the amplitude function of
the disturbance of the liquid-mush interface position. When the refer-
ence permeability is chosen as /7=1L(%,), the Darcy-Rayleigh num-
ber is defined as

- gB,ACIL(Z)H
R = &b KV(ZO) ’ 28)

7= | (s 9

where 7; is the mean porosity of the mushy layer. When the refer-
ence permeability is chosen as the permeability at the liquid-mush
interface 7Z(1), the Darcy-Rayleigh number is defined as Ri=gJ3,
ACTI(1)H/xv. For a given St, % Pr, 8,, and Da’, the minimum value
of R" (R}) and its corresponding value of a" (a;) are found numeri-
cally by employing a shooting method [20]. The R;- and a:-values
determine the critical conditions for the onset of convection.

RESULTS AND DISCUSSION

The permeability of the mushy layer is dependent upon its poros-
ity and internal structure. The porosity in the vicinity of the liquid-
mush interface, where the dendritic crystals are sparse, is larger than
that of the lower region of the mushy layer. The permeability in-
creases with increasing the local porosity y of the mushy layer. In

the present study the mushy-layer-mode instability is studied using
the non-uniform permeability model /Z(y)ocy’ considered by pre-
vious investigators [7,8,11,14,27]. The model /X(y)cy’, in which
the permeability is assumed to be finite when the porosity is 1, is a
simple form of the Kozeny equation with the specific surface area
of the phase boundaries per unit volume of the porous medium con-
sidered constant [7] and is appropriate for the Darcy’s equation. In
the previous study [20] a uniform permeability (/7=1) was consid-
ered in the mushy layer during solidification of aqueous ammonium
chloride solution.

The dimensionless parameters are set Da'=10"° and Pr=10, which
are appropriate for aqueous solutions. The critical conditions are
plotted for St=1 and €,=0.5 with varying the concentration ratio y
in Figs. 2 and 3, and compared with the result of the uniform perme-
ability model 7/7=1. The dashed curve (----) indicates the model
I7=1 and in this case R} is identical to R. In Fig. 1(a) the Darcy-
Rayleigh number R| , defined in terms of the permeability 7Z(1) at
the liquid-mush interface is larger than R}, from the model /7=1.
A similar trend is reported in the results of Bhatta et al. [27], in which
the steady solidification of the mushy layer with an impermeable

(@) 300
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Fig. 2. The variation of the critical Darcy-Rayleigh number with y
for St=1 and 4,=0.5. (a) R, . is defined in terms of the pe-
rmeability /7(1) at the liquid-mush interface. (b) R. is de-
fined in terms of the mean permeability /Z(;). The dashed
curve (----) indicates the uniform permeability model /7=

1(R; ~R).
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liquid-mush interface is considered. Fig. 2 shows that R . decreases
with yand the mushy layer is destabilized by increasing y. R de-
fined in terms of the mean permeability 7Z(%,) increases with %
and these trends are consistent with Worster [7]. The difference of

7 . ———r——r—rr]

—— Non-uniform permeability /7(z) = z°
6 ---- Uniform permeability /7 =1 B

Fig. 3. The variation of the critical wave number a; with y for St=
1 and 6,=0.5. The dashed curve (----) indicates a; pre-
dicted from the uniform permeability model /7=1.
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Fig. 4. The variations of (a) the mean porosity %, and (b) the phase-
change rate 1 with y for St=1.
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R’ between the non-uniform permeability model 74 y)oc y° and the
uniform permeability model /7=1 is small for y>1 and negligible
for >3, as shown in Fig. 2(b), since the porosity of the mushy layer
approaches 1 for a larger . The difference of the critical wave num-
bers a. between the two models is much for a small y; as shown in
Fig. 3.

With increasing 7 the mean porosity of the mushy layer ¥, and
the phase-change rate A increase, as shown in Fig. 4. And 7, and 4
increase with increasing @,, but the influence of €, on ¥, is weak.
When the concentration ratio ¥ is large (>10), the mean porosity
is large (3,2>0.96) and the permeability variation across the mushy
layer is small. Therefore, for a large y the difference of the critical
values between the two models is very small.

When yis small, the wave number is large and the convective
cell is small. The porosity function y, in the mushy layer is given
by y,=1(y—86,,). For y=1, St=1 and 6,=0.5, the porosity of the
mushy layer ranges from 0.5 to 1, and for y=0.1, the porosity is
small in the lower region of the mushy layer and ranges from 0.09
to 1, as shown in Fig. 5(a). For St=1 and 6,=0.5, the normalized
distributions of velocity disturbances at the critical conditions are
shown in Fig. 5(b). The velocity disturbances are more confined to
the upper region of the mushy layer for y=0.1 than for y=1. When
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Fig. 5. (a) The profiles of the porosity y, in the mushy layer for St=
1 and 6,=0.5. (b) The distributions of the normalized veloc-
ity disturbances for St=1 and §,=0.5.
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Fig. 6. The variations of (a) the critical Darcy-Rayleigh number
R; and (b) the critical wave number a with 6, for St=1
and y=1. The present predictions (/7(y)cy’ and /7=1) are
compared with Worster’s [7] results for the steady-state so-
lidification of the mushy layer.

y 1s small, the porosity in the lower region of the mushy layer is small
and the flow does not penetrate deeply into the mushy layer, result-
ing in a small convective cell in the vicinity of the liquid-mush inter-
face. These results are supported by Chung and Chen’s [15] study,
who reported that for a small concentration ratio ¥ the plume con-
vection occurs at the top of the mushy layer and for a large y the
channel of the plume is generated at the interior of the mushy layer.
In Fig. 6 the critical Darcy-Rayleigh number R; and the critical
wave number a, are plotted as a function of the superheat 8, for
St=1 and y=1 and are compared with Worster’s [7]. The critical
values R and a, decrease with increasing ,. When 6, is large, the
compositional boundary layer thickness in the mushy layer is large
and, therefore, the system is more unstable. Worster [7] performed
a linear stability analysis for the steady-state solidification of the
mushy layer using the model /7=y° and obtained the critical Ray-
leigh number defined in terms of the depth of the mushy layer. The
steady basic solution is admitted in Worster’s study, while the time-
dependent, basic state is considered in the present study. For St=1
and y=1 the present analysis from the model 7)oy’ predicts a
smaller R; than Worster’s, as shown in Fig. 6. The difference be-

5
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Fig. 7. The variations of the dimensionless permeability functions
(IL(Y/IL()), scaled by the mean permeability for 7 =0.7,
with porosity y. The solid curve (—) indicates the perme-
ability model /7)<y, the dotted one (~) indicates /A y)oc—
2In(1-)-3+4(1-)—(1—%)* in Eq. (31), and the dash-dot-
ted one (-----) indicates /7(y)x y*/(1- p) in Eq. (30).

tween the present R;-values and Worster’s increases with decreas-
ing ., since the growth rate of the mushy layer is high and the time-
dependency is strong when the superheat €, is small.

The permeability for a set of cylinders with parallel flow is mod-
eled as

4

17(7()06(] S (30)
which is based on the Kozeny-Carmen equation [12,28]. This func-
tion varies considerably near y=1 and goes to infinity as y—1,
while the permeability function /(y)ocy’ has a finite value at y=1.
Tait and Jaupart [12] used the following permeability model for the
mushy layer:

TH(z)o—=2In(1-2)-3+4(1- )~ (1- 2, €2))

which was analyzed by Happel and Brenner [29]. Katz and Wor-
ster [30] used the model TX(y)ocy*In(1- y), a simplified form of
Eq. (31). These functions vary less near y=1 than the model 74 y)oc
2°/(1— p). Fig. 7 shows the dimensionless permeability functions
({Z(x)/IL(y)) scaled by the mean permeability of the mushy layer
for 7 =0.7. The variation of permeability with porosity near y=1
of the models in Egs. (30) and (31) is larger than that of the model
II(y)oc . In the present study the permeability is assumed to be
finite for y=1. The permeability functions in Egs. (30) and (31) are
evaluated approximately for y— 1 in the present numerical calcu-
lation: The functions 74(y) in Egs. (30) and (31) are used for 0<
2<0.999 and the permeability is set to be a constant value of 740.999)
for ¥>0.999. The critical values obtained with this approximation
are plotted as a function of y for St=1 and €,=1 in Fig. 8. The models
in Egs. (30) and (31) predict smaller R -values and larger a -values
than the model 74(y)oc . Therefore, the permeability variation in
amushy layer influences the stability of the compositional convec-
tion, and when the variation of permeability is large in the upper
region of the mushy layer, the convective cell is small. The differ-
ences of R} between the models 74 y)ocy’ and T4 y)oc—2In(1—y)—

Korean J. Chem. Eng.(Vol. 30, No. 5)
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Fig. 8. The variations of (a) the critical Darcy-Rayleigh number
R; and (b) the critical wave number a; with y for St=1 and
6,=1. The dotted one () indicates /7(y)oc—2In(1—y)-3+
4(1-p)—(1-») in Eq. (31), and the dash-dotted one (---)
indicates /7(y)oc y*/(1- ) in Eq. (30).

3+4(1—x)—(1—y)* are not much, while the model 71X y)ocy*/(1—y)
predicts smaller R -values than the other two models.

CONCLUSION

The onset of mushy-layer-mode convection during time-depen-
dent solidification of a binary alloy is investigated implementing linear
stability analysis based on propagation theory. The self-similar sta-
bility equations for the mushy layer with permeability variation are
derived by using the mushy-layer thickness as a length scale. It is
found that the critical Darcy-Rayleigh number R, defined in terms
of the mean permeability of the mushy layer, increases with increas-
ing the concentration ratio y and decreases with increasing the super-
heat 4, in accord with the previous analysis by Worster [7]. For
y>1 Rl-values from the model 7X(y)cy’ are close to R -values
from the uniform permeability model /7=1. When y is small, the
mean porosity of the mushy layer is small, leading to small perme-
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ability, and small-scale convection appears in the upper region of
the mushy layer. The permeability variation in the mushy layer influ-
ences the stability of the compositional convection. Various non-
uniform permeability models are employed and the results are com-
pared with the case of uniform permeability. When the variation of
permeability is large in the upper region of the mushy layer, the critical
Darcy-Rayleigh number R; is small with a large wave number. The
difference of the critical wave numbers between the non-uniform
permeability models and the uniform permeability model is large
for a small .
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