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Abstract−The original relay feedback autotuning method of Astrom and Hagglund [1] is based on the Nyquist point
at the phase angle of −π (the critical frequency). Recently, Friman and Waller [8] showed that the critical frequency
is too high to tune PI controllers and proposed an autotuning method that finds a Nyquist point at the third quadrant
through the two-channel relay. Here, the method to find Nyquist points in the third quadrant is revisited and adaptive
relay feedback method which can be applied to noisy processes is proposed. It is shown that the bandwidths of PI con-
trol systems and the first-order plus time delay model identifications support the Nyquist point at the third quadrant.
Nyquist points at the third quadrant can be obtained by introducing a filter and hysteresis to the relay feedback loop.
However, the filter time constant and the size of hysteresis should be adjusted iteratively because their phase shifts
are dependent on the resulting relay oscillation frequency. Simulations show that this adaptive relay feedback method
finds a given Nyquist point at the third quadrant accurately under noisy environments and provides excellent PI con-
trol systems.
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INTRODUCTION

Since Astrom and Hagglund [1] introduced the relay feedback
autotuning method for PID controllers, many variations have been
proposed for better autotuning of PID controllers [2-4]. These include
a saturation relay [4], relay with a P control preload [5] and a two
level relay [6]. To obtain a Nyquist point other than the critical point,
a relay with hysteresis or a dynamic element such as time delay has
been used [2,7]. A two-channel relay has been proposed to obtain
a Nyquist point information corresponding to a given phase angle
[8,9]. Methods to reject unknown load disturbances and restore sym-
metric relay oscillations have been available [10,11]. Recently, Lee
et al. [12] used integrals of responses to improve the accuracy of
ultimate data identification by reducing high order harmonics.

The critical frequency is too high in general to use the frequency
response information at that frequency for the PI controller tuning.
However, there are few methods to tune controllers with frequency
response information below the critical point. Recently, Friman and
Waller [8] proposed methods to find a Nyquist point in the third
quadrant and to tune PI/PID controllers. They used two-channel
relay to identify the frequency response information at the third quad-
rant Nyquist point without iteration and proposed tuning rules for
PI/PID controllers. In this research, we show that the closed-loop
bandwidths of PI control systems and the FOPTD models also sup-
port the usage of the frequency response information at the third
quadrant Nyquist point for the PI controller tuning.

For noisy environments, relay feedback methods can suffer from
chattering. This chattering does not affect characteristics of relay
oscillations such as stability. However, for some processes, chatter-
ing is not allowed. To avoid this chattering, a relay with hysteresis

can be used. However, its switching period fluctuates and the size
of hysteresis should be adjusted iteratively for a given phase angle
[2]. A low-pass filter in the feedback loop may be used to find a
frequency response information at the third quadrant Nyquist point,
but the filter time constant should be adjusted iteratively to obtain
the process information at a given phase angle. Changing the filter
time constant requires a transient period and causes the convergence
problem. To find process information at the given third quadrant
Nyquist point for noisy processes, filter methods free from the tran-
sient period are proposed.

USAGE OF NYQUIST POINTS
IN THE THIRD QUADRANT

1. Gain Margin and Phase Margin of PI Control System
For the PI controller,

(1)

the phase angle of ∠C(jω)=−arctan(1/τIω) is always negative for
the positive integral time τI and the angular frequency ω. Hence the
frequency response of the process Gp(s) in the area A in Fig. 1 is
mapped to the frequency response for Gp(s)C(s) in the area B. Be-
cause the gain margin and the phase margin of feedback system
with a process Gp(s) and a controller C(s) can be determined from
the frequency responses in the area B, the frequency responses of
area B for Gp(s)C(s) and consequently those of area A for Gp(s) are
important to design PI control systems. This figure shows that the
ultimate frequency is rather high for PI controller tuning. Based on
this interpretation of PI control systems, Friman and Waller [8] pro-
posed a two-channel relay feedback method to identify the fre-
quency response in area A and tuning rules for PI controllers using
this Nyquist point in the third quadrant.

C s( ) = kc 1+ 
1
τIs
------⎝ ⎠

⎛ ⎞
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2. Bandwidths of PI Control Systems
Models for the control system design affect the closed loop re-

sponses. One of the criteria for the optimal models can be [13]

(2)

where Gm(s) is an approximate model of the process Gp(s) and the

signal norm ||f(s)||2 is such that .

Since the controller C(s) is designed based on the model Gm(s), the
problem to minimize the cost J of Eq. (2) usually needs iterations
[13]. Under the assumption that Gp(s)≈Gm(s), we have

(3)

This shows that the modeling errors below the bandwidth frequency
of the closed loop system, Gp(s)C(s)/(1+Gp(s)C(s)), should be small
[14]. In other words, the frequency responses below the bandwidth
of the closed loop system are more important than those over the
bandwidth.

Here the phase angle of Gp(s) at the bandwidth of the PI control
system is investigated. For the first order plus time delay process

(4)

the internal model control (IMC) tuning rule is intended for the closed
loop time constant to be λ and for PI controller the recommended
λ is 1.7θ. This means that the closed loop bandwidth is approximately
ωWB=1/λ=1/1.7θ. At this bandwidth, we have

(5)

The angle of Eq. (5) is between −124o and −34o as the ratio θ/τ be-

tween 0 and infinity.
The phase angles at the bandwidths of PI control systems for sev-

eral tuning rules are shown in Fig. 2. Tuning rules of the ZN (Zie-
gler-Nichols) and the load ITAE (integral of time absolute error)
that are known to be very aggressive [15] show phase angles over
−180o. On the other hand, tuning rules of the simplified IMC [16]
and the set point ITAE that are conservative [15] show phase angles
below −180o. Considering that conservative tuning rules are pre-
ferred in the field, frequency responses below the critical point are
more important than those near the critical point.
3. FOPTD Models

There are many tuning rules based on the FOPTD (first order
plus time delay) model. This FOPTD model can be obtained from
the step test data. The FOPTD model can also be obtained from the
steady state information Gp(0) and a frequency response informa-
tion Gp(jω) at a certain frequency ω as

km=Gp(0)

(6)

Here we consider the problem to find the optimal frequency ω that
minimizes the cost

(7)

where y(t) is the process step response and ym(t) is the step response

J = 
Gp s( )C s( )
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Fig. 1. Nyquist plots for a typical process, Gp(jω), and a PI control
system, Gp(jω)C(jω), (Shaded regions are important fre-
quency regions to guarantee the gain and phase margins
of PI control systems).

Fig. 2. Phase angles of process at the bandwidth frequency of PI
control systems for the first order plus time delay process,
Gp(s)=exp(−θs)/(s+1). (modified IMC-PI [16]: kc=0.5/θ, τI=
min(1, 8+θ)).
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of its FOPTD model of Eq. (6). For this, for a given frequency ω,
we calculate the FOPTD model Gm(s) of Eq. (6) and the cost J2 of
Eq. (7). With changing the frequency, we find the optimal frequency
ω numerically. Fig. 3(a) shows the phase angles at the optimal fre-
quencies for the second and third order plus time delay models and
Fig. 3(b) shows the phase angles for the 1000 random processes of
Gp(s)=(ds+1)exp(−es)/((s+1)(as+1)(bs+1)(cs+1)) where a, b, c, d,
and e are random numbers between 0 and 1. The optimal frequen-
cies providing the optimal FOPTD models are far below than the
critical frequency of the phase angle at −180o.

RELAY WITH ADAPTIVE FILTER AND HYSTERESIS

Relay in the feedback loop can make the closed system oscillate
at the approximate critical frequency of process. From this oscilla-
tion, the Nyquist point on the negative real axis can be obtained.
For the oscillation below the critical frequency, a low pass filter can
be used. The low pass filter can also attenuate the noise. However,
to obtain the Nyquist point at a given phase angle, the filter time
constant should be adjusted iteratively. A filter with changing time
constants needs a transient period and its implementation is not easy.
The hysteresis relay can also change the oscillation period. By com-
bining the hysteresis relay and the low pass filter, an iterative method
to obtain the Nyquist point at a given phase angle is proposed.

Consider a system shown in Fig. 4. The filter is

(8)

where f is a given filter time constant and α is a adjustable parame-
ter. The relay has a hysteresis of ηa as in Fig. 4. The phase shift due
to both filter and hysteresis is

(9)

For a given filter time constant f, the phase angle of Eq. (9) can be

what we want by adjusting α or η. Because the oscillation fre-
quency ω is varying as α or η, it should be changed iteratively.

Implementation steps are as follows:
Step 1: Choose the phase angle φ and filter time constant f. Set

α=f and η=0.
Step 2: Apply the relay feedback.
Step 3: Obtain the oscillation period p and calculate ω=2π/p.

Calculate η by solving Eq. (9) as

η=sin(φ−arctan(αω)+2arctan(fω)) (10)

If |η|<0.5, use this. Otherwise, calculate a by solving Eq. (9) as

(11)

and use this. Update η (Eq. (10)) or α (Eq. (11)) between relay switch-

F s( ) = 
αs +1
fs +1( )2

-----------------

φ = arc αω( )tan  − 2arc fω( ) + arc η

1− η2
----------------⎝ ⎠
⎛ ⎞tantan

α = 

φ + 2arc fω( )tan  − arc η
1− η2
------------⎝ ⎠
⎛ ⎞tan⎝ ⎠

⎛ ⎞tan

ω
----------------------------------------------------------------------------------------

Fig. 3. Phase angle of process at the optimal frequency for FOPTD
models. (a) Second and third order plus time delay pro-
cess, (b) random processes of Gp(s)=(ds+1)exp(−es)/((s+1)
(as+1)(bs+1)(cs+1)).

Fig. 4. Relay feedback system with adaptive filter and hysteresis.

Fig. 5. Responses of the adaptive filter/hysteresis relay feedback
system.
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ings (near the maximum and minimum of the filter output).
Step 4: Repeat Step 3 for 4 or more periods.
We, if required, can increase the number of iterations in Step 4.

Fig. 5 shows responses of this relay feedback system under noisy
environment.

APPLICATIONS

The proposed method is applied to second order plus time delay
process,

(12)

Filter time constant used is f=0.5. Oscillation frequencies, ω=2π/p,
are obtained as in Table 1 and compared with the conventional relay
feedback method [1]. We can see that oscillation frequencies ob-

Gp s( ) = 
− θs( )exp

s +1( )2
-----------------------

Table 1. Relay feedback oscillation frequencies for the second order
plus time delay process, Gp(s)=(exp(−θs))/(s+1)2 (the pro-
posed two-filter method for the phase lag of −150o and the
conventional relay feedback method for the phase lag of
−180o)

Time
delay (θ)

Sampling
time

Phase
lag

Exact
frequency

Relay feedback
oscillation frequency

(Percent error)
0.01 0.001 −150o 3.488 3.353 (−3.9%)

−180o 14.14 12.15 (−14%)
0.10 0.010 −150o 2.467 2.398 (−2.8%)

−180o 4.440 3.927 (−12%)
0.50 0.010 −150o 1.414 1.409 (−0.4%)

−180o 1.930 1.870 (−3.1%)
1.00 0.020 −150o 1.024 1.033 (0.9%)

−180o 1.310 1.298 (−0.9%)

Table 2. Relay feedback identifications and PI controller tuning for various processes

Process (G(s)) Relay method
Relay oscillation PI controller tuning

IAE*
Amplitude Period kc τI

Proposed 0.184 01.892 03.309 0.985 02.931
Conventional 0.007 00.484 79.169 0.403 Inf
Proposed 0.245 02.614 02.488 1.361 02.973
Conventional 0.053 01.490 10.988 1.242 22.289
Proposed 0.455 04.460 01.337 2.322 04.140
Conventional 0.227 03.320 02.546 2.767 06.624
Proposed 0.663 06.100 00.917 3.175 06.912
Conventional 0.392 04.780 01.476 3.983 07.435
Proposed 0.924 07.460 00.435 1.520 08.610
Conventional 0.602 05.920 00.965 4.933 10.361
Proposed 0.700 08.620 00.870 4.487 10.301
Conventional 0.414 06.840 01.399 5.700 10.941
Proposed 0.717 13.480 00.849 7.017 16.517
Conventional 0.428 10.900 01.352 9.083 17.693
Proposed 2.409 12.400 00.253 6.455 18.042
Conventional 0.950 07.520 00.609 6.267 22.378

*IAE: integral of absolute errors

e−0.01s

s  +1( )2
---------------

e−0.1s

s  +1( )2
---------------

e−0.5s

s  +1( )2
---------------

e−s

s  +1( )2
---------------

−  2s  +1( )e−s

s +1( )2
---------------------------

e−s

s  +1( )3
---------------

1
s  +1( )6

---------------

e−s

s s  +1( )
----------------

tained by the proposed method are as accurate as those by the con-
ventional relay feedback method. Increased errors for small time
delays are due to the sensitivities of critical frequencies. The critical
frequencies are very sensitive for the process (12) with very small
time delays.

For various processes including over-damped processes with time
delays, inverse response process, and integral process, tuning results
by the proposed method and the conventional relay feedback method
are compared. For the conventional relay feedback method, the cri-
tical frequency points (phase lag of −180o) are obtained, the Zie-
gler-Nichols tuning rule [2] is applied. For the proposed method,
third quadrant Nyquist points (phase lag of −150o) are obtained and
the tuning rule by Friman and Waller [8] is used, whereas the pro-
portional gain is kc=rscos(ϕs−ϕp)/|Gp(jω150o)| and the integral time
constant is, τI=1/ω150o tan(ϕp−ϕs), where rs=0.5, ϕs=π/12, ϕp=π/6, and
ω150o is the angular frequency at the phase angle of −150o. Table 2
shows relay oscillation data and tuning results. Fig. 6 shows tuning
performance. The conventional relay feedback method based on
the Ziegler-Nichols tuning rule shows unstable closed-loop response
for θ=0.01 and oscillatory closed-loop response for θ=0.1 for the
second order plus time delay process of Eq. (12). On the other hand,
the proposed method with a third quadrant Nyquist point and a tuning
rule by Friman and Waller [8] shows excellent performance through-
out θ. For other processes, the proposed method shows similar or
better performance.

When the process steady state gain in addition to a process Nyquist
point information in the third quadrant is available, a first order plus
time delay (FOPTD) model can be obtained [4] and model-based
tuning rules such as the IMC-PI tuning [15] can be applied. IMC-
PI tuning performances are compared for FOPTD models obtained
from the proposed Nyquist point in the third quadrant and the con-
ventional critical point. Table 3 shows FOPTD models obtained and
tuning results. Tuning performances are very similar except for small
time delay processes as shown in Fig. 7.
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CONCLUSION

Nyquist points in the third quadrant are shown to be better to tune
PI controllers. Relay feedback methods to identify third quadrant

Nyquist points which can be applied to noisy processes and to tune
PI controllers are proposed.
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