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Abstract−When a horizontal homogeneous solid is melted from below, convection can be induced in a thermally
unstable melt layer. In this study the onset of buoyancy-driven convection during time-dependent melting is investigated
by using similarly transformed disturbance equations. The critical Rayleigh numbers based on the melt-layer thickness
are found numerically for various conditions. For small superheats, the present predictions approach the well known
results of classical Rayleigh-Bénard problems, that is, critical Rayleigh numbers are located between 1,296 and 1,708,
regardless of the Prandtl number. However, for high superheats the critical Rayleigh number increases with an increase
in phase change rate but with decrease in Prandtl number.
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INTRODUCTION

The onset of convective instability in a horizontal fluid layer has
been studied extensively since Bénard’s and Rayleigh’s famous work.
Recently, the hydrodynamic stability associated with melting or solid-
ification has attracted many researchers’ interests [1-4]. However,
due to the intrinsic complexities associated with phase change pro-
cesses, hydrodynamic stability during melting has not been studied
as much. Convective motion near the phase changing interface af-
fects the local temperature and concentration fields which control
the geometric characteristics of the interface and melting or solidi-
fication rate. So, the convective motion driven by buoyancy forces
in melting processes plays an important role in industrial applica-
tions, such as metallurgical processes, latent heat thermal energy
storage, oceanography, food processing and nuclear reactor safety
(see Goldstein and Ramsey [5], Ostrach [6] and Feldman et al. [7]).
Thus, a fundamental understanding of convective stability in such
a range of applications is very important.

Previous studies [1,8] examined the coupled effects on stability
arising from thermal convection and melting/solidification under
assumptions where solid/liquid interface position is an invariant
with respect to time or it moves at a fixed velocity. In these studies,
the solid phase is excluded in their analysis and the effect of the
Prandtl number on the onset condition is ignored under the static
assumption, despite a melting process usually occurring for various
Prandtl numbers. The solid/liquid interface position moves with
constant velocity; however, the solid/liquid interface position is de-
termined by an energy balance near the phase- changing interface.

In this study, the time-dependent melting of solid heated from
below, the so-called Stefan problem, is considered. When the tem-
perature profiles in the solid and melt phase and also the liquid layer
thickness vary with time, the onset conditions of buoyancy-driven
convection are analyzed theoretically under the Boussinesq approx-

imation. The time-dependent linearized disturbance equations are
transformed similarly and self-similar disturbance equations are solved
numerically.

GOVERNING EQUATIONS

The system considered here consists of a semi-infinite solid layer
heated from below, as shown in Fig. 1. For time t≥1, the bottom
boundary of the solid is superheated at a constant temperature TA

and the melted layer grows from below. The coordinate system is
fixed at the bottom boundary, and the position of the solid/liquid
interface is moving in the Z-direction. For this system, the varia-
tions of the physical properties such as density, viscosity and ther-
mal conductivity are at most 1 per cent for variations in temperature
not exceeding 10 K. Therefore, under the Boussinesq approxima-
tion, the variations of this small amount can be generally ignored,
except for the density variation which is the driving force of the

Fig. 1. Schematic diagram of system considered here.
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buoyancy-driven convection [9]. Under this simplification, the gov-
erning equations in the melt layer are given by

(1)

(2)

(3)

(4)

where U denotes the velocity vector, μ the viscosity, P the pres-
sure, ρ the density, β the thermal expansion coefficient, T the tem-
perature, g the gravitational acceleration vector, t the time, and α
the thermal diffusivity. The subscripts L and r represent the liquid
phase and the reference state, respectively. For the present system,
the initial state is motionless and therefore, the basic velocity and
pressure fields are U0=0 and ∇P0=ρLg, respectively.

For the solid layer the temperature field can be described by

(5)

The subscript S represents the solid phase and the densities of solid
and melt are assumed to be equal, i.e., a volume change during the
melting process is neglected. The boundary conditions are given as
follows:

W=0, TL=TA at Z=0, (6a,b)

(6c,d,e)

W=0, TS=T∞ at Z=∞, (6f,g)

where ΔHf is the latent heat of melting and H(t)(=λ ) the loca-
tion of melt-solid interface, TM the melting temperature at the solid-
melt interface and T∞ the temperature of solid far from the interface.

The basic thermal conduction equations are nondimensionalized
as

(7)

(8)

under the following boundary conditions,

θ0, L=0 at ζ=0, (9a)

(9b,c)

θ0, S=−θ∞ at ζ=∞ (9d)

where θ0, S=(TS−TA)/(TA−TM), θ0, L=(TL−TA)/(TA−TM), αr=αS/αL, kr=
kS/kL, z=Z/d, h=H/d, the Stefan number St=ΔHf/[c(TA−TM)] and d
an arbitrary length scale. The solution subjected to the above equa-
tions and boundary conditions are given in Carslaw and Jaeger’s
book [9];

 for ζ>λ, (10)

 for ζ<λ, (11)

where ζ=z/  The base temperature for the specific case is shown
in Fig. 2. The phase change rate λ can be determined by using Eqs.
(9c), (10) and (11) as

(12)

For the limiting case of θ∞=1, i.e. T∞=TM, the phase change rate λ
can be determined from the solution of 1/λ(exp(−λ2)/erf(λ))=T
This equation is independent of αr and kr, and it can be further sim-
plified to λ2~1/(2St) for a large St. It seems that the above solution
is more reasonable than Smith’s [8] and Hwang’s [10]. They as-
sumed that the planar interface is moving with a constant velocity
V0, and therefore the solid-melt interface position is given by H(t)=
V0t. Boger and Westwater [11] measured the interfacial velocities
for the melting and freezing process of a water-ice system. Their
experimental results show that a constant-velocity model is not phys-
ically realistic.

Under linear stability theory the physical variables are decom-
posed into the unperturbed quantities and their perturbed ones at
the onset of convection. In the melt layer the dimensionless distur-
bance equations are obtained as

(13)

(14)

where the subscript 1 denotes the perturbed quantities, W the verti-
cal velocity component, and RT=(gβΔTd3/αLν) the Rayleigh num-
ber. Note that θ1 has the scale of αLν/(gβd3) and w1 has the scale of
αL/d. Here ν is the kinematic viscosity of melt phase. Eq. (14) is
obtained by taking the double curls on Eq. (2). Through this proce-
dure, the pressure term is eliminated. The whole procedure to derive
Eqs. (13) and (14) is well described in Chandrasekhar’s book [9].

∇ U = 0,⋅

∂
∂t
---- + U ∇⋅
⎩ ⎭
⎨ ⎬
⎧ ⎫

U = − ∇P  + μ∇2U + ρLg,

∂TL

∂t
-------- + U ∇TL = αL∇

2TL,⋅

ρL = ρr 1− β TL − Tr( )[ ],

∂TS

∂t
-------- = αS∇

2TS.

W = 0, TS = TL = TM, kS
dTS

dZ
-------- − kL

dTL

dZ
-------- = ΔHf

dH
dt
-------

at Z = H t( ) = 2λ αLt,

4αLt

∂θ0 S,

∂τ
---------- = αR∇

2θ0 S, ,

∂θ0 L,

∂τ
----------- = ∇2θ0 L, ,

θ0 S,  = θ0 L,  = −1, kr
dθ0 S,

dz
----------- − 

dθ0 L,

dz
----------- = Stdh

dτ
------ at ζ = λ,

θ0 S,  = − θ∞ + θ∞  −1( )erfc ζ/ αr( )
erfc λ/ αr( )
----------------------------

θ0 L,  = − 
erfc ζ( )
erfc λ( )
-----------------

4τ.

exp − λ2( )
erf λ( )

---------------------- − 
kr

αr

--------- θ∞  −1( ) exp λ2/αr( )
erfc λ/ αr( )
---------------------------- = λ πSt.

πSt.

∂θ1 L,

∂τ
----------- + RTw1

∂θ0 L,

∂z
----------- = ∇2θ1 L, ,

1
Pr
----- ∂
∂τ
----- − ∇2

⎝ ⎠
⎛ ⎞∇2W1= − ∇1

2θ1 L, ,

Fig. 2. Marginal stability curve for Pr=1, λ=1, αr=1 and kr=1.
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In the solid layer the dimensionless disturbance equations are ob-
tained as

(15)

The boundary conditions for these disturbance equations are given
by

θ1, S=0 at z=∞, (16a)

 at z=h, (16b,c&d)

 at z=0. (16d)

In the present study the scaling of W1~gβT1H2/ν in dimensional form
is obtained from Eq. (2). This relation means that w1/θ1~h2~τ. If
disturbance amplitudes follow the property of the base temperature
fields shown in the relations (10) and (11), it is probable that ∂θ1/
∂τ=−(ζ/(2τ))(dθ*/dζ), where the superscript “*” represents the sim-
ilary transformed quantities. Therefore, under the normal mode anal-
ysis where an arbitrary disturbance having two-dimensional period-
icity is considered [9], the dimensionless amplitude functions of
disturbances are assumed to have the relation of

[w1, θ1, L, θ1, S]=[τw*(ζ), θL
*(ζ), θS

*(ζ)]exp[i(axx+ayy)] (17)

where ax and ay are the horizontal wavenumbers representing two-
dimensional periodicity in the x and the y direction, respectively.
The above equation means that the amplitude of dimensionless dis-
turbances is assumed to be a function of the similarity variable ζ
(=z/δ) where δ=  This kind of similarity transformation has
been widely used in similar problems [1,4,12,13].

Substituting Eq. (17) into (13)-(15) with a2=ax
2+ay

2, ∂/∂τ=−(2ζ/τ)D
and ∂2/∂z2=(1/4τ)D2 gives the following self-similar stability equa-
tions:

(18)

(19)

(20)

where D=d/dζ, RT
*=RTδ 3, a*=aδ and δ=  RT

* and a* are assumed
to be the eigenvalues having the meaning of the Rayleigh number
and the wavenumber based on the melt thickness, H(t)(∝ ). The
boundary conditions can be reduced as

θS
*=0 at ζ=∞, (21a)

w*=Dw*=0, θS
*=θL

*, kSDθS
*=kLDθL

* at ζ=λ, (21b,c,d)

w*=Dw*=θL
*=0 at ζ=0. (21e)

The similarity assumption (17) yields the terms (2/αr)ζDθS
*, 2ζDθL

*

1/Pr(ζD3−a*2ζD+2a*2) in Eqs. (18), (19) and (20), respectively. These
terms have been neglected in the conventional quasi-static analy-
sis, where the terms of ∂(·)/∂τ are assumed to be zero and the sta-
bility criteria are obtained independently of the Prandtl number.

SOLUTION METHOD

The stability equation for the solid layer can be solved indepen-
dently of the melt layer by using the boundary condition (21). By
using the WKB approximation [14] the temperature disturbance in
the solid layer is approximated as

(22)

which satisfies the upper boundary condition of Eq. (21a). Here C
is a constant. By substituting Eq. (22) into the boundary conditions
(21c) and (21d), the following condition can be obtained. 

at ζ=λ. (23)

Now, the stability Eq. (19) and (20) should be solved under the bound-
ary conditions (21b), (21c), (21e) and (23). For the limiting case of
kr=0 and kr=∞ the boundary conditions (21c,d) reduce to DθL

*(λ)=0
and θL

*(λ)=0.
These stability equations are solved by employing the outward

shooting scheme. For a given a*, λ, kr and αr, in order to integrate
the above stability equations, the proper values of D2w*, D3w* and
Dθ* at ζ=0 are assumed. Since the stability equations and their bound-
ary conditions are all homogeneous, the value of D2w*(0) can be
assigned arbitrarily, and the value of the parameter RT

* is assumed.
This procedure can be understood easily by taking account of the
characteristics of eigenvalue problems. After all the values at ζ=0
are provided, this eigenvalue problem can proceed numerically.

Integration is performed from ζ=0 to a melt-solid interface ζ=λ
with the fourth order Runge-Kutta-Gill method. If the guessed val-
ues of RT

*, D3w*(0) and Dθ*(0) are correct, the bounday conditions
for w* and θ* will be satisfied at the melt-solid interface. To improve
the initial guesses the Newton-Raphson iteration is used. The mar-
ginal stability curve for the typical case is given in Fig. 2. The region
above the curve denotes the unstable state, whereas below the curve
the system is stable. In the figure the minimum value of RT

* is the

∂θ1 S,

∂τ
---------- = αr∇

2θ1 S, .

w1= 
∂w1

∂z
--------- = 0, θ1 S,  = θ1 L, , kSDθ1 S,  = kLDθ1 L,

w1= 
∂w1

∂z
--------- = θ1 L,  = 0

4τ.

D2
 + 

2
αr
-----ζD − a*2

⎝ ⎠
⎛ ⎞θS

*
 = 0,

D2
 + 2ζD − a*2( )θL

*
 = RT

*w*Dθ0 L, ,

D2
 − a*2( )2

 + 
2
Pr
----- ζD3

 − a*2ζD + 2a*2( ) w*
 = − a*θL

*,

4τ.

t

θS
*~ C

ζ2

αr
2

----- + 
1
αr
----- + a*2

⎝ ⎠
⎛ ⎞

1/4
-------------------------------------exp − 

ζ2

αr
2

----- + 
1
αr
----- + a*2

⎝ ⎠
⎛ ⎞

1/2

dζ
λ

ζ

∫ exp − 
ζ2

2αr
--------⎝ ⎠

⎛ ⎞,

DθL
*

 = − kr
λ2

αr
2

----- + 
1
αr

2
----- + a*2

⎝ ⎠
⎛ ⎞

1/2

 + 
λ
αr
----- + 

1
2
--- λ
αr

2
----- λ2

αr
2

----- + 
1
αr

2
----- + a*2

⎝ ⎠
⎛ ⎞

−1

θL
*

Fig. 3. Normalized distribution of disturbances at critical condi-
tions for Pr=1, λ=1, αr=1 and kr=1 with the base tempera-
ture distribution for θ∞=1.



1242 M. C. Kim et al.

November, 2008

critical condition marking the onset of buoyancy-driven convec-
tion. At this condition the disturbance profiles are featured in Fig. 3
with the base temperature profile for θ∞=1.

RESULTS AND DISCUSSION

The dimensionless parameters governing the present system are
St, θ∞, αr and kr. The effects of these parameters on convective in-
stabilities during the melting can be represented by λ through Eq.
(12) and the boundary condition (23). For the limiting case of θ∞=1,
the phase change rate λ can be obtained from 1/λ (exp(−λ2))/(erf(λ))
= St and therefore, the effects of αr and kr on the critical condi-
tions are seen from the boundary condition (23). For a given λ, the
stability conditions of the limiting cases of kr=∞ and kr=0 are inde-
pendent of αr. The stability conditions for these limiting cases are
illustrated in Figs. 3 and 4, where Ra=RT

*λ3 and a=a*λ are the Ray-
leigh number and wavenumber based on the melt thickness H(t).
As shown in these figures, for the limiting case of λ→0, the critical
Rayleigh number and wavenumber approach the well-known val-
ues of Rac=1,708 and ac=3.117 for a conducting boundary, and Rac=
1,296 and ac=2.55 for an insulating boundary. These are the critical

π

Fig. 4. Critical conditions for limiting cases of kr=∞ and kr=0.
(a) critical Rayleigh number and (b) critical wavenumber

Fig. 6. Normalized distribution of disturbances at critical condi-
tions with λ=1, αr=1, kr=1 for various Pr.

Fig. 5. Normalized distribution of disturbances at critical condi-
tions for Pr=1, λ=1, αr=1 and the limiting case of kr=∞ and
kr=0.

conditions of classical Rayleigh-Bénard problems [15].
For the limiting case of θ∞=1, Sparrow et al. [1] conducted stability

analysis on the present system by neglecting the temporal growth
of disturbances and using the boundary condition of θL

*(λ)=0. Their
quasi-static analysis results show that there exists a minimum Ray-
leigh number for small-λ cases. However, the minimum one is not
observed in the present study. Since Sparrow et al. [14] excluded
the solid layer from their analysis, their boundary condition of θL(λ)=
0 corresponds to that of the limiting case of kr=∞. As shown in Fig.
4, for small λ the critical Rayleigh numbers are located between
1,296 and 1,708 depending on αr and the quasi-static assumption is
valid. At these limiting cases the distribution of disturbance quanti-
ties are featured in Fig. 5. As shown in this figure, the temperature
disturbance for kr=∞ is limited within the melt layer and the sys-
tem of kr=∞ is more stable than that of kr=0. The distributions of
disturbance quantities for various Pr cases are featured in Fig. 6. It
is known that the vertical position showing wmax, i.e.  moves
toward the heated surface with decreasing Pr. The vertical position

ζ 
wmax
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showing θmax, i.e.,  is larger than  for Pr≥1; however, this
trend seems to be reversed for Pr<<1.

For λ>3, the basic temperature profile becomes θ0, L=−erf(ζ) and

the effect of boundary conditions on the melt-solid interface on criti-
cal conditions is small. For large λ the asymptotic critical conditions
are given in Fig. 7. Based on these results, the critical condition to
mark the onset of convective motion is correlated as

 for λ>3, (24)

within the error bound of 5%. This condition is independent of the
upper boundary conditions. The above correlation shows that Rac

increases with an increase in λ but with a decrease in Pr. Kim et al.
[16] analyzed the onset of buoyancy-driven convection in a hori-
zontal fluid layer heated isothermally from below. Their stability equa-
tions which consider the temporal growth of disturbance quantities
are identical with the present ones and their stability criteria are al-
most the same as the present ones. It seems that the onset time of
buoyancy-driven convection is independent of the melt thickness
H(t) for λ>3.

The effect of kr on the critical conditions is summarized in Fig. 8
for various αr with λ=2 and λ=0.5. The critical conditions approach
the asymptotic values for kr=∞ and kr=0. For the large-αr case the
boundary condition (23) reduces to DθL

*(λ)=−kra*θL
*(λ) while for

the small αr case, it leads to DθL
*(λ)=−kr(l+ )/αrθL

*(λ). From
this, it can be assumed that the effect of αr on the critical condition
is not significant for large kr, as shown in Fig. 6. With increasing kr

and αr, the critical Rayleigh number Rac increases and the system
becomes more stable.

To validate the theoretical analysis the predictions of τc and ac

should be compared with experimental observations. Unfortunately
no experimental value is available now. Therefore, the systematic
experiments are necessary and opened.

CONCLUSIONS

The onset of buoyancy-driven convection in a homogeneous melt
heated from below is analyzed by considering both the melt and
the solid phase. The thermal disturbance distribution is approximated
by the WKB method and the stability equations in the melt phase
are solved numerically. For a slowly heated system, the critical con-
ditions approach the well-known results of classical Rayleigh-Bénard
problems, that is, critical Rayleigh numbers are located between
1,296 and 1,708. However, for a rapidly heated system the critical
Rayleigh number becomes independent of conditions at the melt-
solid interface and highly deviates from the above values.
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NOMENCLATURE

a : dimensionless wavenumber, 
a* : dimensionless wavenumber based on the melt thickness, aδ
c : specific heat [J/(kg·K)]

ζ 
θmax

ζ 
wmax

Rac =165 1+ 
0.804

Pr
-------------⎝ ⎠
⎛ ⎞

3/4 8/9

λ3

1+ λ2

ax
2

 +  ay
2

Fig. 7. The effect of Pr on the critical Rayleigh number for a large
λ case.

Fig. 8. The effects of kr and αr on the critical conditions for Pr=1:
(a) λ=2 and (b) λ=0.5.
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d : arbitrary length scale [m]
g : gravitational acceleration vector [m/s2]
H : thickness of a melt layer [m]
h : dimensionless thickness of a melt layer, H/d
K : permeability [m2]
k : thermal conductivity [W/mK]
kr : thermal conductivity ratio, kS/kL

P : pressure [Pa]
RT : Rayleigh number based on length scale, gβΔTd3/αLν
RT

* : Rayleigh number based on melt thickness scale, RTδ 3

Ra : Rayleigh number based on melt thickness, gβΔTH3/αLν
St : Stefan number, ΔHf/[c(TA−TM)]
T : temperature  [K]
t : time [s]
U : velocity vector [m/s]
w1 : dimensionless vertical velocity component, W1d/αL

(x, y, z) : dimensionless Cartesian coordinates

Greek Letters
α : thermal diffusivity [m2/s]
αr : thermal diffusivity ratio, αS/αL

β : thermal expansion coefficient [K−1]
ΔHf : latent heat of melting [J/kg]
δ : dimensionless depth, 
θ0 : dimensionless basic temperature, (T−TA)/(TA−TM)
θ1 : dimensionless temperature disturbance, gβd3T1/(αLν)
λ : phase change rate
μ : viscosity [Pa·s]
ρ : density [kg/m3]
τ : dimensionless time, αLt/d2

ζ : similarity variable, z/δ

Subscripts
c : critical state
L : liquid phase

S : solid phase
0 : basic quantity
1 : perturbed quantity

Superscript
* : similary-transformed quantitiy
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