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)ORZ LQ D SRURXV PHGLXP FRQWLQXHV WR DWWUDFW D JUHDW GHDO RI DW�

WHQWLRQ ERWK H[SHULPHQWDOO\ DQG WKHRUHWLFDOO\� 2ULJLQDO DSSOLFDWLRQV

IURP WKLV UHVHDUFK ZHUH PDLQO\ LQ WKH ILHOG RI SHWUROHXP UHFRYHU\

>*UHHQNRUQ� ����@� :KLOH WKLV DSSOLFDWLRQ LV VWLOO LPSRUWDQW WR WKLV

GD\� QHZ HPHUJLQJ DSSOLFDWLRQV HVSHFLDOO\ LQ HQYLURQPHQWDO SURE�

OHPV� VXFK DV JURXQGZDWHU FRQWDPLQDWLRQ >/HVDJH HW DO�� ����@� GLV�

SHUVLRQ RI WR[LF FKHPLFDOV LQ VRLO >*HUVWO HW DO�� ����@� KD]DUGRXV

ZDVWH WUDQVSRUW LQ GHHS ZHOO GLVSRVDO >$XEHUW� ����@� FOHDQLQJ XS

RI FRQWDPLQDWHG VLWHV >1RRQDQ HW DO�� ����@ FRQWLQXH WR JURZ� 2WKHU

DSSOLFDWLRQ DUHDV >&KXQ HW DO�� ����� .LP HW DO�� ����� <RRQ HW DO��

����@ DOVR JHW SDLG LQFUHDVLQJ DWWHQWLRQ� 5HFHQWO\� DSSOLFDWLRQ RI

WKLV UHVHDUFK KDV EHHQ H[WHQGHG WR WKH PHGLFDO DUHD HVSHFLDOO\ LQ

WKH ILHOGV RI FDUGLRORJ\ DQG UDGLRORJ\� 6XFK D ZLGH UDQJH RI DSSOL�

FDWLRQV VKRXOG UHDOO\ FRPH DV QR VXUSULVH ZKHQ RQH FRQVLGHUV WKH

IDFW WKDW SRURXV VWUXFWXUHV DUH XELTXLWRXV LQ QDWXUH�

,Q JHQHUDO� ZKHQ WZR�SKDVH LPPLVFLEOH IOXLGV DUH IORZLQJ LQ SR�

URXV PHGLD� XQVWDEOH IORZ �YLVFRXV ILQJHULQJ� PD\ UHVXOW GXH WR WKH

UHJLPH ZKHUH RQH IOXLG LV OHVV YLVFRXV WKDQ WKH RWKHU� 7KH FULWHULD

RQ IOXLG LQVWDELOLW\ UHVXOW IURP YLVFRVLW\� LQWHUIDFLDO WHQVLRQ DQG SUR�

SHUWLHV RI PHGLD� 7KH GLVSODFHPHQW RI LPPLVFLEOH IOXLGV LV RI LP�

SRUWDQFH LQ PDQ\ SURFHVVHV PHQWLRQHG DERYH� ,Q WKRVH DUHDV� DQ

XQGHUVWDQGLQJ RI WKH UHOHYDQW PHFKDQLVPV LV HVVHQWLDO IRU WKH VWRU�

DJH DQG WKH WUDQVSRUW RI IOXLGV LQ SRURXV PHGLD� 7KUHH GLIIHUHQW DS�

SURDFKHV DUH JLYHQ WR GHVFULEH WKH PHFKDQLVPV OLQNHG WR WKH GLV�

SODFHPHQW RI WZR LPPLVFLEOH IOXLGV� 7KH ILUVW VXFFHVVIXO WKHRU\ RI

IOXLG LQVWDELOLW\ LQ FDVH RI DGYHUVH YLVFRVLW\ UDWLR ZDV SXW IRUZDUG

E\ 6DIIPDQ DQG 7D\ORU >����� ����@ DQG LQGHSHQGHQWO\ E\ &KXRNH

HW DO� >����@� 7KLV LV WKH PRVW ZLGHO\ VWXGLHG FDVH DV LW UHSUHVHQWV

H[LVWLQJ FRQGLWLRQV LQ UHVHUYRLU HQJLQHHULQJ� 7KH VWDELOLW\ WKHRU\ LV

DQDORJRXV WR WKH IORZ RI WZR LPPLVFLEOH IOXLGV EHWZHHQ WZR FORVHO\

VSDFHG KRUL]RQWDO SODWHV �+HOH�6KDZ FHOO�� 6HFRQGO\� ZKHQ FDSLOODU\

IRUFHV SOD\ D GRPLQDQW UROH DQG WKH YLVFRVLWLHV RI WKH WZR IOXLGV DUH

HTXDO� SODQDU PDFURVFRSLF LQWHUIDFH VHSDUDWLQJ WZR IOXLGV LV IRXQG�

7KLV DULVHV EHFDXVH FDSLOODU\ IRUFHV DFW HTXDOO\ LQ DOO GLUHFWLRQV UH�

VXOWLQJ LQ LVRWURSLF IORZ� 7KH FRQFHSWV RI SHUFRODWLRQ WKHRU\ ZHUH

LQWURGXFHG E\ %URDGEHQW DQG +DPPHUVOH\ >����@ WR VWXG\ KRZ WKH

UDQGRP SURSHUWLHV RI D PHGLXP LQIOXHQFH WKH IORZ RI IOXLG WKURXJK

LW�

$ QHZ IRUP RI SHUFRODWLRQ WKHRU\� FDOOHG LQYDVLRQ SHUFRODWLRQ

WKHRU\� ZDV GHYHORSHG LQ WKH ����¶V >&KDQGOHU HW DO�� �����:LONLQ�

VRQ HW DO�� ����@� :LOOHPVHQ >����@ DOVR GHVLJQHG D 0RQWH &DUOR

GDWD SURFHVVLQJ VFKHPH WR DQDO\]H WKH UHDO H[SHULPHQW GDWD� 3DUDO�

OHO WUHDWPHQWV EXW ZLWK D GLIIHUHQW LQWHUSUHWDWLRQ RI UHVXOWV ZHUH DOVR

SURSRVHG E\ 'H *HQQHV HW DO� >����@� /HQRUPDQG >����@� /DUVRQ

HW DO� >����@� $ PDMRU ZHDNQHVV RI WKHVH SHUFRODWLRQ PRGHOV ZDV

WKHLU H[FOXVLYH UHOLDQFH RQ FDSLOODU\ VL]H� 7KH\ GLG QRW WDNH LQWR DF�

FRXQW WKH HIIHFWV RI YLVFRVLW\ DQG SUHVVXUH JUDGLHQW� ,Q D WKLUG DS�

SURDFK D VWDWLVWLFDO PHWKRG� HPSOR\LQJ WKH SULQFLSOHV RI 'LIIXVLRQ

/LPLWHG $JJUHJDWLRQ� ZDV XVHG E\ :LWWHQ DQG 6DQGHU >����� ����@

WR PRGHO VLPSOH GLVSODFHPHQW SUREOHPV� 5HFHQWO\� 3DWHUVRQ >����@

XVHG WKH '/$ DSSURDFK WR VLPXODWH WZR�IOXLG GLVSODFHPHQW LQ SR�

URXV PHGLD ZKHQ WKH YLVFRVLW\ RI WKH LQMHFWHG IOXLG LV YHU\ VPDOO

FRPSDUHG WR WKDW RI WKH RWKHU IOXLG� 1LWWPDQ HW DO� >����@ VKRZHG

WKDW IUDFWDO ILQJHUV ZHUH REWDLQHG ZKHQ ZDWHU GLVSODFHG D SRO\PHU

VROXWLRQ �RI YHU\ KLJK YLVFRVLW\� LQ D+HOH�6KDZ FHOO� 7KH WHUP ³IUDF�

WDO´ LV XVHG WR GHQRWH DQ\ REMHFW WKDW KDV D VSUDZOLQJ� WHQXRXV DQG

IURQGHG SDWWHUQ� 7KH\ SURFHHGHG WR DFFRXQW IRU WKHLU H[SHULPHQWDO

UHVXOWV E\ XVLQJ D '/$ DSSURDFK�

8QOLNH SUHYLRXV DSSURDFKHV� WKH SUHVHQW DQDO\VLV LV EDVHG RQ D

VWRFKDVWLF PRGHO� ,Q WKLV PRGHO D SRURXV PHGLXP LV FRQVLGHUHG WR

EH HTXLYDOHQW WR D QHWZRUN RI XQLIRUP FDSLOODULHV DQG IORZ RFFXUV

ZLWKLQ D UDQGRP PLFURVFRSLF FDSLOODU\ QHWZRUN� 7KLV SDSHU FKLHIO\

FRQFHUQV RQ ZLWK WKH G\QDPLF IOXLG EHKDYLRU WKDW WDNHV SODFH LQ D SR�

URXV PHGLXP� $Q DQDO\WLFDO H[SUHVVLRQ LV GHYHORSHG DQG FDQ GH�

VFULEH IOXLG VDWXUDWLRQ GLVWULEXWLRQ WKDW DJUHHV TXDOLWDWLYHO\ ZLWK WKDW

VHHQ LQ H[SHULPHQW >:DQJ� ����@� 7KH RQH�GLPHQVLRQDO WUHDWPHQW

RI WKH SUREOHP LV JLYHQ ULJRURXVO\ DQG VROYHG H[DFWO\ IRU WKH FDVH

ZKHQ WKH YLVFRVLWLHV DUH HTXDO� $ ODUJH OLWKRORJLFDO DQG PLQHUDORJL�

FDO YDULDWLRQ DPRQJ GLIIHUHQW SRURXV PHGLD �VDQGVWRQH� OLPHVWRQH�

HWF� PD\ DIIHFW VXUIDFH FKHPLVWU\� UHVXOWLQJ LQ SRUH�IOXLG�JUDLQ LQ�

WHUDFWLRQ� %XW WKLV DSSURDFK FDQ DOVR EH H[WHQGHG WR V\VWHPV LQZKLFK
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WKH OLTXLGV LQWHUDFW ZLWK WKH SRURXV PHGLXP� 'XH WR WKLV DGYDQWDJH

WKH FXUUHQW DSSURDFK FDQ EH XVHG WR VWXG\ YDULRXV HQYLURQPHQWDOO\

UHODWHG SUREOHPV OLNH WKH FOHDQLQJ XS RI FRQWDPLQDWHG VLWHV ZKHUH

D WKRURXJK NQRZOHGJH RI ERWK WKH IORZ SDWWHUQ RI WKH OLTXLG LQ WKH

VRLO DQG WKH PDQQHU LQ ZKLFK WKH\ LQWHUDFW LQ WKH VRLO LV UHTXLUHG�

7+(25<

��$ 3URSRVHG 2QH�'LPHQVLRQDO 0RGHO RI D 3RURXV 0HGLXP

:H PD\ WKLQN RI D SRURXV PHGLXP DV D UDQGRP QHWZRUN VWUXF�

WXUH FRQVLVWLQJ RI SRUHV DQG WKURDWV DV VKRZQ LQ )LJ� �� ,W LV DVVXPHG

WKDW DOO QHWZRUN HOHPHQWV �PLFURSRUHV� KDYH WKH VDPH VL]H DQG DOO

QHWZRUN SRLQWV �RU MXQFWLRQV� KDYH D VLPLODU FKDUDFWHU� ,Q HDFK RI

WKH PLFURSRUHV WKHUH H[LVWV D PLFURVFRSLF LQWHUIDFH WKDW VHSDUDWHV

WZR LPPLVFLEOH IOXLGV �)LJ� ���0RUHRYHU� LW LV DVVXPHG WKDW DOO WKHVH

PLFURVFRSLF LQWHUIDFHV KDYH WKH VDPH UDGLXV RI FXUYDWXUH DQG WKLV

UDGLXV UHPDLQV YLUWXDOO\ FRQVWDQW WKURXJKRXW WKH GLVSODFHPHQW� 7KLV

LV D EDVLF SRVWXODWH RI WKH WKHRU\� ,W LV SRVVLEOH WKDW IOXFWXDWLRQV LQ

FXUYDWXUH RFFXU DQGPHFKDQLVPV VXFK DV+DLQH¶V MXPSV� ILOP VSUHDG�

LQJ DQG FRQWDFW DQJOH K\VWHUHVLV GR WDNH SODFH LQ SRURXV PHGLXP

>&KHQ� ����� &KHQ HW DO�� ����@� 7KHVH DUH QHJOHFWHG LQ WKH FXUUHQW

PRGHO� $OVR� LW KDV EHHQ H[SHULPHQWDOO\ VKRZQ WKDW WKH FRQWDFW DQJOH

GHSHQGV XSRQ WKH LQWHUIDFLDO PRWLRQ >'XVVDQ� ����� 1JDQ HW DO��

����@� ,Q WKLV DQDO\VLV LW LV DVVXPHG WKDW WKRVH DUH PLQRU HIIHFWV DQG

PD\ EH LJQRUHG LQ DQ\ PDFURVFRSLF GHVFULSWLRQ RI IOXLG PRWLRQ LQ

SRURXV PHGLD� %HFDXVH IOXLGV DUH LPPLVFLEOH� ODPLQDU GLVSHUVLRQ

UHVXOWLQJ IURP WKH 3RLVHXLOOH YHORFLW\ GLVWULEXWLRQ ZLWKLQ D JLYHQ

FDSLOODU\ GRHV QRW RFFXU DQG SOXJ IORZ FDQ EH DVVXPHG HYHU\ZKHUH�

$ VWRFKDVWLF WKHRU\ FDQ EH FRQVWUXFWHG IRU IOXLG GLVSODFHPHQW VXFK

D PRGHO PHGLD�

,Q UHDO SRURXV PHGLD WKH GLVWDQFH EHWZHHQ SDUWLFOHV LV RI WKH VDPH

RUGHU RI PDJQLWXGH DV WKH UDGLXV RI WKH SDUWLFOHV� )OXLGV IORZ WKURXJK

WKH WRUWXRXV SDWK EHWZHHQ WKH SDUWLFOHV� WKHVH SDWKV PRUHRYHU YDU\

LQ D FRPSOH[ DQG UDQGRP PDQQHU UHSHDWHGO\ MRLQLQJ� GLYLGLQJ DQG

UHMRLQLQJ ZLWK HDFK RWKHU� *LYHQ DQ\ WZR SRLQWV LQ D SRURXV PHGL�

XP WKHUH DUH D QXPEHU RI SDWKV FRQQHFWLQJ WKHP� ,W LV WKLV IXQGD�

PHQWDO FKDUDFWHU RI D SRURXV GLVSODFHPHQW SURFHVV WKDW FRQILUPV LWV

EDVLF VWRFKDVWLF FKDUDFWHU� ,Q DGGLWLRQ� WKH VL]H RI WKH SDUWLFOHV �DQG

WKXV WKH SDWKV� LV QRW XQLIRUP� WKHUHIRUH� WKHUH LV FHUWDLQ UDQGRP�

QHVV DVVRFLDWHG ZLWK IOXLG PRWLRQ LQ D SRURXV PHGLXP�

$OWKRXJK D UHDO SRURXV PHGLXP LV WKUHH GLPHQVLRQDO� WKH VLP�

SOHVW FDVH LV IRU LPPLVFLEOH GLVSODFHPHQW LQ D VLQJOH GLUHFWLRQ� $Q

DUUD\ RI QRQ�LQWHUFRQQHFWHG FDSLOODULHV LV QRW D VDWLVIDFWRU\ FRQILJ�

XUDWLRQ VLQFH LW ODFNV VWRFKDVWLF FKDUDFWHU� 5DQGRPQHVV FDQ EH EXLOW

LQWR WKH PRGHO LQ WKH IROORZLQJ ZD\� 7KH PRGHO RI D SRURXV PHGL�

XP VWLOO FRQVLVWV RI DQ DUUD\ RI 0 FDSLOODULHV DV LQ )LJ� �� 5DQGRP�

QHVV LV LQWURGXFHG E\ FRQVLGHULQJPRWLRQ DORQJ D FDSLOODU\ DV D VHULHV

RI MXPSLQJ VWHSV UDWKHU WKDQ D FRQWLQXRXV PRWLRQ� :H QXPEHU WKH

FDSLOODULHV� L �� WR L 0� ,W LV DVVXPHG WKDW WKH UDGLL RI DOO WKHVH FDS�

LOODULHV DUH HTXDO� UF� :H FDQ GLYLGH WKHVH FDSLOODULHV LQWR D ODUJH QXP�

EHU RI VHJPHQWV HDFK RI OHQJWK OS� 7KH OHQJWK OS LV PXFK VPDOOHU WKDQ

/ZKHUH / LV WKH WRWDO OHQJWK RI D FDSLOODU\�:H DOVR QXPEHU WKH VHJ�

PHQWV LQ HDFK FDSLOODU\�

$ GLVSODFHPHQW SURFHVV LQ WKLV DUUD\ RI WXEHV LV GHVFULEHG LQ WHUPV

RI WKH UDQGRP MXPSLQJ RI DQ LQWHUIDFH IURP RQH HQG RI D VHJPHQW

WR WKH RWKHU HQG DV VKRZQ LQ )LJ� �� 2QO\ RQH LQWHUIDFH LQ DOO WKH

FDSLOODULHV LV DOORZHG WR MXPS DW DQ\ RQH PRPHQW� :H DUH LQWHU�

HVWHG LQ WKH SRVLWLRQV RI WKHVH LQWHUIDFHV DW WLPH VFDOHV ZKLFK DUH

PXFK ODUJHU WKDQ WKH WLPH SHULRG RI D MXPS�

�� 7KH &DVH ZKHQ WKH 9LVFRVLWLHV RI WKH )OXLGV DUH (TXDO

/HW¶V WKLQN RI WZR LPPLVFLEOH IOXLGV WKDW PLJUDWH LQ WKH PRGHO RI

D SRURXV PHGLXP� 7KH WZR IOXLGV DUH HQWLUHO\ LPPLVFLEOH DQG KDYH

WKH VDPH YLVFRVLW\� $W W �� WKH GLVSODFHG IOXLG RFFXSLHV WKH FRP�

SOHWH YROXPH RI WKH FDSLOODULHV DQG WKH LQWHUIDFHV EHWZHHQ GLVSODFHG

DQG GLVSODFLQJ IOXLG DUH XQLIRUPO\ SODFHG DW WKH HQWU\ WR HDFK FDS�

LOODU\� %HWZHHQ WLPH W � DQG W W� D SUHVVXUH GLIIHUHQFH ∆3 LV DS�

SOLHG WR DOO FDSLOODULHV DQG OHW 9 FF RI GLVSODFLQJ IOXLG HQWHU WKH DUUD\�

:H ZULWH�

)LJ� �� $Q LGHDO QHWZRUN VWUXFWXUH RI D PRGHO SRURXV PHGLXP�

)LJ� ��0LFURVFRSLF LQWHUIDFH ZLWK FRQVWDQW UDGLXV RI FXUYDWXUH LQ
D PLFURSRUH�

)LJ� �� 2QH GLPHQVLRQDO QHWZRUN RI D SRURXV PHGLXP FRQVLVWLQJ
RI0 SDUDOOHO WXEHV�

)LJ� �� %DVLF UDQGRP IOXLG VWHS LQ RQH GLPHQVLRQDO QHWZRUN�
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ZKHUH 4 LV WKH FRQVWDQW YROXPHWULF IORZ UDWH �∆3 LV FRQWUROOHG VR
WKDW 4 LV DOZD\V FRQVWDQW�� 7KHUH LV RQO\ RQH LQWHUIDFH LQ HDFK FDS�

LOODU\ RI D SRURXV PRGHO GXULQJ WKH GLVSODFHPHQW SURFHVV� $W D FHU�

WDLQ LQVWDQW� WKH SUREDELOLW\ S� WKDW DQ\ RQH RI WKHVH LQWHUIDFHV PD\

MXPS LV�

���

7KH SUREDELOLW\ WKDW DQ LQWHUIDFH ZLOO QRW MXPS� RU ZLOO UHPDLQ DW LWV

LQLWLDO SRVLWLRQ LV

T �−S ���

7KH WRWDO QXPEHU RI MXPSV WDNHQ IRU D WLPH LQWHUYDO IURP W � WR

W W LV�

���

)LJ� � VKRZV WKH LQWHUIDFHV LQ DOO WKHVH FDSLOODULHV PD\ EH GLV�

WULEXWHG DW WKH HQG RI WKLV WLPH LQWHUYDO� &RQWDLQHG LQ WKH0 FDSLOODU�

LHV WKHUH DUH DOZD\V D WRWDO RI 0 LQWHUIDFHV EHIRUH EUHDNWKURXJK�:H

QRZ SRVH WKH TXHVWLRQ� :KDW LV WKH SUREDELOLW\ WKDW DQ LQWHUIDFH LQ

WKH ILUVW FDSLOODU\ LV IRXQG DW P�� WKH LQWHUIDFH LQ WKH VHFRQG FDS�

LOODU\ LV IRXQG DW P�� WKH LQWHUIDFH LQ WKH WKLUG FDSLOODU\ LV IRXQG ���

DQG VR RQ DQG VR IRUWK"

7R DQVZHU WKLV TXHVWLRQ ZH PXVW ILUVW FRQVLGHU WKH SUREDELOLW\

WKDW WKH LQWHUIDFH LQ WKH ILUVW FDSLOODU\ LV IRXQG DW P� DIWHU 1 MXPSV

LUUHVSHFWLYH RI WKH SRVLWLRQV RI WKH LQWHUIDFHV LQ WKH RWKHU FDSLOODULHV�

$IWHU VLPSOH PDWKHPDWLFDO PDQLSXODWLRQ WKH UHTXLUHG SUREDELOLW\

:�P�� 1� FDQ EH SRVWXODWHG�

���

(T� ��� LV EDVHG RQ WKH DVVXPSWLRQ WKDW MXPSV LQ DQ\ FDSLOODU\ DW

DQ\ SRVLWLRQ RU WLPH DUH HTXDOO\ SUREDEOH� 7KLV LV WKH FDVH RQO\ ZKHQ

WKH IOXLG YLVFRVLWLHV DUH HTXDO� 8QGHU WKHVH FRQGLWLRQV WKH SUHVVXUH

GURS IRU D FRQVWDQW IORZ UDWH 4ZLOO EH LQGHSHQGHQW RI WLPH�:HQRZ

DVN WKH TXHVWLRQ� ZKDW LV WKH SUREDELOLW\ WKDW WKH LQWHUIDFH LQ WKH ILUVW

FDSLOODU\ LV IRXQG DW P� DQG WKH LQWHUIDFH LQ WKH VHFRQG FDSLOODU\ LV

IRXQG DW P� DJDLQ DIWHU 1 MXPSV" )URP %D\HV¶ IRUPXOD WKH UHVXOW�

LQJ HTXDWLRQ EHFRPHV

:�P�� P�� 1� :�P��P�� 1� :�P�� 1� ���

8QGHU DIRUHVDLG DVVXPSWLRQ :�P��P�� 1� EHFRPHV WKH SURED�

ELOLW\ WKDW WKH LQWHUIDFH LQ WKH VHFRQG FDSLOODU\ LV DW SRVLWLRQ P�� EXW

QRZ DIWHU 1−P� VWHSV DQG LQ D UHGXFHG V\VWHP FRQWDLQLQJ 0−�
FDSLOODULHV� :H WKXV ZULWH�

���

���

(T� ��� WKHQ EHFRPHV DIWHU VXEVWLWXWLRQ IURP WKH SUHYLRXV HTXD�

WLRQV�

���

)URP WKH DERYH HTXDWLRQV ZH PD\ FRQFOXGH WKDW WKH SUREDELOLW\

WKDW WKH LQWHUIDFH LQ WKH ILUVW FDSLOODU\ LV DW SRLQW P�� WKH VHFRQG DW

P�� DQG VR RQ DQG VR IRUWK LV�

����

7KH DERYH HTXDWLRQ IROORZV EHFDXVH WKH ODVW WHUP LQ (T� ��� LV

XQLW\� ,I 1 DQG DOO WKH P¶V DUH ODUJH QXPEHUV �PL�1����� ZH PD\

WDNH ORJDULWKPV DQG DSSO\ 6WLUOLQJ¶V DSSUR[LPDWLRQ WR JHW

����

ZKHUH WKH FRQVWDQW $ LV LQWURGXFHG IRU SURSHU QRUPDOL]DWLRQ DQG

�P! 1S�

,W LV FRQYHQLHQW WR LQWURGXFH LQVWHDG RI PL WKH GLVSODFHPHQW [L DV�

[L PLOS ����

ZKHUH OS LV WKH OHQJWK RI D VWHS� $V D UHVXOW�

����

'LVSHUVLRQ FRHIILFLHQW ' LV GHILQHG E\

����

DQG WKH (T� ���� EHFRPHV�

����

1RUPDOL]DWLRQ FRQVWDQW $ FDQ EH HVWLPDWHG VLQFH WKH SUREDELOLW\

RI ILQGLQJ WKH LQWHUIDFHV DOO RYHU VSDFH LV XQLW\� 7KLV SUREDELOLW\ WKDW

WKH LQWHUIDFH LQ WKH ILUVW FDSLOODU\ LV DW [�� WKH LQWHUIDFH LQ WKH VHFRQG

FDSLOODU\ LV DW [�� DQG VR RQ DQG VR IRUWK� DOO DW WLPH W� L�H� :�[�� [��

« [0� EHFRPHV
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$ 6WRFKDVWLF $QDO\VLV RI WKH )ORZ RI 7ZR ,PPLVFLEOH )OXLGV LQ 3RURXV 0HGLD ���

.RUHDQ -� &KHP� (QJ��9RO� ��� 1R� ��

ZKHUH β WKH DYHUDJH LQWHUIDFH UDWH LV JLYHQ E\�

����

7KH GHOWD IXQFWLRQ LV GHILQHG DV�

����

7KH UHDVRQ WKH GHOWD IXQFWLRQ DULVHV LV EHFDXVH WKH YROXPHWULF IORZ

UDWH LV FRQVWDQW� L�H�� DW DOO WLPHV

����

7KH GLIIHUHQWLDO HTXDWLRQ ZKLFK VDWLVILHV (T� ���� LV WKH IDPRXV GLI�

IXVLRQ HTXDWLRQ DQG LV JLYHQ E\

����

7KXV (TV� ���� DQG ���� DUH WKH UHTXLUHG FRPSOHWH VROXWLRQ IRU WKH

FDVH ZKHQ WKH YLVFRVLWLHV RI WKH IOXLGV DUH WKH LGHQWLFDO�

7KH SUREDELOLW\ WKDW WKH LQWHUIDFH LQ WKH ILUVW FDSLOODU\ LV DW [�� WKH

LQWHUIDFH LQ WKH VHFRQG FDSLOODU\ LV DW [�� ���� WKH LQWHUIDFH LQ WKH QWK

FDSLOODU\ LV DW [Q� LUUHVSHFWLYH RI WKH FRQILJXUDWLRQ RI WKH UHPDLQLQJ

0− Q LQWHUIDFHV LV�

����

,I ZH GHILQH

����

WKHQ ρ�Q��[�� [�� « [Q� W� LV WKH QXPEHU RI LQWHUIDFHV IRXQG EHWZHHQ

[� DQG [��G[�� DQRWKHU EHWZHHQ [� DQG [��G[�� DQG VR RQ DQG VR

IRUWK�:H DOVR QRWH IURP (T� ���� WKH IROORZLQJ QRUPDOL]DWLRQ FRQGL�

WLRQ RQ ρ�Q��

����

:HPD\ XVH ρ�Q��[�� [�� « [Q� W� WR ILQG WKH IOXLG VDWXUDWLRQ �IRU WKLV

H[DPSOH IOXLG LV FRQVLGHUHG WKH GLVSODFLQJ IOXLG� DW [ DQG W� 7KH IOXLG

VDWXUDWLRQ Φ: DW SRLQW [ LV GHILQHG E\

����

7KH QXPEHU RI FDSLOODULHV ILOOHG ZLWK IOXLG DW SRLQW [ LV HTXLYDOHQW

WR QXPEHU RI FDSLOODULHV LQ ZKLFK WKH LQWHUIDFHV DUH DW SRLQW [ RU JRQH

EH\RQG LW� :H WKXV ZULWH�

����

DOVR

����

ZKHUH ρ����[� W� LV JLYHQ E\

����

ρ����[� W� LV PRVW LPSRUWDQW VLQFH LW JLYHV WKH QXPEHU RI LQWHUIDFHV

EHWZHHQ [ DQG [�G[ DW W� 6XEVWLWXWLQJ (T� ���� LQWR (T� ���� DQG

FDUU\LQJ RXW WKH LQWHJUDWLRQ ZH ZLOO ILQDOO\ REWDLQ�

����

(T� ���� HQDEOHV WKH GLVWULEXWLRQ IXQFWLRQ ρ����[� W� WR EH REWDLQHG

IURP IOXLG VDWXUDWLRQ GDWD� 6XFK VDWXUDWLRQ GDWD LV FRPPRQO\ RE�

WDLQHGZKHQPHGLFDO LPDJLQJ WHFKQLTXHV� VXFK DV &7�05,� DUH XVHG

WR VWXG\ IOXLG IORZ LQ D SRURXV PHGLXP�

$ JUDSK RI (T� ���� LV LOOXVWUDWHG LQ )LJ� �� 6XEVWLWXWLQJ WKH DERYH

HTXDWLRQ LQWR (T� ���� ZH JHW�

����

����

����

ZKHUH WKH HUURU IXQFWLRQ LV�

����

$ JUDSK RI IOXLG VDWXUDWLRQ LV JLYHQ LQ )LJ� ��
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$ QHZ VWRFKDVWLF WKHRU\ KDV EHHQ SURSRVHG WR GHVFULEH IOXLG IORZ

LQ D SRURXV PHGLXP WKDW FDQ EHPRGHOHG DV DQ LQWHUFRQQHFWLQJ QHW�

ZRUN RI LGHQWLFDO SRUHV DQG WKURDWV� %HIRUH DQ LQYHVWLJDWLRQ RI D WKUHH�

�RU WZR�� GLPHQVLRQDO YHUVLRQ� D RQH�GLPHQVLRQDO PRGHO ZDV DQD�

O\]HG LQ GHSWK� ,Q WKH RQH�GLPHQVLRQDO PRGHO WKH SRURXV PHGLXP

LV PRGHOHG DV DQ DUUD\ RI SDUDOOHO FDSLOODU\ WXEHV DOO RI FRQVWDQW UD�
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)LJ� �� 3UREDELOLW\ RI ILQGLQJ DQ LQWHUIDFH DV D IXQFWLRQ RI SRVLWLRQ�



��� .��+� .LP DQG &��+� &KXQJ

1RYHPEHU� ����

GLXV� 7KH FDSLOODU\ WXEH LV GLYLGHG LQWR D ODUJH QXPEHU RI VHJPHQWV

ZKRVH OHQJWK LV PXFK VPDOOHU WKDQ WKH WRWDO OHQJWK RI WKH FDSLOODU\�

)OXLG GLVSODFHPHQW LV PRGHOHG E\ WKH UDQGRP MXPSLQJ RI WKH PL�

FURVFRSLF LQWHUIDFHV IURP RQH HQG RI WKH VHJPHQW WR WKH RWKHU HQG

DQG WKH MXPSV DUH LQGHSHQGHQW� ,Q WKH FDVH ZKHQ WKH YLVFRVLWLHV RI

WKH WZR IOXLGV DUH HTXDO� DQ DQDO\WLFDO VROXWLRQ LV JLYHQ DQG IOXLG

GLVSODFHPHQW FDQ EH GHVFULEHG E\ WKH GLIIXVLRQ HTXDWLRQ� ,W LV VKRZQ

WKDW GLVSHUVLRQ FRHIILFLHQW FDQ EH SURSRUWLRQDO WR WKH YROXPHWULF IORZ

UDWH DQG WKH GLVSODFHPHQW SURFHVV FDQ EH H[SODLQHG WR EH )LFNLDQ�

$&.12:/('*(0(17

7KLV ZRUN ZDV VXSSRUWHG E\ 7DHJX 8QLYHUVLW\ 5HVHDUFK *UDQW�

�����

120(1&/$785(

' � GLVSHUVLRQ FRHIILFLHQW >P��V@

/ � OHQJWK RI WKH SRURXV PHGLXP >P@

OS � OHQJWK RI D MXPS >P@

0 � WRWDO QXPEHU RI FDSLOODULHV >QXPEHU@

�P! � DYHUDJH QXPEHU RI MXPSV WDNHQ E\ DQ LQWHU IDFH >QXP�

EHU@

PL � QXPEHU RI MXPSV WDNHQ E\ WKH LQWHUIDFH LQ FDSLOODU\ L

>QXPEHU@

1 � WRWDO QXPEHURI MXPSV WDNHQ IURP WLPH W � WR W W >QXP�

EHU@

3 � SUHVVXUH >3D@

S � SUREDELOLW\ WKDW DQ\ RQH LQWHUIDFH PD\ MXPS >�@

4 � YROXPHWULF IORZ UDWH >P��V@

T � SUREDELOLW\ WKDW DQ\ RQH LQWHUIDFH PD\ QRW MXPS >�@

UF � UDGLXV RI D FDSLOODU\ >P@

W � WLPH >V@

9 � YROXPH RI GLVSODFLQJ IOXLG >P�@

:�P�� 1� � WKH SUREDELOLW\ WKDW WKH LQWHUIDFH LQ FDSLOODU\� WDNHVP�

MXPSVZKHQ WKH WRWDO QXPEHU RI MXPSV WDNHQ E\ DOO LQ�

WHUIDFHV �LQFOXGLQJ FDSLOODU\ �� LV 1 >�@

:�P�� P�� ��� P0� � WKH SUREDELOLW\ WKDW WKH LQWHUIDFH LQ FDSLOODU\ �

WDNHV P� MXPSV� WKH SUREDELOLW\ WKDW WKH LQWHUIDFH LQ

FDSLOODU\ � WDNHV P� MXPSV� DQG VR RQ DQG VR IRUWK�

ZKHQ WKH WRWDO QXPEHU RI MXPSV WDNHQ E\ DOO LQWHUIDFH

LV 1 >�@

:�[�� [�� ��� [0� W� � SUREDELOLW\ WKDW WKH LQWHUIDFH LQ WKH ILUVW FDSLO�

ODU\ LV IRXQG EHWZHHQ [� DQG [��G[�� WKH LQWHUIDFH LQ

WKH VHFRQG FDSLOODU\ LV IRXQG EHWZHHQ [� DQG [��G[��

DQG VR RQ DQG VR IRUWK� DOO DW WLPH W >��PQ−�@

:�Q��[�� [�� ��� [0� W�� SUREDELOLW\ WKDW WKH LQWHUIDFH LQ WKH ILUVW FDS�

LOODU\ LV IRXQG EHWZHHQ [� DQG [��G[�� WKH LQWHUIDFH LQ

WKH VHFRQG FDSLOODU\ LV IRXQG EHWZHHQ [� DQG [��G[��

DQG VR RQ DQG VR IRUWK� WKH LQ� WHUIDFH LQ WKH Q�WK FDSLO�

ODU\ LV IRXQG EHWZHHQ [Q DQG [Q�G[Q� LUUHVSHFWLYH RI

WKH SRVLWLRQV RI WKH RWKHU LQWHUIDFHV� DW WLPH W >��PQ@

[L � SRVLWLRQ RI LQWHUIDFH L >P@

*UHHN /HWWHUV

β � DYHUDJH GLVSODFHPHQW YHORFLW\ DW ZKLFK DOO WKH LQWHU�

IDFHV PRYH >P�V@

φ � SRURVLW\ RI WKH SRURXV PHGLXP >�@

ΦZ � IOXLG VDWXUDWLRQ >�@

µ � YLVFRVLW\ RI GLVSODFLQJ IOXLG >NJ�PV@

ρ����[� W� � WKH QXPEHU RI LQWHUIDFH EHWZHHQ [ DQG [�G[ DW WLPH

W >QXPEHU�P@

5()(5(1&(6

$XEHUW� :�*�� ³)DWH DQG 7UDQVSRUW RI /RZ S+ +D]DUGRXV 0DWHULDOV

$IWHU 'HHS:HOO 'LVSRVDO�́ 3K�'�'LVVHUWDWLRQ� /RXLVLDQD 6WDWH8QLY�

HUVLW\� %DWRQ 5RXJH� /RXLVLDQD �������

%URDGEHQW� 6�5� DQG +DPPHUVOH\� -�0�� ´3HUFRODWLRQ 3URFHVVHV�́ &DP�

EULGJH3KLORVRSKLFDO 6RFLHW\ 3URFHHGLQJV� ��� ��� �������

&KDQGOHU� 5�� .RSOLN� -�� /HUPDQ� .� DQG :LOOHPVHQ� -� )�� ³&DSLOODU\

'LVSODFHPHQW DQG 3HUFRODWLRQ LQ 3RURXV0HGLD�́ -� )OXLG0HFK�� ����

��� �������

&KHQ� -��'�� ´6RPH0HFKDQLVPV RI ,PPLVFLEOH )OXLG 'LVSODFHPHQW LQ

6PDOO 1HWZRUNV�́ -� &ROORLG ,QWHUIDFH 6FL�� ���� ��� �������

&KHQ� -��'� DQG.RSOLN� ³,PPLVFLEOH )OXLG'LVSODFHPHQW LQ 6PDOO1HW�

ZRUNV�́ -� &ROORLG ,QWHUIDFH 6FL�� ���� ��� �������

&KXQ�0� 6�� 3DUN�2�2� DQG.LP� -� .�� ³)ORZDQG'\QDPLF%HKDYLRU

RI 'LOXWH 3RO\PHU 6ROXWLRQV LQ +\GURG\QDPLF &KURPDWRJUDSK\�́

.RUHDQ -� &KHP� (QJ�� �� ��� �������

&KXRNH� 5� /�� 9DQ0HXUV� 3� DQG 9DQ GHU 3RHO� &�� ³7KH ,QVWDELOLW\ RI

6ORZ� ,PPLVFLEOH� 9LVFRXV /LTXLG�/LTXLG 'LVSODFHPHQWV LQ 3HUPH�

DEOH0HGLD�́ 7UDQV� $,0(� ���� ��� �������

'H*HQQHV� 3� DQG*X\RQ� (�� ³/RLV JpQpUDOHV SRXU ,¶ LQMHFWLRQ G¶XQ IOX�

LGHGDQV XQ PLOLHQ SRUHX[ DOpDWRLUH�́ -� 0HF�� ��� ��� �������

'XVVDQ� 9� (� %�� ³7KH0RYLQJ &RQWDFW /LQH� WKH 6OLS %RXQGDU\ &RQ�

GLWLRQ�́ -� )OXLG 0HFK�� ��� ��� �������

*HUVWO�=��&KHQ��<��0LJHOJULQ�8� DQG<DURQ�%�� ³7R[LF2UJDQLF&KHP�

LFDOV LQ 3RURXV 0HGLD�́ 6SULQJHU�9HUODJ� 1HZ <RUN �������

.LP�<�+� DQG/HH�(�.�� ³&RPSDULVRQRI$[LDO DQG5DGLDO )ORZ&KUR�

PDWRJUDSK\ RQ 3URWHLQ 6HSDUDWLRQ 6SHHG DQG 5HVROXWLRQ�́ .RUHDQ

-� &KHP� (QJ�� ��� ��� �������

*UHHQNRUQ� 5�$�� ³)ORZ 3KHQRPHQD LQ 3RURXV 0HGLD�́ 0DUFHO 'HN�

NHU� ,QF�� 1HZ <RUN �������

/DUVRQ� 5�*�� 6FULYHQ� /� (� DQG 'DYLV� +� 7�� ³3HUFRODWLRQ 7KHRU\ RI

7ZR3KDVH)ORZ LQ3RURXV0HGLD�́ &KHP�(QJ� 6FL����� �� �������

)LJ� �� 'LVSODFLQJ IOXLG VDWXUDWLRQ DV D IXQFWLRQ RI SRVLWLRQ�



$ 6WRFKDVWLF $QDO\VLV RI WKH )ORZ RI 7ZR ,PPLVFLEOH )OXLGV LQ 3RURXV 0HGLD ���

.RUHDQ -� &KHP� (QJ��9RO� ��� 1R� ��

/HQRUPDQG�5� DQG=DUFRQH�&�� ³,QYDVLRQ3HUFRODWLRQ LQ DQ(WFKHG1HW�

ZRUN� 0HDVXUHPHQW RI D )UDFWDO 'LPHQVLRQ�́ 3K\V� 5HZ� /HW�� ���

���� �������

/HVDJH� 6� DQG -DFNVRQ� 5� (�� HGV�� ³*URXQGZDWHU &RQWDPLQDWLRQ DQG

$QDO\VLV DW +D]DUGRXV:DVWH 6LWH�́ 0DUFHO 'HNNHU� ,QF�� 1HZ<RUN

�������

1JDQ�&� DQG'XVVDQ�9� (�%�� ³2Q WKH1DWXUH RI WKH'\QDPLF&RQWDFW

$QJOH� DQ ([SHULPHQWDO 6WXG\�́ -� )OXLG 0HFK�� ���� �� �������

1LWWPDQ� -��'DFFRUG�*� DQG6WDQOH\�+� (�� ´)UDFWDO*URZWKRI9LVFRXV

)LQJHUV� 4XDQWLWDWLYH &KDUDFWHUL]DWLRQ RI D )OXLG ,QVWDELOLW\�́ 1DWXUH�

�������� ��� �������

1RRQDQ�'� &��*O\QQ�:�.� DQG0LOOHU�0� (�� ³(QKDQFH 3HUIRUPDQFH

RI 6RLO 9DSRU ([WUDFWLRQ�́ &KHP� (QJ� 3URJ�� -XQH� �� �������

3DWHUVRQ�/�� ´'LIIXVLRQ�/LPLWHG$JJUHJDWLRQDQG7ZR�)OXLG'LVSODFH�

PHQWV LQ 3RURXV0HGLD�́ 3K\V� 5HY� /HWW�� ������� ���� �������

6DIIPDQ� 3� DQG 7D\ORU� *� ,�� ³7KH 3HQHWUDWLRQ RI D )OXLG LQWR D 3RURXV

0HGLXP RU +HOH�6KDZ &HOO &RQWDLQLQJ D 0RUH 9LVFRXV /LTXLG�́

4DUW� 3URF� 5R\� 6RF��$���� ��� �������

6DIIPDQ� 3� DQG 7D\ORU� *� ,�� ³$ 1RWH RQ WKH 0RWLRQ RI %XEEOHV LQ

D +HOH�6KDZ&HOO DQG3RURXV0HGLXP�́ 4DUW� -�0HFK�$SSO�0DWK��

��� ��� �������

:DQJ� 6�� ³&RPSXWHU $VVLVWHG 7RPRJUDSK\ DQG ,WV $SSOLFDWLRQ LQ WKH

6WXG\ RI0XOWLSKDVH )ORZ7KURXJK3RURXV0HGLD�́ 3K�'�'LVVHUWD�

WLRQ� &ROXPELD 8QLYHUVLW\� 1HZ <RUN �������

:LONLQVRQ� '� DQG:LOOHPVHQ� -� )�� ³,QYDVLRQ 3HUFRODWLRQ� D1HZ IURP

RI 3HUFRODWLRQ 7KHRU\�́ -� 3K\V� $� ��� ���� �������

:LOOHPVHQ� -� )�� ³)ORZ 7KURXJK 3RURXV0DWHULDOV�́ 6FKOHPEHUJHU�'ROO

5HVHDUFK 3UHSULQW �������

:LWWHQ� 7�$� DQG6DQGHU� /�0�� ³'LIIXVLRQ�/LPLWHG$JJUHJDWLRQ� D.L�

QHWLF &ULWLFDO 3KHQRPHQRQ�́ 3K\V� 5HY� /HWW�� ��� ���� �������

:LWWHQ� 7�$� DQG 6DQGHU� /�0�� ³'LIIXVLRQ�/LPLWHG$JJUHJDWLRQ�́ 3K\V�

5HY� %� ��� ���� �������

<RRQ� '� <�� .LP� '� 6� DQG &KRL� &� .�� ³&RQYHFWLYH ,QVWDELOLW\ LQ

3DFNHG%HGVZLWK ,QWHUQDO +HDW 6RXUFHV DQG 7KURXJKIORZ�́ .RUHDQ

-� &KHP� (QJ�� ��� ��� �������


