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Abstract−−−−MILP (Mixed Integer Linear Programming) scheduling models for non-sequential multipurpose batch pro-
cesses are presented. Operation sequences of products have to be made in each unit differently by considering pro-
duction route of each product under a given intermediate storage policy to reduce idle time of units and to raise the
efficiency of the process. We represent the starting and finishing time of a task in each unit with two coordinates for a
given storage policy. One is based on products, and the other is based on operation sequences. Then, using binary
variables and logical constraints, we match the variables used in the two coordinates into one. We suggest MILP
models considering sequence dependent setup times to guarantee the optimality of the solutions. Two examples are
presented to show the effectiveness of the suggested models.
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INTRODUCTION

Batch processes are economically desirable when a large number
of products are made by using similar processing units, but produc-
tivity of their processes is heavily dependent on production schedul-
ing [Ku et al., 1987]. During the last decade, scheduling problems
for multiproduct batch processes have received considerable atten-
tion, and many papers were presented for completion time algo-
rithm and mathematical models for optimal scheduling considering
various intermediate storage policies such as UIS (Unlimited Inter-
mediate Storage), NIS (No Intermediate Storage), FIS (Finite In-
termediate Storage), ZW (Zero Wait), MIS (Mixed Intermediate
Storage) policies which are used to raise efficiencies of processes
[Ku and Karimi, 1988; Rajagopalan and Karimi, 1989; Jung et al.,
1994; Kim et al., 1996; Ko et al., 2000].

However, in spite of their importance, optimal scheduling prob-
lems for multipurpose processes have received relatively little atten-
tion during the same period because it is very difficult to build a
mathematical model and to solve it. Though a few papers for short-
term scheduling of multipurpose processes or pipeless processes
were presented [Pinto and Grossmann, 1995; Kim et al., 1997; Bok
and Park, 1998; Moon and Hrymak, 1999], they did not consider
various storage policies except UIS policy.

We suggest an optimal scheduling model for FIS policy [Kim et
al., 2000] and extend it to various intermediate storage polices (UIS,
ZW, NIS). The aim of this paper is to present mathematical mod-
els for optimal scheduling problems of multipurpose batch pro-
cesses and to obtain optimal schedules that are able to minimize
makespan under various storage policies. We treat non-sequential
multipurpose processes as examples in which the production routes
of some products may be opposite directions.

This paper is organized as follows. In the second section, the p
lem that we intend to treat and our approach to the problem are g
In third section, the mathematical models for optimal schedu
of non-sequential multipurpose processes under various interm
ate storage policies are proposed and then two examples are
sented to show the effectiveness of the proposed models.

PROBLEM DEFINITION

We treat scheduling problems of non-sequential multipurp
batch processes considering various intermediate storage po
Fig. 1 shows an example process that we will consider. Comp
to multiproduct processes in which all products have the same 
duction paths, in this process, each product has its own produ
path, and the direction of flow of product B is opposite to the 
rection of flow of product A. In Fig. 2(a), a Gantt chart is presen
when this process is operated in the multiproduct-like manner, w
means all products have the same processing sequence in all
Because the difference of production routes between produc
not considered in this operation, there is much idle time in each
and process efficiency is very low.

In non-sequential multipurpose batch processes like this, if 
process is operated in this manner, while the former units pro
the forward direction flows, the latter units have inevitable idle tim
due to opposite direction flows. Consequently, in order to red
idle time of units and to raise process efficiency, we have to m

Fig. 1. Illustrative example.
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operation sequences of products in each unit differently from one
another like Fig. 2(b) by considering production route of each prod-
uct and a given intermediate storage policy. Fig. 2(b) represents
the optimal schedule for this process under UIS policy.

The problem we will treat in this paper is as follows.
1. Given

(1) Recipe of each product sequence of units that each product
has to pass through.

(2) Processing time, transfer time, setup time for processing of
each product in a unit. (All data are deterministic during schedul-
ing)

(3) An intermediate storage policy among UIS, NIS, FIS and ZW.
2. Determine

The optimal processing sequence of products in each unit to min-
imize makespan.

The basic concept of our approach to this problem is as follows.

This approach is modified from the two coordinate representa
method proposed by Pinto and Grossmann [1995]. First, we re
sented the starting and finishing time of a task in each unit with 
coordinates for a given storage policy. One coordinate is base
products, and the other is based on operation sequences. The
matched the variables used in two coordinates into one with bi
variables and logical constraints as shown in Fig. 3.

MILP MODELS

In this section, we propose MILP models for optimal sched
ing problems of non-sequential multipurpose batch processes
have one unit per processing stage. Since we have suggeste
MILP scheduling model for FIS policy [Kim et al., 2000], we pre
sent the MILP scheduling models for the UIS, ZW, and NIS polic
in this section.

For the formulation of the model, binary variables Xikj used in
assignment constraints are defined as follows:

The models are composed of the following constraints.

(a) Assignment constraints:

(1)

(2)

Eqs. (1) and (2) are assignment constraints. Eq. (1) repres
that product i is assigned to only one position k in the proces
sequences assigned to unit j. Here Kj means a set of sequences th
are assigned to unit j and Ij means a set of products processed
unit j. Eq. (2) describes that a sequence in unit j is assigned to 
one product.

In addition to Eqs. (1) and (2), we define new binary variab
Ylikj used to keep this model linear in spite of considering seque
dependent setup times between products in each unit [Byun e
1997].

(b) Constraints for linearity of models:

(3)

(4)

Eqs. (3) and (4) represent the relation with binary variables ikj

and Ylikj. By Eqs. (3) and (4), if product l is followed by product i
which is processed in kth sequence in unit j, then the value oflikj

is one. Otherwise, the value of Ylikj is zero.
Equation sets in (a) and (b) are common constraints used fo

intermediate storage policies. To obtain the optimal schedules u
various intermediate storage policies, additional constraints tha
press the characteristics of each storage policy are needed. 
are formulated by two coordinate representation method.

X ikj  = 
1   if product is processed at kth sequence in uni

0   otherwise

 1 if product is processed at kth sequence in unit j

0 otherwise

X ikj  = 1
k Kj∈
∑ j, i I j∈∀

X ikj  = 1
i I j∈
∑ j, k K j∈∀

Y likj  = 
                                                             

                                                             

 



 1 if product l is followed by product i which is

1 processed at kth sequence in unit j

0 otherwise

Y likj X l k − 1( )j  + X ikj  − 1≥ j∀ , l i,( ) I j, k Kj∈∈

Y likj X l k − 1( ) j  + X ikj( ) 2⁄≤ j∀ , l i,( ) I j∈ , k Kj∈

Fig. 2. (a) Schedule for multiproduct-like manner (the same pro-
duction sequence (A�B�C in all units). (b) Optimal
schedule for Fig. 1 under UIS policy.

Fig. 3. Basic concept of approach used.
Korean J. Chem. Eng.(Vol. 18, No. 4)
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1. MILP Model for UIS Policy

(c) Time constraints based on sequence coordinate:

(5)

(6)

Eq. (5) represents the relation of the starting and finishing time
of kth task processed in unit j. Since there is enough storage ca-
pacity between units under UIS policy, the product which is fin-
ished processing in a unit can go to the next unit in the recipe or
storage without holding in the present unit. So Eq. (5) is equality
form. Eq. (6) means that kth task in unit j can start after completion
of the previous task and setup needed between the tasks. Espe-
cially, compared with the MINLP models by Jung et al. [1994] and
Kim et al. [1996], Eq. (6) is the linear form through eliminating qua-
dratic terms for sequence-dependent setup times.

(d) Constraints for calculation of makespan:

(7)

(8)

The objective function we would like to optimize is the mak-
espan, which is the latest finishing time (LFT) among all tasks minus
the earliest starting time (EST) of all tasks. These constraints are
commonly used for all other storage polices.

(e) Time constraints based on product coordinate:

(9)

(10)

Eq. (9) represents the relation of the starting and finishing time
of product i processed in unit j. These constraints have the same
meaning as Eq. (5) that is represented by sequence coordinate. Eq.
(10) means that product i can start its processing in unit j after com-
pletion of processing in the previous unit in recipe.

(f) Time matching constraints:

(11)

(12)

Eqs. (11) and (12) are logical constraints used to match the time
variables represented by two coordinates into one. When product i
is processed at kth sequence in unit j, that is, the value of Xikj is unity,
these constraints can affect the model. Otherwise, they are relaxed
due to large number U. For UIS policy, we may use only either Eq.
(11) or Eq. (12) because relations between starting and finishing
time of a task are equality constraints.

The problem to minimize makespan (MS), subject to above con-
straints, leads to the following MILP model for UIS policy:

Objective function Min MS=LFT−EST

Subject to (1)-(12).
2. MILP Model for ZW Policy

In ZW policy, the product must be transferred to the next unit in
the recipe immediately after completion of task in a unit. So Eq.

(10) has to be changed into equality form, which was an inequ
form in UIS policy.

(13)

Other constraints needed are the same as in the UIS case. 
model for ZW policy is as follows:

Objective function Min MS=LFT−EST

Subject to (1)-(9), (11)-(13)
3. MILP Model for NIS Policy

In NIS policy, if the next unit in the recipe is busy for anoth
processing, the product must be held in the present unit after c
pletion until the next unit is available. In order to consider this ca
we have to change Eqs. (5) and (9) from equality forms to ineq
ity forms like Eqs. (14) and (15).

(14)

(15)

Moreover, since there is no storage between units, there is no
ference between the starting time in unit j and the finishing time
the previous unit in recipe. So Eq. (10) is changed to equality f
like Eq. (13).

Finally, in order to check the availability of the next unit in recip
we should insert another constraint set (16).

(16)

These equations mean that if we would like to finish process
for product i in unit j, the unit (j_)i, which is the next unit in the rec-
ipe, must be available. Eq. (16) also has logical constraints. So w
the value of Xik(j_)i

 is unity, these constraints are activated, otherw
they are relaxed due to large number U. MILP model for NIS po
is as follows:

Objective function Min MS=LFT−EST

Subject to (1)-(4), (6)-(8), (11)-(16)

EXAMPLES

Two examples are treated to show the effectiveness of the m
els. The MILP solver we used to solve the problems is GAMS/O
and H/W is IBM RS/6000 (model 350).
1. Example 1

Fig. 4 shows a non-sequential multipurpose process that prod
four products with four units. To obtain the optimal schedule t

TFUkj = TSUkj + ai _j( )i
X ikj  + ti j  + ai j( )X ikj

i I j∈
∑

i I j∈
∑ j, k K j∈∀

TSUkj TFU k − 1( ) j  + Slij Y likj
i I j∈
∑

l I j∈
∑≥ j, k K j∈∀

LFT TFU
kjj

≥ j∀

EST TSUk1j≤ j∀

TFij  = TSij  + ai _j( )i
 + ti j  + ai j i, j Ji∈∀

TSi j_( )i
TFij  − aij≥ i, j Ji∈∀

− U 1 − X ikj( ) TSij  − TSUkj U 1 − X ikj( )≤ ≤ j, i I j∈ , k Kj∈∀

− U 1 − X ikj( ) TFij  − TFUkj U 1 − X ikj( )≤ ≤ j, i I j∈ , k Kj∈∀

TSi j _( )i
 = TFij  − aij i∀ , j Ji∈

TFUkj TSUkj ai _j( )i
X ikj  + tij  + ai j( )X ikj

i I j∈
∑

i I j∈
∑≥ j∀ , k Kj∈

TFij TSi j  + ai _j( )i
 + ti j  + aij≥ i∀ , j Ji∈

TFij TFU k − 1( ) j_( )i
 + Sli j _( )i

Y l ik j_( )i
 + aij  − U 1 − X ik j_( )i

( )
l I j_( )i
∈
∑≥

i, j Ji∈ , k K j_( )i
∈∀

Fig. 4. Schematic diagram for example 1.
July, 2001
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minimizes makespan under each storage policy, we applied the MILP
models to this example. Table 2 shows the data of processing time
and we assume that there is only one storage in unit 3 for FIS policy.
Tables 3 and 4 show numerical results.
2. Example 2

This example treats a non-sequential multipurpose process that
produces six products with six units. We consider the processing
time, transfer time, and setup time in units (or in storage). Table 5
shows the production route of each product, and other time data
are listed in Table 6.

For FIS policy, we assume that there is only one storage tank in
unit 4. Tables 7 and 8 show numerical results. The computational
results indicate that we can solve large-sized problems that are com-
posed of about 200 binary variables and 1500 constraints by using

Table 1. Data for illustrative example

Unit
Product

Unit 1 Unit 2 Unit 3

Processing times

A 3 8 4
B 7 5 2
C 6 4 7

Table 2. Data for example 1

Unit
Product

Unit 1 Unit 2 Unit 3 Unit 4

Processing times

A 15 8 12
B 10 20 5 13
C 20 7 9
D 7 17 5

Table 3. Optimal sequence in each unit for example 1

Unit 1 Unit 2 Unit 3 Unit 4

UIS B-A-C C-B-D C-D-A-B D-A-B
ZW B-C-A C-B-D C-D-B-A D-B-A
NIS A-B-C C-B-D C-A-D-B D-A-B
FIS B-A-C B-C-D C-D-B-A D-B-A

Table 4. Statistical result for example 1

0-1 variable
Continuous

variable
Constraint Makespan

CPU
(sec)

UIS 52 58 196 59 0.43
ZW 52 58 196 71 0.43
NIS 52 58 317 63 0.85
FIS 68 73 361 60 1.24

Table 5. Production paths for example 2

Flow characters Production paths

P1 Forward U1�U4�U5�U6
P2 Backward U3�U2�U1
P3 U3�U5�U2

Table 6. Data for example 2

• Processing time

Unit

Product
Unit 1 Unit 2 Unit 3 Unit 4 Unit 5 Unit 6

P1 6 10 17 4
P2 8 15 5
P3 20 8 13
P4 9 5 6
P5 15 11 9 7
P6 13 5 10

• Transfer time

Unit

Product
Unit 0 Unit 1 Unit 2 Unit 3 Unit 4 Unit 5 Unit 6

P1 1 1 2 2 1
P2 2 1 3 1
P3 1 1 2 1
P4 2 1 2 2
P5 1 2 2 3 1
P6 1 1 1 1

• Setup time

Unit

Product
Unit 1 Unit 2 Unit 3 Unit 4 Unit 5 Storage Unit 6

P1.P2 1
P1.P3 1 2
P1.P4 1 2 1
P1.P5 2 2 1
P1.P6 1 2
P2.P1 1
P2.P3 2 2
P2.P4 1
P2.P5 2 1
P2.P6 3
P3.P1 2 1
P3.P2 1 3
P3.P4 1 2 1
P3.P5 3
P3.P6 2
P4.P1 1 1 2
P4.P2 1
P4.P3 1 2 1
P4.P5 2 2
P4.P6 3
P5.P1 2 2 2
P5.P2 2 2
P5.P3 2
P5.P4 1 1
P5.P6 2 3
P6.P1 1 1
P6.P2 1
P6.P3 1
P6.P4 3
P6.P5 2 2
Korean J. Chem. Eng.(Vol. 18, No. 4)
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these models within reasonable CPU times.

CONCLUSION

We suggest MILP models for optimal scheduling of non-sequen-
tial multipurpose batch processes under various intermediate stor-
age policies. To formulate this problem, we represented the starting
and finishing time of a task in each unit with two coordinates. Then,
using binary variables and logical constraints, we matched the var-
iables used in two coordinates into one. The main contribution of
our study is that we present mathematical models for multipurpose
scheduling problems under various storage policies that have not
been considered in previous studies. Additionally, compared with
Jung et al. [1994] and Kim et al. [1996] using MINLP models for
formulation of multiproduct scheduling problems, we suggest MILP
models considering sequence-dependent set up times to guarantee
the optimality of the solutions.
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NOMENCLATURE

Indices
l, i : products
j : units
(_j)i : a previous unit to unit j in the production path for product i
(j_)i : a next unit to unit j in the production path for product i
j' : storage included in unit j
k : sequences

Sets
I : set of products
J : set of units 
K : set of sequences
I j : set of products processed in unit j
Ji : set of units used to process product i
K j : set of sequences assigned in unit j (|Ij|=|Kj|)

Parameters/Variables
aij : transfer time of product i from unit j to other units
EST : the earliest starting time of all tasks
LFT : the latest finishing time of all tasks
MS : makespan
Slij : setup time when product l is followed by product i in unit
SClij : setup time when product l is followed by product i in sto

age j
SXikj' : 1 if product i is stored at kth sequence in storage j' includ

in unit j, otherwise 0
SYlikj : 1 if product l is followed by product i which is stored a

kth sequence in storage j' included in unit j, otherwise 
tij : processing time of product i in unit j
TFij : finishing time of product i in unit j in product coordinate
TFUkj : finishing time of kth sequence in unit j in unit coordinate
TSij : starting time of product i in unit j in product coordinat
TSUkj : starting time of kth sequence in unit j in unit coordinat
X ijk : 1 if product i is processed at kth sequence in unit j, oth

wise 0
Y likj : 1 if product l is followed by product i which is processe

at kth sequence in unit j, otherwise 0
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