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THE SECOND AND THIRD VIRIAL
COEFFICIENTS OF ALKALI METAL VAPORS

Do Ik Lee*

ABSTRACT

The two-body and three-bedy interactions of atoms with cne valence electron have been studied. The
potentials for the '3 and 33, ground-state interactions of alkali metal atoms have been obtained by a semi-
empirical scaling procedure from those of hydrogen atcms. The second virial coefficients cf alkali metal
vapors have been calculated by numerical integration using both the interaction potentials cbtained by scaling
and the analytical potentials (Rydberg and antibonding Morse potential functions) with the statistical weight
factors of 1/4 and 3/4 for the '3 and °3 potentials, respectively. It has been shown that there is good
agreement between the czlculated and experimental values over the experimental range and also that the
potentials obtained by scaling are better representative of the true potentials than the analytical potential

functions, The additive third virial coefficients have also been calculated by numerical integraticn as a weig-

hted combination of the two types of the three-body interactions,
triplet-triplet-triplet interactions, with the statistical weight factors of 7/16 and 9/186,

triplet and
respectively. It has

which are the singlet- singlet-

been seen that the nonadditive(correction) terms of the third virial coefficients may be rather small for alkali

metal vapors.

I. INTRODUCTION

Alkali metals are being considered as working fluids
in nuclear power plants, magnetohydrodynamic power
generators, thermionic power converters, and ion pro-
pulsion systems. Therefore, the equations of state of
alkali metal vapors are of great importance not only
for their possible practical applications but also for

theoretical studies.

The present paper is concerned with calculations of
the interaction potentials and the second and third
virial coefficients. The interaction potentials will be
obtained by scaling from the best data and estimates

for those of hydrogen atoms currently available. The
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second and additive third virial coefficients will be
calculated by means of statistical mechanics in terms
of the potentials over the temperature range of 500°
to 5000° K under the assumption that the vapors con-
sist entirely of ground-state atoms. The accuracy of
the potentials used will be tested by comparing the
calculated second virial coefficients with the experimental

data.

The three-body interactions of atoms with one va-
lence electron will be studied in ccnnecticn with the
calculation of the third virial coefficients of alkali metal
vapors. Also, the nonadditive third virial coefficient
for a gas of atoms with one valence electron will be

qualitatively estimated.
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1. INTERACTION
CURVES

POTENTIAL ENERGY

Since alkali metal atoms like hydrogen atoms have
one valence electron, two alkali metal atoms attract
each cther when their electron spins are antiparallel
and repel each other when their spins are parallel.
Therefcre, the interaction of two ground-state alkali
metal atcms leads to singlet(3]) states. The singlet
states are bound, and their potential energies have been
determined cver limited ranges of internuclear separ-
ation. However, the triplet states are purely repulsive
except at large separations where a long range van der
Waals attraction predominates, and no experimental

data are available. Thus, in the present study the
potential energies for the singlet and triplet ground-
state interactions of alkali metal atoms have been cb-
tained from those of hydrogen atoms by a semi-em-
virical scaling procedure, which is based on the re-
pulsive core theory suggested by Jeng and Pliva™.
Davies et al. @ have also carried out the same scaling
procedure to obtain the interaction potential energies
of alkali metal atcms. In the scaling procedure it is

very important to use the best potential curves of hy-

drogen atoms currently available. The singlet ground
state potential curve of hydrogen atoms has been con-
structed using the results of Vanderslice et al. ¥, cbtain-
ed from spectroscopic vibrational-rotational data by the
Rydberg-Klein-Rees method,

anical calculations of Dalgarno and Lynn‘®, which are

and the quantum-mech-

TABLE. Molecular and Repulsive Core Constants

Molecule D,(eV)  V.(A) o(A) ()
H, 472 0. 7417 0.0172 0.0172
Li, 1.14 2.6725 1. 0800 1. 0645
Na, 0.74 3.0786 1. 7056 1.708
K,  0.520 3.923 2. 7580 2.787
Rb,  0.493 4.127 2. 8522 2. 860
Cs,  0.453 4. 465 3. 2421 3.237

D., V., and ¢’ taken from Davies et al. @
D,=dissociation energy of diatomic molecule
V,.=equilibrium internuclear distance of diatomicm olecule
¢ =repulsive core constant calculated in the present study
o’ =repulsive core constants adjusted by Davies et al. ®to
make the reduced potential curves fit exactly on the
reduced hydrogen potential curve at their highest

observed data
valid at large separations. The triplet ground-state

potential energies of hydrogen atoms also have been
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obtained from the guantum-mechanical calculations of
James et al.® at small separations and those of Dal-
garno and Lynn at large separations, reported by

Buckingham® and Coulson and Haigh(™,

The molecular and replusive core constants of hy-
drcgen and alkali metal diatomic molecules used in the
present scaling procedure are given in Table 1. The
interaction potential energies of hydrogen atoms and
those of alkali metal atoms obtained by scaling are

shcwn in a reduced form in Figures 1 and 2.

II[. THE EQUATIONS OF STATE

The equations of state of alkali metal vapors can be
expressed in terms of the virial coefficients for the
volume expansion form.

Yy B O s )

1f the virial coefficients, B(T), C(T) etc. are taken
in their classical limit, they can be calculated only
from the knowledge of the interaction potentials for
alkali metal atoms in the vapor. The second virial
coefficient B(T) takes care of all of the two-body in-
teracticns and the third virial coefficients C(T) takes
care of all of the three body interacticns including
those between atoms and diatomic molecules. Over the
range of our interest in temperature and pressure, the
equations of state of alkali metal vapors can be suffi-
ciently represented in terms of the second and third

virial coefficients.
{. The Second Virial Coefficients

The second virial coefficient of a gas may be expressed
——o-N.[ V() \_ 4,
B(T)= 2,LNAJ'O [exp( T ) 1]1 dr  (2)

by where V(r) is the binary interaction potential. The
theory of the second virial coefficient for a gas of atoms
which interact along more than one potential energy
curve has been given by Sinanogli and Pitzer®. Since
alkali metal atom interact along two potential curves
for the singlet and triplet ground-states, the second
virial coefliicients B(T) of alkali metal atoms in the
vapor can be obtained by averaging the contributions

from both the interactions according to a priori stat-
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istical probability:where Bg(T) and Br(7T) sare the
B(T)=1/4 B(T)+3/4 Br(T) (3)

second virial coefficients calculated for the singlet and

triplet potentials, respectively.

The second virial ccefficients of lithium, scdium,
potassium, rubidium, and cesium vapcrs have been

calculated as a function of temperature by numerical
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integration using Egs. (2) and (3), and the interaction
potential energies obtained by scaling.

They have also been calculated using the Rydberg
and antibonding Morse potential functions'® for the
singlet and triplet potentials, respectively.

The calculated values of the second virial ccefficients
of cesium vapor are shown in Fig. 3 and compared
with the experimental data of Ewing et al. ®®, and
Dillon!D. The calculated values of potassium vapor are
given in Fig. 4 and compared with the experimental
data of Ewing et al. ©®. The calculated second virial
coefficients of rubidium, sodium and lithium vapors are
shown in Fig. 5 and those of sodium vapor are

compared with the experimental data of Stcne et al. ¢
2. The Third Virial Coefiicients

The third virial coefficient of a gas may be written

as a sum of the additive and nonadditive (correction)
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terms: (% 19
C(T)=Ced4(T) -AC(T) @
N 2N E (oo
(,“dd(T>=—L3—4—j‘DJ‘J‘O Jio fis fas ra 71
Ty dryy dryy dry &)
r i BTN (e (D
ACCT==FEga [ f [ exp(—-).

oS ) o e s s 0
where f}; zexp<—i)%{“) -1

ZVij: sz"r Vm’f‘ Vza
V;; is the two-body interaction potential, Vi; is the
distance between atoms i and j, and AV is the three-

body interacticn energy.

Grahzn and Present®® have shown that three-body
dispersion forces exist in the three-body interactions
and made a significant contribution to the third virial
coefficients. Sherwood and Prausnitz(® have obtained
the third virial coefficients for the Kihara, exp-6, and
square-well potentials by taking into account the add-
itive and nonadditive (correction) terms.

Now let us consider the three-body interactions of

alkali metal atoms in the vapor.

Since the interaction of two ground-state alkali metal
atoms dedends on whether their electron spins are
parallel or antiparallel, as mentioned earlier, the pair-
wise interactions in a three-body interaction also de-
pend on the electron spins of two atoms involved in
each pair-wise interaction and any two pair-wise inter-
actions decide the third one. Thus, the following com-
binations of three pair-wise interactions can be con-

sidered in forming three-body interactions:

el

al )

where 3 and T represent the singlet and trip.ct poten-
tials, respectively, and the fractions in the parentheses
are the statistical weight factors. From the above three-
body interactions, it can be found that there are only
two types of the three-body interactions, wich are the
singlet-singlet-triplet and trplet-triplet-triplet interac-

tions with statisitical weight factors of 7/16 and 9/16,

respectively. Thus, the third virial coefficients of alkali
metal atoms in the vapor can be expressed as a weig-
hted combination of the third virial coefficients for the

S-S-T and T-T-T interactions:

CTTT (7)

-

9
16

ol (C 58+ AC sor) =3 (C ¥4+ £.Crrr)

=(Lcsthr-204t8)+ (L aCssrr
2 ACrrr)=C e AC ®
- 9
Cotomn - CF + 3 O3t ©)
7

AN CSS?"'LifA Crrr Qo

16 16
The integrals for the additive third virial coeflicients
of S-S-T and T-T-T interactions can be expressed,

using geometric considerations’®, as fcllews:

Cssr/?=C*str(Ty)
=—6(L} Ly—(Ms, s7--Ms, 15+

Mz, s5))=—6(L} Lr—(2Ms, 57+

My, 55)) (D
Crrp/by=C¥prr(T*)
=—6(L}—3M7, 7] (12)
where boz_g =Nr}, TH= lg; .

Ly={ g (T* R*) dr*
Ly=[ gr(T* R¥)dr*

M, sr= [ as(T*, rDgr (1%, rDQs(T%,
[V ]
(ri+rD)drdry
Mg, st=Ms, 15
My, ro= [ gr(T*, rtgr (T*, rHQ(T*,
3+ drt dr¥
Qs(T*, w)) = gs(T*, r*)dr*
gs=r*[exp(— Vs(r*)/kT)—1]
gr=r*(exp(— Vo(+*)/kT)—1)
zr/ro
7s(r%) and Vir(x*) are the two-body interaction
potentials singlet and triplet states in terms of the red-

uced distance, r*

The additive third virial coefficients of lithium,

3. KIChE Vol. 7, No. 3, Sept. 1969



sodium, potassium, rubidium, and cesium vapors have
been calculated by numerical integration using the
above relations and the interaction potentials obtained
by scaling. The present computer programs have been
satisfactorily checked by comparing their results for
the Lennard-Jones(6-12) potential with those of Bird

and Spotz, * and Sherwood and Prausnitz(®.

The nonadditive third virial coefficients of alkali
metal vapors can not be accurately evaluated in the
present study because the three-body energies of the
How-

ever, Rosen®” has calculated AV(overlap)/S V;; for

S-S-T and T-T-T interactions are not known.

three helium atoms in equilateral and linear configur-
ations using the first-order perturbation theory, where
AV{(overlap) is the repulsive part of the three-body
energy. Sherwood and Prausnitz®® have used his ap-
prcximate expression for the equilateral orientation in
evaluating the effect of AV (overlap) on the nonad-
ditive third virial coefficients in the equilateral case of
helium and found that the inclusion of the three-body
overlap energy reduces the nonadditive term of the
three-body dispersion energy by about 20%. In effect,
they have shown that the attractive and repulsive parts
of the three-body energy lead to the positive and neg-
ative nonadditive third virial coeflicients, respectively,
and their absolute values are approximately five to
one ratio.

Now we can at least qualitatively evaluate the non-
additive third virial cceflicients of the S-S-T and T-
T-T interactions. Since the S-S-T interaction has two
attractive and one repulsive pair-wise interactions, the
attractive part of its three-body energy can be estimated
to be about one-third of the three-body dispersion
energy and the repulsive part to be a little greater
than the three-body overlap energy. Therefore, its
contribution to the nonadditive term may be positive

On the other hand, the three-body

energy of the T-T-T interaction is purely repulsive and

and very small.

hence, contributes a negative correction to the third
virial coefficients. Its nonadditive term is expected to
be small, since the additive third virial coeflicients of
the T-T-T interactions are much smaller than those of

the S-S-T interactions as shown in Table 2. Therefore,
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the overall nonadditive third virial ccefficient of alkali
metal atoms in the vapor may be estimated to be very
small,

and furthermore, decreases with increasing

temperature.

TABLE 2. The Additive Third Virial Coefficients of the
5-8-T and T-T-T Interactions

T, °K  Cgs1, (cm®g-mole)? Crpr, (cm?®/g-mole)?

500 4.105x10* 1. 058 x 10°
1000 2.185x 108 7.257 % 10%
1500 8.687x10° 5. 604 x 10*
2060 1. 607 x 10° 4.559 x 10*
2500 5.364 x10° 3. 826 < 16*
30600 2. 400x10° 3. 279 x10*
4000 7. 559 % 10* 2.519x 10*
2. 017 x 16*

5000 3.290x 10¢

The calculated values of the additive third virial
coefficients of cesium vapor are plotted against reci-
procal temperature and compared with the experimental
data of Ewing et al. ¢, and Dillen™V, in Fig. 6. Those
of potassium vapor are shcwn and compared with the
exper'mental data of Ewing ¢f al. *®, inFig. 7. The
calculated values cf rubidium, scdium, and lithium va-
pors are also shown in Fig. 8, cnd those of scdium
vapor are compared with the experimental date of Stone

et al. 9.
1V. RESULTS AND DIiSCUSSIOXS

The reliability of a semi-empirical scaiing precedure
between hydrogen and alkali metals has been examined
by comparing the calculated values with the available
experimental data on the singlet ground-state potentials
of alkali metal diatomic molecules. It has been found
that there is good agreement between them, even
though no adjustment has been made for the repulsive
core constants. However, the repulsive core constants
o have been slightly adjusted toc make the reduced
alkali metal potential curves fit exactly on the reduced
hydrogen curve at their highest observed data, and
the adjusted constants ¢’® have been used in obtaining
the potentials for he '3 and °3] ground-state interac-
tions ot alkali metal atoms. Therefore. the accuracy

of the potentials for 'S_ groundstate interactions of

—
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alkali metal atoms extrapolated beyond the experimen-
tal ranges and the entire potential curves for their
33 ground-state interactions depends on that of the

respective potential curves of hydrogen atoms,

Some analytical potential functions such as the
Lennard-Jones (6-12), the Rydberg, the Morse, the
Lippincott, or the Hulburt-Hirschfelder potential fun-
ctions®” have been tested by comparing them with
the available data over the limited experimental ranges,
and the Rydberg potential function has been found to
be the best approximation among them. For the *%)
ground-state interactions the antibonding Morse pote-
ntial function® has been used and found to be much

different from the potential curves obtained by scaling,

From Figs. 3, 4, and 5 it can be seen that there i
reasonzbly good agreement between calculated and
experimental results for each alkali metal vapor, con-
sidering that no adjustable constants have been used.
It can also be seen that the extrapolation of the ex-
perimental data at high temperatures deviates consid-
erably from the calculated values. This fact suggests
that the extrapolation may be incorrect. As far as the
calculation of the virial coefficients by means of stat-
istical mechanics is concerned, its accuracy is better
at higher temperatures. Therefore, it can be concluded
that the true second virial coefficients at high tempe-
ratures can be better represented by the calculated
values than by the extrapolation of the experimental
data,

Sincz alkali metal atoms interact along two potential
curves, it is not easy to obtain information on the
potential functions directly from the experimental values
of the second virial coefficients. However, it is possible
to test the accuracy of the proposed potentials by
comparing the experimental values with the calculation
from the proposed potentials. As can be seen in Figs.
3, 4, and 5, the calculated values from the potential
energies obtained by scaling are in better agreement
with the experimental data than those from the analy-
tical potential functions, except in the case of potas-
sium vapor. Therefore, it can be concluded that the

interaction potentials obtained by scaling are better
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Tepresentative of the true potentials of alkali metal

atoms than the analytical potential functions.

From Fig. 6 it can be seen that the calculated ad-
ditive third virial coefficients of cesium vapor fall in
between the two sets of the experimental data of Ewing
et al. 09, and Dillon®"V_ In view of the fact that there
is big discrepancy between the two sets of the expe-

rimental data, calculated and

agreement between
-experimental values is fairly satisfactory even without

a nonadditive correction. Fig. 7 shows very satisfac-

tory agreement between the calculated additive third
virial coefficients and the experimental data of Ewing
et alU®. at high temperatures in particular in the case
-of potassium vapor.

However, the calculated additive third-virial coeffi-
cients of sodium vapor differ considerably from the

experimental results of Stone et al. *, as shown in

Fig. 8. This difference may be due to a significant
contribution of the nonadditive term to the third virial
coeflicient of sodium vapor. Since the lower the red-
uced temperature, the greater the nonadditive term, it
can be expected that the contribution of the nonaddi-
tive term increases in corder of cestum, rubidium,
potassium, scdium, and lithium vagers at a given
temperature. Therefore, we can conclude that the
third virial coefficient of cesium, rubidium, and
potassium vapors can be given by the calculated ad-
ditive third virial coefficients alone without nonadditive
corrections beyend the experimental ranges. However,
those of sodium and lithium vapors can not be repre-
sented by the calculated additive third virial coefficient
alone even at high temperatures, and the nonadditive
correction terms must be considered for them. It is
interesting to note that the nonadditive terms are neg-
ative.

It is known that alkali metal vapors contain not
only atoms, but also diatomic molecules. Consequently,
in order to calculate the virial coefficients the potential
energy curves for the interactions between the various
species in the vapor must be known. However, the
amount of diatomic molecules is fairly small and dec-
reases with decreasing pressure, and furthermore,

the third virial coefficient can take care of the inte-

ractions between atoms and diatomic molecules.
Thus, errors due to neglect of diatomic molecules
in the vapor may be small, unless vapor pressures

are extremely high.
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NOTATION

Fig. 1 The Reduced Potential Curves for the '3 Ground-
Stdle Interactions of Hydrogen and Alkali Melal
Atoms
Fig. 2 The Reduced Potential Curves for the *5 Ground-
State interactions of Hydrogen and Alkali Metol
Atoms
Fig. 3 The Second Virial Coefficients of Cesium Vopor
; calculated from the potentials obtained
by sceling
~—————; calevlated from the anclytical potential
functions
ey Ewing et al. (O
=== Dillon(V
<——-—>; experimenial range
Fig. 4 The Second Virial Ceoefficients of Potassium Vapor
; calcvlated from the potentials obtained
by scaling
——— —; calculated from the onalytical potential
functions
------------- ;s Ewing et al. 0%

4——-—>, experimental range

Fig. 5 The Second Virial Coefficiants

; calculated from the potenticls obtained
by scaling
~—— = calculated from the analytical pctential
functions
------------ ; Stone ef al. 09
«————>; experimental ronge
Fig. 6 The Third Virial Coefficients of Cesivm Vapor
——————— the additive third virial coefficients
calculated from the potentials obtained
by scaling

Cwing ¢f al. @9

—— - Dillon'D
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<«——>; experimental range

Fig. 7 The Third Virial Coefficients of Potassium Vapor

; the additive third virial coefficients

; caleulated from the potentials obtained
by scaling

------------- ; Ewing el al. 4»

<«——>; experimental range

Fig. 8 The Third Virial Coefficients of Rubidium, Sodi

and Lithivm Vapors

; the additive third virial coefficients

; calevlated from the potentials obtained
by scaling
------------- ; Stone et al. (%

<«——-—>; experimental range
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