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Abstract — Transfer functions describing the dynamics of heat or mass diffusion from the surface of a semi-infinite
medium may contain terms such as exp(—+/s ) and ./s , which cannot be directly approximated using Padé approximation.
Forexp(—+/s ), an approach has been proposed in which it is first expressed as a series involving the function 1/
cosh(4/s ), to which Padé approximation can be applied. Then, Padé approximation is applied to this series to obtain a
rational transfer function in s. In this study, a method to accelerate the convergence of the series representation based on 1/
cosh(./s ) is proposed and extended to the approximation of various transfer function elements that are not amenable to Padé
approximation. Approximating these terms by rational transfer functions enables dynamic models originally formulated as
partial differential equations to be represented in ordinary differential equation-based state-space form, facilitating simulation, analysis,
and control system design. Step-response simulations demonstrate that satisfactory accuracy can be achieved with
approximation orders of four or less while preserving steady-state characteristics and time-domain response accuracy.
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Laplace #18+0 2 AL Adddlioli=t77] & s (5 ) T2
exp(—/s )¢ 22 =0l AS F AUTH©I71A] si= Laplace 55
YERAT)H. o] F AF+= Padé AP} 71s38te] o] & o] g8 ke
shAA A3k 9] 2] (rational) A EETE A2 4= ATH8]. ¥,
Padé TAP} 7Fs3HA] 92 735 thE AL o] =) E ofok g
t}. £3), Bl F-&H(semi-infinite) T2 2H= AF TS0l o]
Padé AL B7Fs st s @ AhEo] UERdTE o] & 5o f7E]
Adshrs AR At YA S Adr g A o2 A
T ATHI]. TheFst 3ol o] & &8-8 e, @, 4 W
5 2k A3 9h87] U] ik 2, Warburg @4 5 738t A 9]
Ak QI @4 T3 o] EPA 0% Featd el 554 2
=2 BAL 1A 9 AlojA|AF] AAI7E folsfxitt
B ATt Huli g 2 e Adghrel A yelh=
exp(—/s ) B8] Padé TALS} A s9] 8] AEerE FARE
WS TR 312} BT exp(—./5 ) & A= =00l 4] 3141 2] 0] %]
9o} Padé TAF E7153HH), Lee and Kim [10} ©] & 9411/
cosh(./5) 52 F+2 AA A7)k, ©] 1/cosh(/5)E THA] s
TSR ARl AFA 0% 8] 8] Aedhrs ves s
Agrakar Tk 03714 Lee and Kim®) 345 A9 +H& =3
sk W o] 8 oy thE dedr Fgo R 88k, 2 s
ofe] Gk 39 kel 2838t 1 93 welth

S+ exp(—/5)2 &S] /s & F5% (fractional order) M)+
8- AR7)9) dFOE ofe] EEslehy 3o Aol e
g QITH11-12). 01 & 52 1] A2 AR S8k Al
7} 91 o] 2=, Oustaloup[13]9) WH 12]aL o] &} FARSH W
HEo] ARk v} Qi) o] 52 54 T FelA] s A
£ Hol= i, 3l ok RI91E Hlolvhd B ol5el &
A= 5 A GRS A 4 gl

2 AFoM= o] s E s ] AYErE AR s E
O dijl sl F580 2 don, o]y HAFoflE Ho] 2 2
WS A S BRIt AAIRES] AlS s BARSE - it
4z} oste] Aol A HEE vkst A A5 5 ISl

off
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Table 1. Product and Series Expansions of Several Hyperbolic Trigonometric Functions [15]

1/cosh(./S) /S/sinh(,/S) /S/tanh(./3)
1 ! [1+i2sj(1+3%sjm
P ¢ 1 1 T T
" L) [refieze)- N
i i n 2’
s 8 s s s 257 175’
/| 1+—+—+ |1+ —=+—+--- I——+—-
Taylor ( 21 4 J [ 315! ] 3715 315
- s 1- " —
Continued Fraction 1245 1-2s 2-3+s-— s 34>
4+s5— 4-5+s—- 5+
1
Padé (Order 1) 1/( s+1) 1/(7s+1j 6s+15
6 s+15
24 12 2
Padé (Order 2) -— 270 w
s”+12s+24 s”+20s+120 s” +105s +945
720 5040 ¥ ?
Padé (Order 3) i . i . 28s” +3150s” +62370s +135135
s” +30s” +360s + 720 s” +42s” +840s + 5040

s* +378s” +17325s +135135

Transferfunction formulation
exp(—+/s),+/s, and related terms

!

Probleml
= Non-analytic behavior ats = 0
= Direct Padé-type approximation not possible

Series representation
= Expression as a structured series of rational
components

}

Problemll
= Slow convergence at low frequency ranges
= Degradation of steady-state behavior

Series restructuring
= Enhancement of low-frequency contribution

!

Rational approximation
= Finite-order Padé-type rational transfer function
=  Product form of stable low-order terms

]

v Accurate time-domainresponses
v' Exact steady-state characteristics
v' PDE-based diffusion models > ODE-based state-spacerepresentations

Fig. 1. Schematic overview of the proposed approximation strategy for non-analytic transfer functions arising in diffusion processes.

3. Main Results
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=3It C3AISE 282 Appendix©l]



Kim, J. et al.
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i (e"*zﬂf‘ ﬁ)m _ [W(l +ea2"ﬁ)j (6)

Eq. 5)E a=2% 3] A2 2Jo] 1, Eq. ()= a=1% 31 ¢S
T Atk a= 42 Z 319 Eq. (47 Eq. (5) AFe] 9] 2lo] dofx]=H],
Appendix®ll B85 o] B3 7hctkst ﬁﬂEHE] 2l AlFei, ol B
F Eq. (4)8} o] g o150] 191 FEe 3hs &

Fig. 2 Eq. (1), Eq. (4) 281 Eq. (5) Ag39) ZJH +H
AR (amplitude ratioys WERH 1] 3Zo]t}, oJ7|A ag= F &S 3k
0.5/cosh(/s Y& AF&3II AL, U A= LdaF A2 AR Eq.
(3)% o] €3I} AL & <= n=20]] thale] v]wsld Eq. (1)3) Eq.
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o 139 Ao BIeE W
‘jﬂJi, 3L "TZ_J’}“I_-J j_/\]— :'gﬂ]—
ST}, Fig. 204] Hol= %

oA X}O]ﬂ
< T (0 <0.1)014 8] 224= ns

=] /‘Q_DLAR:_]
E.O]L 7_]0 X =

e =T

0.5 : :

1072
®

104 103

107" 100

Fig. 2. Amplitude ratio (AR) plot of exp(—ﬁ) and its approximations

imations of Eq. (5) with n=3 (Exact: red solid line, A(dashed line,
ag~az: 1% order), B(dash-dotted line, aj:exact, a,~az:1°' order),
C(dotted line, ag:exact, a;:2nd order, a)~az:1% order)).
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= 9t} o] ARklel W= A2 =& Tl A Q]
& IRl A
U}, Table 20 A} 2p<pof] whE 3

g S ARS] Hl A 23F ¢S B} HALE n=2= sHH
Al @ 2FE 9%, n=30.% 3P 3% 181 n=4% 31 0.9%= A
= T USE B 7 ok &k AL H]mkﬂ At & W

A n

]}‘1 o]'l/}’ Eo% E7'ﬂ @.ﬂ% T M\:l
Foir S5 AR TRlE R A A ge

= T M

=0

a()T: L -erjr

oS Faha olojAlis FELS A O e T3l g

2 GRS 22 o 5 Tk Al A8 dle] m F e F

o4 ool 2o AR U Aol i

ol g% EFFo] BT 13} TAZ ALl SR Sk, BE
]

as AR 8P Eq. (S)= TRt o] Fk.

eV ra(l+a,(d+---

+a,,(1+4,))

with the exact a) and first order approximations for all other 0.5 0.5 05 1/2 ( J2 -1

a’s (Exact: red solid line, A(Eq. (1) with n=2), B(Eq. (4) with T 05541 + 25+l + 225g 1 1+ 22"’zs+1L1 + =T

n=2), C(Proposed, black dashed line, Eq. (5) with n=2), D(Pro- '

posed, black dotted line, Eq. (5) with n=3)). 7

Table 2. Approximation accuracies for G(s) ~ exp(—ﬁ )
L (e, &R)*
Approximation (G(s)) n
Eq. (1) Eq.(3) Eq. (4

E 1 (0.250, 0.250) (0.147, 0.185)
ao: Exact
ar-ay: 1% Order 2 (0.125, 0.125) (0.073, 0.089) (0.036, 0.080)

3 (0.062, 0.089) (0.037, 0.089) (0.033, 0.090)

ao: Exact 2 (0.125, 0.125) (0.073, 0.082)
a;: 2" Order 3 (0.063, 0.063) (0.037, 0.038) (0.018, 0.028)
ay~ay: 1 Order 4 (0.031, 0.031) (0.018, 0.028) (0.016, 0.028)
ag, a;: Exact 3 (0.063, 0.063) (0.037, 0.039)
a: 2" Order 4 (0.031, 0.031) (0.018, 0.019) (0.009, 0.010)
ag~ay: 1 Order 5 (0.016, 0.016) (0.009, 0.009) (0.009, 0.009)

= max [G(jo) —exp(—jo)|, &

©el0,%) 0el0,2)

= max |G(jo)/exp(— \/170))—1‘
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Table 3. Approximation examples of exp(—./s
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n exp(—/s) = Qg (5) =a, (1+a,(1+-+a, ,(1+4,))
1 1 825+l
s+1 16s+1
0.5 1 3242s+1
2 1+
0.5s+1 4s+1 64s+1
0.5 0.5 1 128/2s+1
3 1+ 1+
0.5s+1 2s+1 16s+1 256s+1
0.5 0.5 0.5 1 5124/2s+1
4 1+ + +
05s+1|  2s+1|  8s+1|  64s+1 1024s+1
0.5 0.5 0.5 0.5 1 20482s+1
5 1+ 1+ 1+ 1+
05s+1|  2s+1| " 8s+1|  32s+1|  256s+1 4096s+1

Table 30l 2 o] ZAFS BT Y(s)=e "F(s) 2] B4 Al
2HE Eq (DFEHE FARHE o= thea) 2 Adv|ite] Ae
Aoz Ak 4 Qo

%o = (=%, +0.5x, +0.5((1))/ 0.5
%, =(-x, +0.5x, +0.5£(1))/2

®
X, =(—x L +0.5f(t)) /2"

%, = (=%, +x, N2+ E()/2) /2

n—

aa +0.5x

X, = (7xn +(2- l)f(t)) /22
y(t)=x,

o7 x= nt17he] g Aeazolet,

£ Foee) Sl LW B S} B Frpe
F7] g0l AL a 27} T o1de] A5re) 2ES Table
14 Zol AbgahEl 958 A5 98
ol 27] S50 LS kol v At a7t Egol

TS Aol U exp(—+5) B s FE e AdEe
T LRI exp(—anfs )(a=1) FEIE AAXHA &3 5 9l
o). exp(-a./s )& Laplace ® 5 sofl ot ©dt AA|AH S 53

exp(—~a2s)% @ 5= oL, B =5 A AAIF F4 A7) "
el A TS BAA 288 5 k. w}am Ao
WS 5 Al S S, W F e St EAA e

> 5.0
A 1 A F2

o] Uo7}, £ A5-9] @i OPOIEM” Hla)4

Padé ZA} 71t S EE AT H olE AR 8 A
R WSk dlo Qi ol st A H HETA|

J5 (=Sl §RA) ko, e e A Belel 2 ks
2 0|tk thak ShAlel o (0<y< 1) B A9 75 AAHe) 3
B2k 2 S4do] 92 5 gloww, olol v Al 2ol
I Q8 Ao},

=22

|

4. Extensions

ko] AL WS o] UHE exp(—4/5)%} s & XSt A
S et A58 7s] 517) Slslo] TR TS w9leit)
Q[m/n](s) =an, (1 + A (1 +eeet a, (1 + ﬁn ))) ~ 372M\/§ (9)

Q[l/n] (®= Q[O/nfl] (4s) = e,zﬁ

(10)
Qo (8) =a,(1+Qy, () = e

Zo]| A} SAeH= tRe-7) 20| half-order
Ao Ak it

s
~ 2sinh(Vs)

(11
I_Q[l/n](s) b, \/;
~c, Cc

NS (R

25 _
ZSIHh(\/_) )NbO(l Gun (8D by

e Vst by(1-e™")

e 0(1+eiz\[) 1+Q[1/n](5)’ O_ao _m
(12)
A+Bvs)e ™ = +pse ™ ~a,(1+ Quay(8)) +Bby (1= Qpyy(5))

1- 0
=4, (1 +Bc, )(1 + H_ﬁon[l/n](S)J

(13)
eﬂg _ 6—2«5 Q[l’n (s)
1BV T+ pvs)e F a,(1+Qp (5) +Bby (1= Q) (5)
- 1 Qpimy(8) 19
17
a, (1+Bco)1+%()[1/n](s)
efmzao(1+a1(1+"'+an—2(1+5n)))|s:§+q (15)
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vzl ek o] Eq. (15)& W -3 %0 1 A tEo] i
(convection)”} =7} iﬂ(adsorptlon) = BEgo] Sl g llA

v

UeR b R84 oltt. o) Qe ast Qhl A4
o]0} Padé AV} 7F5alth. BHAIRE q 1717} 20w ©] Padé
Abe] 27 kg AR oF Sk ool =], |qi<<19d W= Eq.
(15)°] TAPE 881t o] 3= Adshs AdH) 8742 Eq. (8)
AL PR L %y T %+ g, F ERISHE (1) SR,
Eq. (15)2] 312 q=02 ) oh= 22 Bl o) 5ol 27}
Agﬂr)rg Aot} AAATE] o] 58 ke Funls of o o &oi;
& AN A FEo] o)F sk Hol Aeksted,
7H iAo} ghe) 51715 24 5t0] o] A o] S| Aol %l—i.

I} % vhge) A mee
S 1/42 [1+5 V2 -1 J

ass+ 2n-2 2n+2 o~
2" B+q)+1 276G +q)+1

(16)

o714 &= B o150] 27 Hi= Zlo= vt o) Akt

A=a, 1+--~+an,2(1+21n{77ﬁ]
277 q+1 - (17)

B==a,| 1+ +a,,|1+ 21{2\/3 1+ Z\/Eﬂ_l
- 22" q +1 22" q +1

F AN 62 £8ER= g FulEr) AXA 1 F7)7) )
$ 2 A H7] whizel 89 Ee] w2 Fukr 4o Sl =

P& vvE Aot

s=q

5. Simulations

ap(z,t) _’p(zt)
ot 0z
p(z,0)=0 (18)

p(0,t) =f(t), p(e0,t) =0

A7IM p(zte FE W, 2= AR\, 6= ARE "ol 3
Z22 y)=p(l,telth. 574 ®del f(tH ki = A R |
st grto s Qs Wi Antee %X*O]E]'

Laplace }13HS B3lo] 218 E9 b5 45 F Slth7,14].

Y(s)=P(l,s) =e "F(s) (19)

3714 Y(s), P(1,5)2} F(s)= 22t y(b), p(1,0)2} f(t)2] Laplace 3+
oJt}.

Akl Qg Wzt fiyell skl 9 y()=p(1.0E 471 915k
e o] soll Bt 2] WLHFE Atk A ALDAVEE F
n=2%! 95 312]8 u, Lee and Kim [10]°] Eq. (1) thao) 2

o] uehd = 3tkn=231 3-%).
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i 0.5 0.5 (. 05
~a,(1+a,(1+ ~ 1+ 1+
e =ayradra,) 0.55+1( 25+10 8511

8% +7s+0875 20
(0.5s+1)(2s+1)(8s +1)
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Fig. 4. Step responses for the example process 5.1 (Exact(red solid
line, Eq. (23)), A(Eq. (20)), B(Eq. (21)), C(black dash-dotted
line, Eq. (22)), D(black dashed line, Eq. (5) with n=3)).



Kim, J. et al.

1 T T T T

A(Proposed, 1% order ao): IAE=0.193 1

sl B(Proposed, 2" order ao): IAE=0.077 |

Fig. 5. Pulse responses for the example process 5.1 (Exact(red solid
line), A(dash-dotted line, Eq. (22)), B(dashed line, Eq. (24))).
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Fig. 6. Step responses for the example process 5.2 (Exact(red solid
line, Eq. (29)), A(dash-dotted line, Eq. (27)), B(dashed line,
Eq. (28)).
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Fig. 7. Step responses for the example process 5.3 (Exact(red solid
line, Eq. (33)), A(dash-dotted line, Eq. (31)), B(dashed line,
Eq. (32)).
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Fig. 8. Step responses for the example process 5.4 (Exact(red solid line,
Eq. (36)), A(dash-dotted line, 4™ order Padé [10]), B(dash-dot-
ted line, Lee and Kim [10]), C(dashed line, Eq. (37))).
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