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Abstract − Molecular simulations using the molecular dynamaic method have been carried out to investigate the dynamic

properties of the non-adsorbed Knudsen molecules in the overlapping sphere pore model. Knudsen pore diffusivities, mean col-

lision times, pore-size distributions, velocity autocorrelation functions, mean-square displacement curves were computed over a

wide range of porosity, Ψ90.1.  Simulation  data were used to assess the applicabilities of theoretical calculations reported in the

literature. The simple Boltzmann approximation was found to be applicable only for the systems of higher porosity, Ψ90.8,

whereas the extended kinetic equation based on multi-collisional density expansions has proven to be successful to predict

Knudsen diffusivities in the range of Ψ�0.3.  The  additional simulation results obtained in this work were used to elucidate

detailed microscopic information on the distribution and dynamic effects of such pore systems at a molecular level.

Key words :Molecular Dynamics Simulation, Overlapping Sphere Pore Model, Knudsen Pore Diffusivity, Pore-Size Distribution,

Velocity Autocorrelation Function, Mean-Square Displacement Curve
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��� ��� ��� 	
� �
�� �� �� ��� �� �

�� �� ��� �� ���� �  ! "  �#�$ �% �&,

'(, )*, +�, ,- ./ 0� 1�23 �456 7
�8 9�

[1]. ,:; ��� <�$ 	
 ! =	
 ��� >?@� ! ,A

BCD ,E5� �5F �4; ,G� ! HI� JK LM[2], (

N�O P2�, ,:; MQ RS� T� ��� UN� VW� �X

� Y8 9� Z[� \� (]^_ ;`�D ab8 9�. cd, e

f �� gH, 20-50h ,5� �� �� ��� �� ��� <�$

UA ��� T� �� C�$ i j k� layering transition, capillary

condensation, hysteresis effect 0� c, BCD jl5�m ;�[3].

��`� n� op, q�d r� Hs UA �� Ct qu� v

Nw j 92x �a �� �� ��y� qu z_{, n� ��

|"D a};�. ,:; ~?�$� |"D Knudsen diffusion ��

free molecular diffusion,�8 5x, ��`� �z �� lH� UA

��� ef �� V3(mean free path)� =5F �s ��. �( �

I�$ Knudsen |" `j� �'� ��`� �z �� lHD j

� ��� �� 0- 	
 ��23S� �'58, ,� �� ��

c�� �� ��� �� ��23 �'� ,C� �� ���$�

|"M� R�5F `"58 9�. ,:; �I�_� =� UR �

�`�$ =.� '|; �I�D (N5�, �� �� ��� ��†E-mail : shsuh@kmucc.keimyung.ac.kr
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)

�`�$� �� �IL�� �� \� ��� 92x ��, ��

�� ��� ���; ,C� ��`� �
 ���� �[^D (

N58 9�[4, 5].

;�, �( �I�_y ,GM_� =. � � �� �� �¡m,

�� �¢ �W, �£� Ct ¤�� 0 �� �� c�� �¥� ¦

§ ¨� ,©�m UA �� �� ! �� �� ��y� ¨p� ~

ªD ¡«; �s '¬; �I, ­���. ®:� �( �I �'

j¯D �� ��23 °¨�� ±� �²�23 �s O³8 �;

,G� �¢�$ ,Q �I �'� �´� �` >?@�23 �


5�� �� �� c�D ���; ,�3 gJ =. µ
, U� ¶

��5�. ��$ ,:; �( �I� jl�� O·¸D ¹¦5�

�5F ºK�� �( �ID R»¼ j 9� L�23 �� n" �

�(molecular simulation)� �; �8 �I(thought experiment), �

456 jV�8 92x ,G� ! �I� �¢�$ ,� ,
5·

� ¤�� µ½56 ¾V�8 9�[6-10].

¿ ¤��$� ,G ! �( �I�$ À& �
�8 9� Á� �

� �� �Â[11-13] <�$ Knudsen |" UAD Ã,� ��� >

?@� ! ,A BC� c�D �`�23 8Ä5·� Å, molecular

dynamics n" �� ��D ,
; �� �ID jV5F �4; �

�Æ�$� v;R� Çp� È�D Ã,� =	
� UA ���

Knudsen �� |" `j, ef qu N£, �� �� �¡m, velo-

city autocorrelation functions, mean-square displacement curves 0D

�'5É�. ,:; n" �� �I� Êl �I�$ � 5� O·

Ë �Â �� ��� �N� VW� EÌ5�Í �Î ,C�¨ L�

23 UA ��� '� ! A� c, BCD ÏÐ5�Í |R �


w j 9D ±,�.

2. �� � �	 �
 ��

n²; Åy Ñ, =	
� ��`� Knudsen ~?�$� UA �

� Ct £� qu� vN¼ j 92x, ��$ �� UA ��� g

H ! %Ò m� ��` �� ��� gH σs ! %Ò ms� =5F

v;R3 ��8 �'¼ j 9�.

(1)

(2)

Á� �� �� �Â[11, 12]� ��`� ��5� �� ��� $

3� �»� CÓ�, k, Á�, ��; �� �Â3 ,C�� v

'�� �� ���3 �'¼ j 92x, Á� �� �Â�$ ��Æ

(porosity) Ψ� �� �� ��� /" Ôj ¬m(reduced number

density) ρs
* (=ρsσs

3 )y �Õ_ Ñ� Ó`M23 ÖO¾�[13].

(3)

�Â ��` < UA ��� '� ! A� ×�� e� CW �+

�$ ØB5� n" �� �I� �6 �ÙO Gibbs� ensemble-aver-

aging ÔÚD �X3 5� Monte Carlo(MC)y Boltzmann� time-

averaging ÔÚ5� molecular dynamics(MD)� Y �a L�23 R

Û��. UA ��� �»y ËA Ü�D �( N£� ×�� ��

Newton ËA L'M23S� gJ `"5� MD L�� ��` �

�� A� CW� gJ �B5Ý3$ MC L�23 �¼ j k� N

£ a} c�»� ÞD j 9�� Î^, 9�[14]. �� �� ! �

� �� ��y� Ct ¨p, k�8 �'�� =	
� �Â ��

`�$ UA ��� N£ ×�� �ß �» ! àm ×�� Aldery

Wainwright[15]� áÕ �
; =¤à� â�`(hard-core system)�

$� MD ã8&ä23 �Bw j 9�. Lennard-Jone �� 0� ¤

�`(soft-core system)� MD ��Ã� hard-sphere, square-well �

� 0� â�` MD ��� �� £� Ct ¨p, ��5F AÊ

j� ��`�$ n" N£� å],�� Î^, 9�.

N Ô� UA �� iy Ns Ô� �� �� �� j� ææ X� �

» ç� r ! X� àm ç� v� ÖO% Z ææ� qu N£ tij�

�Õ_ Ñ, `"��.

(4)

F��$

(5)

,x, CR %Ò, v;R,x ¸gè, k� �� �� ��� àm

ç� vj� ~ ç�,�. ;�, bij� Õ� St� �% Hs�{ Ct

qu, ��5x, 4� St� �% Hs Y ��� CR�23 $3

éO¾�.

Ct qu ê�m àm ×�� �ß ËAÒ� Ãë�O n� ��

`� -m� Ê'56 �a�x, ,:; È�� qu� �ß UA �

�� àm ×�� �Õ_ Ñ� specular reflection �+23 ÖO¾�.

(6)

F��$ ì� c� qu CW�$� CR �» ! CR àm� ��

;�.

,y Ñ� MD n" ��3 �B� �� ��� N£ ×�� �ß

�» ! àm Ü�23S� N Ô UA ��� |" `j D� íî

y Ñ� �` >?@� CÓMD ,
5F `"¼ j 9�.

(7)

��

(8)

F��$ St <�>� e��� n� ensemble phase space�$

�` >?@� ef�D ��;�. ;�, M (7)� Green-Kubo re-

lationship23 ¶&x, , M�$ �ï�� a¤ N£� �ß àm ç

�� X� àm ç�y <�; ð¨ <v(τ)ñv(0)> «j� velocity auto-

correlation function(VACF),� ;�. �;, Einstein relationship23

ã·¾ M (8)� ¡«�� N£ ¾V� �ß X� �» ç�y� ��

(ò; ð¨ <(r(t)ñr(0))2> «j� mean-square displacement(MSQD

�8 ;�.

¿ MD n" �I�$� �� �� Ôj� �ß �ëm� óô �

� ��Æ �+�$ 100Ô� UA �� ! 500Ô� �� �� ��

3 ��� Á� �� ��`� �� ��5É�. ,� 100Ô�$ 1,500

Ô õ�� ö= ���$ 500Ô ,C� Hs �� �� Ôj� �ß

�ëm� �� õ� ,<è� KU5É�. ÷ø ÖO¾ ��Æ� �

� random number generator� ,
5F �L� ��D �� ��

`y UA ��� ��5É�. F��$ �� ��� ù��� H`�

� ææ periodic boundary conditionD ú'5F H` �+� �ß

��� ºû�58 >?@� v;R CW� ØB5É�. �;, UA �

�� X� àm� �` >?@� e� CW�$� Maxwell-Boltz-

mann àm �¡M23S� ÖOü2x, σs, m, vrms  0

σ
σs

----- 0→

m
ms

------ 0→

Ψ π
6
---ρ*s– 

 exp=

tij

bij– bij
2 rij

2 σs
2–( )––

vij
2

------------------------------------------------=

bij rij vij⋅=

ri rj–( ) vi vj–( )⋅=

vi
new vi

old 2
rij c, vij c,⋅

σs
2

--------------------rij c,–=

D  
1

3N
-------

t ∞→
lim  vi τ( )

i 1=

N

∑ vi 0( )⋅〈 〉
0

t

∫ dτ=

D  
1

6N
-------

t ∞→
lim  

d
dt
---- ri t( ) ri 0( )–( )2

i 1=

N

∑〈 〉=

3kBT m⁄=( )
���� �37� �4� 1999� 8�
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D �� /" ¨�3 �
5É�. �
� MD ã8&ä� n� ýþ

m� Fig. 1� �ï<ÿ2x, T� ��� �
5F `"� >?@�,

��� ! ,A BC� c�D ,� [�� Ã8� �Q_ =.5F

�
� MD ��� � D 5É�.

3. 
� � ��

�� MD ��� n" �_� ææ� ��Æ Ψ� �ß $3 �ß

���¨ 20Ô� Á� �� ���$ `"�ÿ2x, ÖO¾ ��Æ�

$� |" `j� M (7)� VACF ! M (8)� MSQD� �_3S�

�'�ÿ�. Knudsen |" `j �_� R; ,Q MQ £� CR �

�� 5% ,<3 `"�ÿ2x, ,� ¿ n" ��� e��� phase

space�$ jV�ÿ�� KU� (N5É�.

Boltzmann |"M23 ¶&� qu ��y �� ���_� Ê�

qu z_{D 8·; �� ö�M�$� Knudsen |" `j DBy

�� ef qu N£ tc,B� íîy Ñ, ÖO¾�[11].

(9)

(10)

F��$ vavg � �� ef àpD ��;�.

;�, Á� �� �� ��� �� qu z_� 8·; A?@� ,

GM� �Õ_ Ñ, ρ s* ��  ns
* (=ρs

* /8)� |Î �W3 �Nw j 9�.

(11)

Weylandy Van Leeuwen[16]� �`?@� qu ¤"�� �
5F

Á� �� ��`�$� b1, b2, b3� �D ææ 6π, 38.1 ! 1.293

`"5É2x, ��Æ Ψ�1.0� �+�$ |"M (11)� Dkin� ��

,GM (9)� DB �� JK;�.

Fig. 2� ,Q ,GM )'�Q_ «	 Knudsen |" `j� n"

�_� ��Æ� R; «j3 mM�5É�. |" `j� �� õ�

� ææ ���¨ �� ���$� �¯ ��3S� `"5É2x,

r� ��Æ�$ CR� �� õ�� °6 �ï�� ^� Á� ��

��`� ��ÆD `"5� ,GM (3)� v;R ��� �� ��

�� �
�� j
�23 ��Æ, rDj� ��� ��� ���

^� �¨��. ��23 �ï�� Boltzmann |" ,GM (9)� �

_� Ψ=0.8 ,C °� ��Æ�$� �
 ��5�, ^�23 �ï

�� Ap@� |Î �W ,GM (11)� Ψ=0.3 ,5� (©; ��

�£� ��Æ�$m �
 ��«D ã j 9�. ,:; Ö� ,��

r� ��Æ�$� UA ��� collision diagramD 8·; �� �

�y� �� qu z_� |" `j� �»� ~ª, ��� ��3

EÌw j 9�. ®:� ,:; ,GMQ �Y ��Æ, �û¼j�

�
 ���, �OQx, ö� QO �s r� ��Æ Ψ=0.1 �+�

$ DB/DMD ! Dkin/DMD� |" `j=� ææ 5.24 ! 2.5023

���ÿ�.

¿ n" �� �_�$ �ï�� 
�9� ��� |" `j �_

y� �& UA ��y �� ��y� ef qu N£� r� ��

ÆD ¡«; �� ��Æ �£�$ �� ,GM (10)23 )'w j

9�� ^,�. Fig. 3� ��Æ� R; «j3 mM�� Åy Ñ,

n" �_3 �'� ef qu N£� Boltzmann ,G� KU; e

f qu N£_ �s � Ê»58 9�. ,:; ��� ef qu N

£� �a �� �� �¡m� =�5�, |" z_� ¡«; UA

��� A� c�� �� qu z_� ~ª, ��� ^D úÐ58

9�. �, n²; Åy Ñ, Boltzmann ,GM� �� ���_� ,

�� qu(binary collision){D 8·; ��M,�, ��Æ, rDj

� �� qu z_�  R�O (;� |"(hindered �� restricted

diffusion) z_� Á� �� �ÂD ¡«; v'�� �� ����

�s ��� ^D (N58 9�. Êl�23 �( �I23S� �

'� |" `j� ��` �� <�$ qu �� Ü�� ¦§�D 8

DB

4vavgσs

3πρs*
------------------=

tc B,
4

πρs*
---------- 

σs

vavg

---------=

8kBT πm⁄=( )

Dkin

vavgσs

b1ns* b2ns
*2 b3ns

*3 ns
*ln+ +

-------------------------------------------------------------=

Fig. 1. Program flow chart for the MD method.

Fig. 2. A semilogarithmic plot for the reduced diffusion coefficients as a
function of porosity ΨΨΨΨ. . . . The error bar in this plot was determined
from the independent sets of 20 different configurations employed
in MD simulations.
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·; �� ¨�(tortuosity factor)� 8·5x, ��$ Á� �� ��

�Â <�$� �� ¨�� ¿ n" ���$ `"� DB/DMD� =

y gJ�¨ =� Ó`� 9�[5, 6].

,:; ^� Fig. 4� mM�� Á� ��`� ��Æ ×�� �ß

�¯�� �� �� �¡m� �� ��Æ�$ Ct ��5�� �

�_m Ê»��. ,Q ®��$ �� ���� Boltzmann ,GM�

�� gH dB(=4σs/πρs
*)3  /"�ÿ2x �� �� �¡m� n�

¢�� 1.0, �m� �¯�5É�. MD n" ��3 ÞO¾ �� �

� d� �ß Á� ��`� �� �� �¡m fp(d)� �� ��Æ�

$ �Õ_ Ñ� aj �¡ «j �W3 ÞOü�.

(12)

Á� �� ��`� �� �� �¡M (12)�$ �ï� Åy Ñ,

Á� ��`� �( �� �� �¡m� �� ��� �û¼j� a

j «j �W3  �«D ã j 9�. Êl�23 v'�� ���

����$ �ë� �� �� �Ì�� ���(mesopore) ,C� �


�� Kelvin ,GM� KU58 9O �� �� ��� ���� �

z �� gHD �'5�Í \� ��� Ã,8 9�. ,y Ñ� B

C� �a ,C�¨ =	
 ��`�{ �;�a �8 ©S 	
 ¨

p� ~ªD �� RS� �( 	
 ���$ �� Y�:a6 �ï

�8 9�. ��$ (��,�, µ� Èû �� 0D ¡«; 20h ,

5� �z �� gHD �� ���`�$� �� �� �Ì�� �

� ���� =	
� �� �� �Wy «	 	
 ���_� ¨p

¡��D 8·5F# «D (N58 9�.

Fig. 5� �¯�� VACF(velocity autocorrelation function) �W�

×�� ææ $3 �ß ��Æ�$ /" a¤ N£ t/tB� «j3 m

M�5É�. F��$ �ï�� �¯�� VACF� X� a¤ N£

t=0� �23 �� VACF� ��;�. X� a¤ N£�  �� �ß

VACF «j �û� UA ��y �� ���_� Ct qu� �;

àm �� ç�� ×�� Ö� �¨23, Êl�23 Ct ¨p� 	


 ��`Ã� Çp� =	
 ��`�$ �� � �û� Ã¨�. Ψ
=0.9� °� ��Æ�$ VACF� Boltzmann ,GM_ ��; ��

aj� �û �W� Ã,8 9�. UA ��� Ü�� �� qu ,

GM� Ö� �' �� 5�¨ molecular chaos�8 ¶&� v���

¨ Ap@� ×�� �ï<8 92x, ,:; �+�$ n" ���

|" `j� Fig. 2� �ï� Åy Ñ, Boltzmann ,GM_ $3 S

§ D úÐ58 9�.

l¢, ��Æ Ψ=0.5 ,5 ��`�$� ��Æ, �û5¢$ VACF

� a¤ N£  �� �� negative tail effect� �� |R  �«

D Ã,8 9�. ,� ��Æ, �û«� �� �� qu�  �5x

qu ê àm �� ç�� X� N£� =5F $3 £!�23 �

ª�O �ï�� backscattering effect� �¨��. ,y Ñ� BC2

3 ¨; cd r� ��Æ �+�$ �� qu z_� UA ���

�»� ~ª�  R�O n� |" `j� �û� �"-�. Ã� �

S�¨ �� qu z_� 8·; memory function/mode coupling

theory, repeated ring kinetic theory 0� �X; ,GMQ, ¤��

8 92�, BØ �� ��Æ �+�$ |" `j� ¡«; ,A B

C c�, ö� ��; ,GM� Ô½� a¤�8 9�. �Â ��`

� �( �I�D �� ���$ gJ �� ØB5� �� n" �

I� �­�� ,:; S��¨ ,�3m (Nw j 9�.

fp d( ) 1
dB
-----

d
dB
-----– 

 exp=

Fig. 3. A semilogarithmic plot for the reduced mean collision time as a
function of porosity ΨΨΨΨ.

Fig. 4. Normalized pore-size distributions as a function of pore-size d/
dB.

Fig. 5. Normalized velocity autocorrelation functions as a function of
time t/tB.
���� �37� �4� 1999� 8�
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Fig. 6� VACF� a¤ N£� �� ��5F `"� |" `j�

×�� ÖO¾ ��Æ �+�$ �� |" ,GM (9)� R; Çm

×�3, � D(t)/DB� a¤ N£� «j3 mM�5É�. |" `j�

X� a¤ N£�  �� ��  �«D Ã,x ��Æ Ψ=0.5 ,C

� Hs t≈5tB ,<� a¤ N£� U� e� ��� m�5�, Ψ
=0.5 ,5 ��`�$� ��Æ, �û¼j� |" `j� ºR^�

#& m�5x �$ N£ A% aà�¨ �û �W� Ã,8 9�.

n²; Åy Ñ, ,:; X� a¤ N£  �� �ß qu àm�

negative correlation� backscattering effect� Ö� ­¨23, ��Æ

, rU� �� UA ��� ��� �z �� gH� =5F & H

s �ï��[13]. ��Æ Ψ=0.1� Hs t≈20tB ,C� �$ N£�$

m |" `j� Bø; �û «j �W� Ã,8 92x, Ã� '|

; |" `j� �'� negative tail effect� q�d 8·5F# ;�.

,:; |" c�� a¤ N£ ×�� �ß MSQD(mean-square dis-

placement) ��� ×�� log-log «j3 mM�; Fig. 7�$m ó'

j 9�. |" `j� a¤ N£ ×�� �ß MSQD «j ×�(, �

d(MSQD)/dt� gJ =�;�. X� �N£� Hs N£ ×�� �ß

MSQD �� ×�(�  �5�� ��Æ �+� �� t ≈5-10tB ,<

�$ ^��23 �û5F a¤ N£,  �«� �� Ê'; Cj

� �D ���. ¿ n" �_�$� t≈100tB ,C� ÎN£�$ ×

�(D �'5F |" `j� �'5É2x, �� MSQD� Hs Ê

� �� )*�� �; CÓ `j� 0.999999 ,C23 `"�O g

�� Ê»5� �� «jèD ã j 9ÿ�.

4. 
 �

¿ n" �I�$� Á� �� �� �Â < =	
� Knudsen

~?�$ UA ��� |" c�D �B58� MD n" L�D �


5F, �4; ��Æ�$ |" `j, ef qu N£, VACF, MSQD

«j 0D `"58 ,� [�� Ã8� ,GMQ_ =.5É�. °

� ��Æ�$� �� |" c�� �� Boltzmann |" ,GM_

Ê»5� ��Æ, �û¼j� Ã� � ��� ÃÉ2x, �� ��

y� �� qu z_� 8·; Ap@� |Î ,GM� Ã� r� �

�Æ�$m �
 ���D |Î5É�. ;�, ��Æ, 0.3 ,53 r

ía� Hs ,:; ,GMQ �Y ö� ¶��; ��� �ï<ÿ�.

UA ��y �� �� ��y� ef qu N£� |" `j �_

y �& �� ��Æ �+�$ Boltzmann ,GM_ Ê»5É2x, Á

� �� ��`�$� �� �� �¡m� �� ��Æ �+�$ a

j �W� �¡ «j� ÃÉ�. ,:; ^Q� ��Æ, rDj� (

;� |" z_� Á� �� �ÂD ¡«; v'�� �� ����

�s ��� ^D (N58 9�. ;�, ��Æ 0.5 ,5� �+�$

VACF� a¤ N£  �� �� backscattering effect� �¨�� Î

N£� negative tailD �ï<ÿ2x, £!� �� qu z_�  R

�O |" `j� �û� �"P�. ,:; �� ��� MD n"

���$ ÞO¾ �_� �` >?@� KU; ,G ö�M� �


�D ��5� KU3 �
w j 9D +{ íb� �� ��`�$

ÞO¾ �( �I_ =. �,5F ���` < UA ��� |" c

�D ÏÐ5�Í |Î �
w j 9D ±,�.

� 


¿ ¤�� ;�_@Ø�(CAPT)� @²¤�=� �5F jV� ¤

� �_� ÊS,x, - Ø�� ��� ��b�.


���

bij : parameter defined in Eq. (5) [cm2/sec]

b1, b2, b3: parameter defined in Eq. (11) [-]

D : diffusivity [cm2/sec]

d : pore diameter [cm]

kB : Boltzmann constant [erg/K]

m : molecular mass [g]

N : number of molecules [-]

r : position vector [cm]

T : absolute temperature [K]

t : time [sec]

tc : mean collision time [sec]

tij : collision time between i and j [sec]

v : velocity vector [cm/sec]

vavg : molecular average speed [cm/sec]

vrms : molecular root-mean-square speed [cm/sec]

Fig. 6. Time-dependencies of diffusion coefficients calculated from veloc-
ity autocorrelation functions as a function of time t/tB.

Fig. 7. A log-log plot for mean-square displacement curves as a function
of time t/tB.
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���� ��

ρ : number density [number of molecules/cm3]

σ : molecular diameter [cm]

τ : time-lag [sec]

Ψ : porosity [-]

���

B : Boltzmann theory

c : collision

kin : kinetic theory

MD : molecular dynamics results

s : scattering pore molecule

	��

* : reduced quantity

����
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