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Abstract— Benders decomposition algorithm to improve the computation for the decision problems involved in chem-
ical processes is addressed. Using nonlinear duality algorithm, a large scale problem is decomposed into two stage prob-
lems, SUB and MASTER, respectively. The target problems are short-term scheduling and design problems, and long-term
planning problems including capacity expansions. In the first issue, the net present cost involving design cost and opera-
tion cost with consideration of inventory is minimized. The latter addresses robust models that are insensitive to future un-
certainty. The problems presented in this paper are so computationally complex that enhanced algorithms have been re-
quired. The effectiveness of the improved algorithm is illustrated through examples relevant to scheduling and design prob-
lem, and long-term capacity expansion problem, respectively.
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Maximize  Objective function

=Expected NPV — Expected square of deviation of NPV

— Expected square of excess capacity
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(a) indices and sets
i=1, NP Process
j=1, NC Chemicals
=1, NM Market
s=1, NS Scenario
t=1, NT Time period
(b) Variables :
Y, :0-1 variable to denote if the capacity of process i is expanded

at time period t
P, : Amount of product j purchased from market [ at the beginning
of time period t for scenario s

Q, :Total capacity of process i available in period t
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QE, : Capacity expansion of process i to be installed in period t
: Amount of product j sold to market / at the beginning of
time period t for scenario s

W, :Operating level of process i at time period t for scenario s

WL, : Amount of chemical j consumed by process i at time period
t for scenario s

WO, : Amount of chemical j produced by process i at time period
t for scenario s

Zp.. :Excess capacity of process i at time period t for scenario s

&,  :Net present value for scenario s

(c) Parameters :

o : Upper bound for purchase of chemical j from market / at
time period t under scenario s

dg  : Upper bound for sales of chemical j from market / at time
period t under scenario s

p.  : Probability of demand scenario s

QE; : Lower bound for the capacity expansion of process i at
time period t

QE; : Upper bound for the capacity expansion of process i at
time period t

o; : Unit cost for the capacity expansion of process i at time

period t

By  : Fixed cost for the capacity expansion of process i at time
period t

Y« : Price of sales of chemical j in market / during time period t

I, : Price of purchases of chemical j in market / during time
period t

8,  :Unit operating cost for process i

T; :Material balance coefficients for process i and input chemical

j(zero if j is not an input to process i)
A : Penalty term for expected deviation of net present values
Y;  : Material balance coefficients for process i and output chemical
j(zero if j is not an input to process i)
@  : Penalty term for the excess capacities by different scenarios

4 22y EAFFEA NPVY 7|digkel 2F el o) A3E
735 ZHE9] 4k overcapacity 5l oF& w2 ¥t} (23)2 NPVE
AR A o2 AR defjolddlA A agin|43 240, 1
2 FRE ve-S W gte 2 vehd S5 Qo) Feizl A4kAE
2l A PAAE horizond UAE A7k=r)E o)A (dis-
cretizing) 7t 2JAPAA & ared 3l Qich. 24y 74 AN 2 2
Aol A eldicl A Xzkele] QAFRel Ak At
23S v3A =t (25)oﬂx1l—_ AAFE o] AFHS el
Alolrt. Y= 3 4 5-5 vehlly] 918 o1zl W2 18 Hepd &
AL, 0% Fsphd v|EAhe ofw)dc). skl Foleke (26), (27)
3 2ol viebd 4= 92 (28), 291 (30)9] 7 Alviel 2.9}, A,
A Zbel] w2 BALA] A viehglz] 98 220) 2 g} (31)2 over-
capacity & -17-3}7] $1§+ Ale|c}.

3. Decomposition Algorithm

SFellA] AF3E vle} 7o) 2AEY ) tiAp A vsis ¥
A, 7] A EAANA 714 Do A F9] shie & FR
9] FAE ApHo= f‘ﬂ‘é T e gae]Fo|r}. olel] B o
A= 7|E4] mdd F e EA2 wHEe]ulEs decomposition

Set k<-1. Determine y" through

relaxed problem.

Solve SUB(k). Determine the

bound of SUB, LDB.

A

Solve MAS(k). Determine the

bound of MAS, UB.

END

Fig. 1. Benders based decompostion algorithm.
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I+ benders decomposition2 & -83}7] £13F A 7} 271L =Y
7] wel o] 283 = 9J2ir}2]. Benders decomposition ¢}372]
28 8 & 759 A= SUBS MASTER®] 5 oA FA2 1}
et 4= 9}, vl2] 7} W58 SUB #-Al12} MASTER ¥4)2] W4
2 1}ol4], SUB= MASTER®] W49 projectionS £, MAST-
ER+ nonlinear duality S ©]-&3)4] F=siich. H_E]_J_ Fig. 10]]4]
vehd WHEA LS B4 318 7aicl. SUBS) WS x, MASTER
S HE yeiw & o), A-Lol|&= relaxed® FA1E %5“ 2719 y9
;5 T3t o] yo projectiond S (FFE Fa4A) x9) HES
A Hek. x8] sl Al MASTEREANA A2 35, y
£ T30 ek oMol MASTER] 317} SUBS] sl 7317] 9]
4] o]-gxdct. o]2|gt ukEAI)-& MASTERe]|4] )48k bound
s} SUBSIA AlA8hs bounde] A7k QAT 42 ols}al of Eol
HA et

3-1. AFAIEE QU CIXIR! 2A|

SUB FAJol| A= tzlelel] #ad 24 &, MASTER #A]94 2
A= gzpelel i3t Aude] 2 2AFHS F3 SH3SL F
i slslaial Prt. SUBS] W2 Pe, y, & MASTERY] #H42E=
o vex) 255 Hsigdch. a2iw kAA iterationo4]2] SUB2)
+Al= %—4 Zo] vield 4 gjch

min  NPC=Pc+0c'(1 - tx)(procoef) — (Pc/Ny)tx(procoef) (34)
subject to
el < Hy, Vi,s 35
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Constraints (14), (16)
y-={0. 1} (36)

=% kHA iterationel] ] ] MASTER 4] &3} o] vehd
% glek.

min o

a>Pc*+ Oc (1 - tx) (procoef) — (Pc* /Ny) tx (procoef)

+ 22 p, Ce, —Hy%) (37
j s
subject to
Constraints (2), (4)-(13), (15)-(20)
rLE{0. 1) ©8)

o37]14 o= benders cut2 YEM T pi=

tipliers] gt vrepic}.

A1 (3)9] Lagrange mul-

3-2. T7| MAAE

SUB %Al A= sholek, alek, 233K (Sy, Py» and W3 24
3HA) =3, MASTEREA oM Fegatst f39 Has(Y, Q.
and QE}2 ZA3A "ch, kA iterationoll & SUBS| EA]+= vt
£33} 7o) 2 ¥R}

Maximize (22)
subject to

53 =221‘4 Et: (letssjlt - r]ltP;jlt)_ ZZ 6:‘1 Wsil
j ot

r3

A
- 2 Z(an QEir + )BitYit) (43)
s !

Constraints (24), (25), (33)

QE,, Q, 20 (44)
4. of H

2 BeAE AR A0E 2] 284S A3 s,
5| 2A] 2R 9] 2AEY 2 TRl FA, A7) AAIE EA9] A
2 t}2o] moir) A WA A-$E o)v] =il E 384 TA
[1}e Ao Voudourise} Grossmann[7]72] A2 B3 B3t
T, % QA AE AT wde] BEAL HolwA, Aktae] %

etk o] Holwa} stk S4le) RANL $1HAL GAMS
[16]2 ©]8-3}9 5L, MIP9] solver2+= OSL{17], NLP9] solverZ+
CONOPTJ[18]% o]-&-3}3ir}.

4-1. 34| ZHQ| AFEE U CIRR!

6250 AL Axsle 384 T8 AASaAL gick 2 A
Bl ek 97k 9 2 A oA 2] 7bFAZHE Table 1o veht
o)t} S @ ko] wHEE|o]o} 3= horizon-S 600022 Foix 91w, 7+
Az|ule} A 7FsgF 288 {15000, 20000, 25000, 30000, 40000}.°-
2 FolA gje}. ZF Ao thdt economicit<el o, Bz A7t 2503}
0622 Z=oiA 7, A life time-S 106, 88 45 %, ©1AHE-2 10
%olct. 477} ulg o2 s ) B8 (miy 12 skt

Table 20 4= A 3}le] A58 ¥ oiF3 9jr}. Voudouris®} Gros-
smann[7]¢] Ao} Foldk A 2 2FAE AABPEA #E A
7ol s A

olWloll = AR £Abo} AR LA BV 8 wlwE)

-2 2 (e, QE; + B,Y)) (9 eh(Table 3). AAHET} 9] 227} 2424 {6, 4}, {10, 10}, {15,
s ¢
8}, ]l {20, 8}l FAZ FojA] A7 Wl 7o)t} &
7o, = Q- W, 40) b 22la {20, 8)al FAE FolA] A4S vehd Holct
Constraints (26)-(30) Table 2. Optimization results of example 1
0-1 Continuous CPU
traint: NPC
Weor P Sy Zpy 20 “n variables  variables Constraints [sec]
- is 154 139 58E06 1.07
k7] iterationol] 4] 2] MASTER 4= &3} o] THHc}. Voudouris 72 >
Benders-based SUB MAS SUB MAS SUB MAS S58E06 0.81
Maximize o, decomposition 20 52 22 133 26 114
subject to
Table 3. Comparison of CPU for each process
2
a<Y p.& - AP (&s -2p, éy] ODIW - {Product no., Unit no}
s s s I
$ {6, 4} {10, 10} {15, 8} {20, 8}
k
+X ; 2;. PLWE-Q) (4D Voudouris 1.07 37 103 17.1
Benders-based 0.81 2.1 5.6 7.3
_ K _ £y k
5’ _g z]" zt’(yjlt ijlt Fjlr stlt) ; 2:' 51‘: Wx'il decomposition
Table 1. Processing time and demand for each product
Processing times[hr Size factor[//k,
Product - £ [ ] - - L/ke] Qifkg]
unitl unit2 unit3 unit4 unitl unit2 unit3 unit4
A 6 2 4 1 2 3 2 6 300000
B 1 5 3 5 7 3 1 2 200000
C 2 7 3 7 1 4 3 2 400000
D 8 1 5 2 5 5 2 6 400000
E 4 1 2 2 1 6 3 2 100000
F 3 6 2 4 4 2 1 4 100000

2512 E Ri36H M43 19984 83
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Market
Chemical 2
ical 3
Chemical 1 Chemical
—* Process | > Process2 [ >
Chemical 2

Fig. 2. Chemical processing network for the example.
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2}, Chemical 2= Process 22 918 E3 2 #%0]A| =¥, Chemical 3
o] #F AAHER 1124 ¥} Chemical 32] 8.5 oZ-8)4] Chemi-
cal 19] F-%i2F, Chemical 22] A4lek 2 FqlaF, Chemical 32] A4k
g ZAA3HA =k Chemical 32] 232 41A] A53lr] 1=7]
o) Fell of2] 7pA] HA 7legt A ES 2EE A9 Alvele
2 vhehd 5 gleka a4

=
=

623

sk AU 25 vehla glo) Table 4= ofake] AL
BE) BX(dy), TS Ak Fhog), BeR7HA (), 2519188, 22

I EASA o " AS,, n)E vebi R glck AA A E
horizon& 1270¢] 743§} discrete time 2 2 Jeh gt

Table St HA5E Sae Aselch. AR E 2t Ate] o7t
A5 9-S 292 713 deterministicsr 74-$5-ol, 18] 1 3}shel| A
L 73AE AAHAE 2 S 23 NPVE] 7|4t solution robustness,
28] 2 model robustnessZ }el ¢l ). Solution robustness 241+ 2+
NPVE9] ZZFHz}L2, model robustness A} overcapacity S £3)
veldigdel E2 &89 Avte| oot AEEAE 399 NPVE
74A% 2de] gtuc) e gk AA A, ok AlveE] et A"
S9 A9E 7 9] WEo] Alsheh. Wi A% 2E ALAE
245 Al e AdiEe g o wizkel & 2k, over capa-
ey 2 48] £ sl Tk St el 8448 el
S0ch. Agbeel 2 G2 1A o M4 MASTER®] 8
ST A WS SUB A o 2 Al Ea-"* o

Seich. Bok RIS ol ool 4T ARt B B
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Fig.3& 7} EAlo| 714, 79] 7153, 18] 3 Chemical 3¢ =&t FHH71Y o3t g AAAAL B3 e Aatae] Al
ric tan top
60 ! I(’,e e - ]m ]ED scenarin 3 //‘
40| Chemiealn N 100 Chemical 2 1004 "
20 Chumcal 2 50 Chemical | 50 scenatio |
nemici
(‘l'n |r"\| I h .
! e‘-r‘n“::: O +———+—+—+ | O+ttt
— 0w e T - T~ O — -
~~time trme time—
Price torecast Available chemicals Demand scenarios for chem. 3
Fig. 3. Data for price, chemical amounts, and demand scenarios.
Table 4. Data for production planning
Time Horizon
1 2 3 4 5 6 7 8 9 10 11 12
disy 80.35 90 98.2 104.6 108.6 110 108.6 104.6 98.2 90 80.35 70
djy, 80.35 90 98.2 104.6 108.6 110 110 110 110 110 110 110
dyy, 80.35 90 98.2 104.6 108.6 110 111 115 121 130 140 150
aj, 119.7 110 101.7 95.35 91.36 90 91.36 95.36 101.7 110 119.7 130
ay, 98.12 115 129.5 140.6 147.6 150 147.6 140.6 129.5 115 98.12 80
sy, 0 0 0 0 0 0 0 0 0 0 0 0
Yite 7.588 10 12.07 13.66 14.66 15 14.66 13.66 12.07 10 7.588 5.0
Vour 22.41 20 17.93 16.34 15.34 15 15.34 16.34 17.93 20 22.41 25
Ve 45.18 50 54.14 57.32 59.31 60 59.32 57.32 54.14 50 45.18 40
Sy 5 5 5 5 5 5 5 5 5 5 5 5
& 8 8 8 8 8 8 8 8 8 8 8 8
Chemicals
1 3
Ty 1.1 0 0
T 0 1.05 0
My 0 1 0
Hy; 0 0 1
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Table 5. Comparison of optimization results with deterministic model

Expected Solution Model
NPV robustness  robustness
Deterministic (Realized
scenario)
1 30778.6 868.97 663.8
2 2453.6 978.15 674.2
3 32844.5 1335.38 791.2
Robust *, o)
probability (1.0, 0.1)  30368.7 0.58 199.06
033,033,033) (0.1, 0.1)  30369.2 6.35 199.15
(0.1, 0.5) 289287 9.41 96.02
0.1, 1.0)  28481.2 587.74 71.59

Table 6. Computational statistics for the example

Type (,)-1 Cont.muous Constraints CPU(sec) Iterations
variables  variables

MASTER 24 82 82 3.73 6

SUB 0 730 730 6.24
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&) Al T84S By, A7 AAAIE FAlel A& solution ro-
bustness$} model robustness7} 8:4% solution2] 7RA1 7} HA] A4k
ko] 5.8 el ®r}. o]7 decomposition Y] -2 F 7HA]
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1. Formulation

Geoffrion[19}& Benders[20)7} Alakat Hai ukssl 2=3s}
FAol Agal7) sl FEA o)1 HalsiA Aeislgict. dubE]l F
A BA7} ohew) o] EaE T wel A 2718 wEsicla At

Min f(x, y)

s.t. h(x, y)=0 (al)

gx, y)=0
xeX, yeY

a8l ok 327 & 1R siAt

C1:X-& nonempty, convex sete]i =32} inequality con-
straints'= 374 ¥ (fixed) yol| ™3 convex, equality constraints
= 413 (linear)e]c}.

C2: A3 Z,={z h(x, y)=0, g(x, y)<z for some x&X}o] ZAH y
o s 233t

C2:34% y7}h ohg3t 7o) 2dd o,

V={y :h(x, y)=0, g(x, y)<0 for some x&X}

chee) @ 7psh Rz

(i) (a1)2] ZA7}7} finite solution¥} optimal multiplier vector ZH=
o

(ii) (al)e] unboundedo]c}.

a9 (al)e o} Zo] subproblem SUBS} master problem MAS
2 decompositiond] & A 37} BAFRTH19].

2. Subproblem
Subproblem2- yS 1A AAA(vk2 EE k= iteration counter)
o}-&-3} 7o) B ET & kA 9] subproblem-

Min f(x, ¥
st h(x, y)=0
g(x, y)<0
xeX (a2)

(a2):= (i) feasible primaldF 73--2} (ii) infeasible primal3t 7--2
TR 24zt A ohEa 22 A S St

Case (i) : Primal problem k iterationol| %] feasible3}®, s} x, f
&, yoll thak g8 Fuf o]71-& 2 Al FAlol upper boundel] sj3=
t}. 22] 1 equalities$} inequalities®] Z}7}tol] T}t optimal multiplier
vector A, WE AlZL3A Hcl APz, olzd ARE Ed
Lagrange function®- t}2-3} 7to] A% = )}

L(x, ¥, A, w=f(x, y+A7h(x, y)+u"g(x, y)

Case (ii) : Solverel] 2]3) infeasibled}t} 1z whH¢] %, Fletcher?}
Leyffer[21]7} A A1&}F general feasible problem-2 w2i3}A] =<4 o}
83} 7o vehfollct.

min Y, w.g’ (x,¥), @ 20, il
i

s.t. h(x, y)=0
g(x, y)<0
gi(x, y)=max[0, g(x, y)], i€I (a2)
1= feasible constraintZ I'2- infeasible constraint-Z }ehJdc}.
4] system-2 equalities and inequalitiesel] t§l Lagrange multipliers
L 1A "ol ek kiR iteration?] infeasible subproblemol]
g} Lagrange functione o3} 7ro] A el=r].
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L'(x, y, &, w)=A"h(x, y)+ng(x, y)

3. Master problem
Master problem-2 nonlinear duality theory S ©]-8-3]4 =% +=0l
b3 2L SAE AXA et
Stepl. Projection of (al) onto the y-space
(@) Thg3} o] 2 5 9& Aolr}.
min, inf, f(x, y)
st h(x, y)=0 (al)
g(x, y)<0
xeX, yeY
4714 v(y)yE oh5-3t 2ol Aelsha
v(y)=inf, f(x, y)
s.t. h(x, y)=0 (a3)
g%, y)<0
xeX
A% VE et 2ol Aol
V={y:h(x, y)=0, g(x, y)<0 for some x&X}
(a3 che7} o] EAH.
min v(y)

st. yeYNY

Step 2. Dual representation of V

V&] dual representation>- Geoffrions theorem[19]el] ]3] v}ehy
2 % glek.

Theorem 1. =71 C1 and C2% w=3l= y7b 33 Vel &3tk
Z73% o] AL e gRFo|t}:

0>inf L(x, y, A, W), VA, pE A

A={AER", uER": n >0, ¥ u=1} (a6)

i

Step 3. Dual representation of v(y)
v(y)®] dual representation’s. 2] Geoffrions theorem[19]e]] 2|3}
Jepujold 4 olck.

Theorem 2.

4y The3} o] ehield 4= ik

sup inf L(x, y, A, 1)
Au>0 xEX

yEYNV @7)

(263} $12] Theorem 25 o]-8-514, A (al)e th2-3} 3to] H=

625
Hch
min, Y,
st W=min L(x, y, A, 1)
xEX
0>minI{x, y, A, ), VA, uE A (a8)

x€X

o7}4] s benders cuto]eti $-&c}.
(a8)A]o] +-=% master problemo]r}.
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