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Abstract

Non-Newtonian fluid flow between a pair of rotating cylinders with unequal size rolls and
equal speed of rolls is studied theoretically for the Bingham plastic fluid model at the
isothermal condition, using the bipolar cylindrical coordinates in which the boundary con-
ditions can be prescribed exactly. A theoretical analysis of the velocity, pressure and shear
stress distribution is given by solving the continuity equation and equations of motion
applying the lubrication approximation.

The pressure increases monotonically with the increase of the roll radius ratio and the
film thickness increases with the decrease of the flow behavior index for a constant entrance
coordinate. Meanwhile, the velocity profile varies with the roll radius for the nip distance
of 0.01cm in the case that the roll radius is less than 0.6 cm. The limiting roll size is 0.6
cm and the incidence angle at the entrance point is about 8.6~9.0 degree. The power con-
sumption per unit volumetric flow rate increases with increasing the roll speed and the roll
diameter, and with decreasing the nip distance.

1. Introd ction

Calendering is a continuous operation for
the production of thermoplastic sheet or
film of uniform thickness. This is accompli-
shed by a pair of heated driven rollers of
equal or unequal diameters. Industrial calen-
ders consist usually of 3-6 rotating rollers
in a Z or L arrangement. The basic forming
operation is completed by the calender itself
and normally followed by additional treat-
ment of the plastic film produced. The flow
‘behavior of thin liquid films during passage
through a roll nip is an important determi-
nant of their lubricating qualities in the
nip and of the characteristics of the film
which emerges.

The first theoretical analysis of calender-
ing was carried out by Ardichvili¥ in 1938
on the basis of the Reynolds lubrication
theory of Newtonian hydrodynamics. In his
analysis, which is restricted to a Newtonian
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fluid, Ardichvili assumed that the calendered
fluid left off at the nip and that the final
thickness(i.e. spread height) was therefore
equal to the nip width. Thus, in his assumed
system, pressure dropped to zero at the nip.

The hydrodynamic theory of calendering
as it stands today was initially developed
by Gaskell? and is basically similar to that
of Ardichvili. His solutions for velocity and
pressure distributions between two rollers
and for the roll separating force are more
elaborate, and extended to the calendering
of Bingham plastics. Gaskell asserted that
in order to analyze the calendering process
it should be assumed that fluid
left off at a certain distance past the nip

correctly,

and that pressure dropped to atmospheric at
the “left off” point. The point of maximum
pressure is obviously located upstream of
the nip.

Later, McKelvey® treated the problem of
calendering power-law fluids and Chong®
derived a general equation for the true shear
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rate encountered in non-Newtonian fluids.
Based on several constitutive equations(a
power law fluid, a three constant Oldroyd
fluid and a modified second-order Rivlin-
Ericksen fluid), he analyzed calendering
from the hydrodynamic point of view. Bra-
zinsky et. al.® analyzed the relationship be-
tween spread height and upstream reservoir
thickness, with power law coefficient as pa-
rameter. Alston and Astill® predicted the
one-dimensional behavior of a hyperbolic
tangent fluid model flowing between calend-
ering rollers. Accurate power consumption
calculations have been carried out by Ehr-
mann and Vlachopoulos.” The asymmetrical
problem(i.e., flow between rolls rotating at
different speeds or rolls of different diame-
ters) had not drawn much attention despite
its practical importance. Recently, however,
Takserman-Krozer et.al.® treated the asy-
mmetrical problem analytically by using the
bipolar cylindrical coordinates.

In the present study, non-Newtonian fluid
flow between a pair of rotating cylinders
with unequal size rolls and/or equal speed of
the rolls is studied theoretically for the Bin-
gham plastic fluid model at the isothermal
conditions. The finite difference method®!®
is employed using the bipolar cylindrical
coordinates!? which exactly satisfies the
prescribed boundary conditions on the surface
of the rolls and estabilshes an orthogonal
network with uniform mesh size for each of
the variables. A theoretical analysis of the
velocity, pressure and shear stress distribut-
jon in the flow field is given by solving the
continuity equation and equations of motion
applying the lubrication approximation.

2. Mathematical Model and
Governing Equations

An incompressible Bingham fluid flow be-
tween geometrically asymmetric calender
rolls is studied at the isothermal condition.
The radii of the rolls are R; and R,, their
rotating speed is U; and their separating
distance at the nip is H. Geometrical par-
ameters are illustrated in Fig 1. The bicy-
lindrical geometry of the boundary conditions
can most easily be accommodated by using
the bipolar cylindrical coordinates & and 7,

where
§= A PA, (27=£20) (¢}
7=|In7> (—eop<on) (2

The & and 7 are dimensionless quantities
and form a set of two dimensional orthogonal
curvilinear coordinates. The metric tensor of
the bipolar coordinates has two equal com-

ponents

gl = gu = H? (3)
where

h= 2 @

“coshy — cos &
For sufficiently small value of » (H&R;, R2),
it is approximately given by function of &
only such that

h= —1—*_—2605—5“ (5)

The conventional assumptions are made
such that the axial length L of the cylinders,
the length of the curved channel formed by
the rolls and the radii of the rolls are very
large compared with the separation H at the
nip. So the flow can be taken to be two
dimensional. A highly viscous fluid is intro-
duced to flow in creeping motion between
calendering rolls so that inertia forces and
body forces are negligibly small in compari-
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Calender Rolls Geometry in the Bipolar
Cylindrical Coordinates

Fig. 1.

son with the viscous forces. Furthermore, it
is assumed that the rollers are completely
rigid, i.e., the pressure built up in the fluid
does not distort the calendering cylinders.
By the simplifying assumptions and using
the lubrication approximation, the equation
of continuity and the equations of motion
become as follows.
Equation of continuity:

0 0 _
o (RU) + (V) =0 (6)
Equations of motion:
oP _ afa,,
T oy @
oP

where U and V are the velocity components
along the curvilinear coordinates &£ and 7.
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The constitutive equation is now given for
the Bingham fluid by

@
DT >10 (9-a)
_% (%) =0 $ Tea] <to (9-b)

where m and n are the flow consistency in-
dex and the flow behavior index of Bingham
plastic fluid.

The boundary conditions for the asymmet-
ric calendering become, by the conditions of
no slip and isothermal solid walls,

U = U, at the wall of the rolls (10)
V =0 at the wall of the rolls (1D
To find the relationship between the entr-
ance coordinate &; and the exit coordinate
&*, it is assumed that when the material
enters and leaves the deformation zone the
pressure will be equal to zero and its deri-
vative at the exit coordinate equals to zero:
P=0 at £ =§&, 12y

P=9, 45— = at & =¢&* (13)

To find the locus of yield stress r,, integra-
tion of eq. (7) leads to
o 7, 9P
SO dréT] = j"l]’;ﬂ’z,a—&‘ d”] (14)’
( 7+ Ly ) — To
2 i~ (0P/0%):
Here 77 and 7, are the loci of the points
where the shear stress equals to the yield

(15>

stress 7p in the upper and lower parts, re-
spectively.

3. Theoretical Analysis

The velocity distribution of the Bingham
plastic fluid in the deformation area of the
calender is divided into three parts:

D y<p<n, i) —n<p<— 7’ and
iii) — p/<yp<n/’
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In part i) and ii) fluid flows somewhat like
a Newtonian fluid but in part iii) the velo-
city gradient is zero so it becomes plug flow.
The velocity distribution is obtained by in-
tegrating the equation of motion with respect
to » using the boundary conditions:

b U=t.=v— (L ) (2"

0§
n‘—?lz_-'Iﬁ {(n — /) 0= (g—p/ )07
(16)
p— —_ 1 in aP 17z
U =Us =0~ n(-2)7( o2y
7 :l_ 1 {(7]2/ — 772) (n+l)/n_(77+7721)(n+1)/,,}
an
tee — _ \_1 1/n aP 17n
) U"U‘“U‘—”( ;) 98 ) :
i a®

Here —gé—i, n’ and 7 are the pressure gr-
adient and the loci of the yield stress, which
are defined as function of &,

Integration of the equation of continuity
with respect to % using boundary condition
(11) from — % to y gives

71 0
I, =Gy =0 (19)

so that the volumetric flow rate through the
rolls per unit width at steady state is written
by the integral form

Q= X:J‘U dp = glw dy

+ (7wt an+ (7 nedy  @0)
The volumetric flow rate is constant for each
cross section and independent of the posit-
ion &,

From the equations (16), (17), (18) and
(20) the pressure gradient is defined as fol-
lows:
< oP

0

)Vn =Q@2n+ Dm(h — k*)U,-
(n + 52)/nl2

CATS
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. m/)(zml)/n _ (772'
— 7:‘2) @2n+1)/n
2n+1 ' .
oy o )
(o — )P+ (e
- 7]2)(n+1)/n}] (21)

The nonlinear algebraic equations with re-
spect to the pressure gradient and two var-
iables (»/,57) which are the functions of the
independent variable & only, may be solved
by using the Newton-Raphson iteration sc-
heme. The function f;, f, and f; are defined
from the equations (15), (18) and (21) as
follows:

Si=(—m)e P — (g — )
22)

fo= @n+ Dmn(h — BOUn + 1)/
E{(vl — vl’) Cn+/n _. (772’ — 772) Qa+D7’n

+ 22(—21—}7@1’ + 7)Y {n
_ 771/)(,14(1)/,, + (772/ . 772) (n*l)/n}j
2P\
nh® — <—a§-> (23>
_ To _ '+ 5 )
fs = —GPae): ( 2 ). . @

Considerable interest centers around the
shape of the pressure profile through the
nip. The pressure field between the rolls is
obtained by integratng the pressure gradient
of the each cross section.

P Sa* —a—lj—dé

¢ 08
There is another location significant for the
pressure distribution calculation and called
the entrance coordinate(&,) at which pressure

(25)

becomes zero.
e
Jis 52 de=0
The relationship between the entrance and
the exit coordinate is deduced from equation
(26).
The power dissipated in the flow field

between the rotating rolls is generally given

(26>
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by the following expression:

W= § ff’ﬂzi—ﬁ dy d&

Sk

<0

7

The power requirement per unit volumetric
flow rate can be described by E = W/Q which
is an important characteristics of the calen-

dering process, as it expresses the specific

energy requirement of a process.

The forces exerted by the fluid flowing
between the rolls tend to separate them.

This roll separating force per unit width is

given by
F

g’:kp dc

4. Results and Discussion

(28)

The velocity, pressure and shear stress

distribution in the flow field are obtained

numerically by using the Newton-Raphson

method.

A schematic diagram of the velocity prof-

iles is shown in Fig 2. The broken lines

represent the locus of yield stress (7, — 72/).

CALENDER

ROLL

EHR - FRE - FER

In the region where »/'<p<y and — <y
< — 7 the velocity varies, but in the region
— p’ <<y=<<y’, the velocity is constant because
the shear stress is smaller than the yield
=&* and ¢

the volocity profile is convex

stress. In the region between &
=27 — &%,
because the pressure gradient is negative. In
the region where &§>27z — &*, the pressure
gradient becomes positive and the forward
fluid motion is retarded, causing the velocity
profile to be concave. As & increases, a point
is eventually reached where the fluid velocity
at the mid-plane becomes zero. This is called
stagnation point(&s). In the region where
£>&;, the velocity component changes sign
as 7 varies for a given value of & This
suggests that near the mid-plane fluid moves
away from the nip of the rolls because the
velocity components are negative but that
near the roll surface the velocity components
are positive and the fluid moves toward the
nip. The net result is a partial circulation
of the fluid in the region &£>&.. This circul-
ation should form closed cellular vortices in

T
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7 T N o N -
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Fig. 2.
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Schematic Diagram of Velocity Distribution and Stagnation Envelope
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the rotating bank. Actually, there are in-

n

finite numers of stagnation points that form —-— 0.5
an envelope. This is called the “stagnation o - ig
envelope”. The locus of the stagnation env-
elope is represented as dotted line in Fig. 2 0.0l = 267 ! N

Fig. 3 shows the velocity distributions at 7 R =i cn | N
the nip point, where the velocity profile is 0.00 | z_fgi"w ‘ i
convex and increases with decreasing power b /
law index near the roll surface but near the am b ;/ g
center the profile decreases. Fig. 4 shows N
the relationship between the symmetric and . ’/'::/ /'T

e b -

asymmetric calender. For symmetric case, » o - 2 s
varies from — 0.0245 to 0.0245 but y varies ” & U 5 Booowisec

from — 0.0163 to 0. 0245 for asymmetric case.
It is noted that the center of symmetry is a Fig. 3. Velocity Distribution at the Nip Point

half of the nip distance, i.e., there is no . i’
effect of geometrical asymmetry. This is \
caused by the order of magnitude between MJ_H .

the roll radius and the nip distance. For a - 3o
ip di ; ; z e
constant nip distance, the roll size which — =T /R, 7 20727
6.7 +5.7% Uy = 20 cv/gen

gives an effect on velocity profile is found

frofh o e —— e+ o e = ——— ——
in Table 1. The variation of roll radius does o § - 23560
not affect the velocity profile significantly g
as long as the roll radius is very large com- 5l .4

pared with the nip distance. However, the
velocity profile varies with the roll radius
for the nip distance of 0.01 cm in the case
that the roll radius is less than 0.6cm. The Fig. 4. Comparison of Velocity Distributions be--
limiting roll size is 0.6 ¢cm and the incidence tween Symmetric and Asymmetric Cases:

—k
3 32 34 35 38 cw/scc

Table 1. The Relationship between the roll size and the incidence angle

R | V) I 13 I tan @ ‘ 0 Velocity at § =7
cm — l - [ - i deg. | near wall near center

0.06 ) 0.405 { 5.256 0.487 25.95 34.246 ‘ 36.842
0.1 0.315 ” 0.374 20.48 34.244 ! 36.844
0.2 0.223 ” 0.263 14.71 34,243 | 36.846
0.4 0.158 ” 0.185 10.50  34.242 | 36.847
0.5 0.141 ” 0.165 9.41 34.242 36.848
0.6 0.129 7 0.151 8.60 34.241 | 36. 848

1.0 0.100 ” 0.117 6.70 7 ”

10.0 0.032 ” 0.037 2.12 ” 7

HWAHAK KONGHAK Vol. 19, No. 3, June 1981



194

angle at the entrance point is about 8. 6—9. 0
degree.

Fig. 5 and 6 represent the pressure pro-
files for various flow behavior index and
‘various nip distance respectively. The pre-
ssure significantly decreased and the entran-
ce coordinate slightly increased with decreas-
ing flow behavior index and increasing nip
distance. The maximum pressure is very
sensitive to the varition of the exit coord-
inate. A decrease in the exit coordinate
brings about both a broadening the pressure
profile as well as an increase in the maxi-
mum value of the pressure. This is demon-
strated in Fig. 7. The pressure profiles for
various roll diameter are illustrated in Fig.
8. It shows that the pressure increased with
increasing roll diameter at constant nip dis-
tance. Fig. 9 shows that the radius ratio
affects the pressure profile. It is noted that

10
x 10%
v:‘:E/CM:
o+ = 2,67
8 F T
=20 cn
U = 20 cv/sec
=} y Ho=0.01cn
6
] pr
2 L
9
Fig. 5. Pressure Profiles of various Flow Behav-

ior Indices
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at constant (R,), the pressure is a monoton-
ically increasing function of a(R./R,). With
the increase of «, the pressure increases.
This increment is more significant for small
values of H(see curve 1 in Fig. 9). With
increasing H the curve P(a) is flattened(see
curves 2 and 3 in Fig.9). Fig.10 shows the
power consumption per unit volumetric flow
rate increases wtih decreasing the nip dis-

tance.
5. Conclusion

A geometrically asymmetric calendering
process is analyzed theoretically by using
Bingham plastic fluid model and several si-
gnificant conclusionsions were drawn as
follows:

1) The pressure increases monotonically with
the increase of the roll radius ratio. The

o ]
al " =10 !
(107 o :
10 R |
]
6 —  0.075 ey
B —-— 0.0 cx
b - am o
!
! i
. !
- \
! ,/\ \'\ i
[ \
-y ,/ PRGN
2 / . .. :
// :‘\
s N \\
// Y i
BN
/] \\‘_\\
\i,

L

Pressure Profiles for various Geometry
of the Calender

Fig. 6.
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Fig. 7.

Pressure Profiles for various Film Thic-
kness

Ui

¥ig. 8.

Pressure Profiles for various Roll Diame-
ter

increase is more significant for small
values of the roll separation at the nip.
2) The film thickness increases with the
decrease of the flow behavior index (n)
for a constant entrance coordinate.
3) The variation of roll radius does not

¥t /
TyN: 7
1)
J; = 30 cn/ses
P o €= 2,352
1 " i ;///
//
(N
b (1 WR, =
i) R, =5
VO OH/R, = 10
L { 1

Fig. 9. Pressure Profiles for various Radius Ratio

X 104‘3
Dynsond n = 1.0
2ar -— £ =24 i
~— §*= 267
N
E
N
~
. !
tok ~
) \
j REN
i N
i R :
0.005 o.m 0.015 2 B

Fig. 10. Nip Distance vs. Power Consumption
Change per Unit Volumetric Flow Rate

affect the velocity profile significantly as
long as the roll radius is very large com-
pared with the nip distance. However,
the velocity profile varies with the roll
radius for the nip distance of 0.0lcm in
the case that the roll radius is less than

HWAHAK KONGHAK Vol. 19, No. 3, June 1981
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4)

0.6 cm. The limiting roll size is 0.6cm
and the incidence angle at the entrance
point is about 8.6-9.0 degree.

The power consumption per unit volum-
etric flow rate increases with increasing
roll diameter and decreasing the nip dis-
tance.
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Nomenclature

half the distance between the po-
les(cm)

LAz pole points

power consumption per unit vol-

umetric flow rate(dyne/cm?)

roll separating force per unit wid-

th(dyne)

f2Js functions of eq. (22)-(24)
components of the metric tensor
variable defined by eq. (5)(cm)

Ii* h at & = &*(cm)

H roll separation at the nip(cm)

L axial length of the cylinders(cm)

e flow consistency index(g/cm sec)

n flow behavior index

P pressure(dyne/cm?)

Prox maximum pressure(dyne/cm?)

Q volumetric flow rate per unit width
(cm3/sec)

Q* Q at & = &*(cm?/sec)

r,72 distance of a point from the poles

of the bipolar coordinates(cm)

EtarZsl HMI193 X 33 1981 6
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R, R, radius of upper and lower calender-
ing roll(cm)
U, rotating surface velocity of the roll
(cm/sec)
uv velocity components into the &, 7
direction(cm/sec)
w dissipated power(dyne cm/sec)
XY cartesian coordinates
Greek Letters
« radius ratio(a = R:/R;)
B dimensionless gap between the rolls
(8= H/R))
7ii components of the rate of strain
tensor
&7 bipolar cylindrical coordinates
Ny %2 values of 7 at the wall of the rolls
7', m  locus of the yield stress
&o entrance coordinate
&* exit coordinate
T shear stress(dyne/cm?)
Tij components of the stress tensor
To yield stress(dyne/cm?)
Twi, Twz  shear stress at the wall of the rolls
(dyne/cm?)
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